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Dedicated to all those undergraduates who have had to suffer
my tutorials for the last 40 years!





Contents

Preface x

Acknowledgements xi

Author biography xii

1 Direct space 1-1

1.1 What are crystals? 1-1

1.2 Miller indices 1-2

1.3 Point symmetry 1-4

1.4 Point groups 1-11

1.5 Translational symmetry 1-13

1.6 Crystal structures 1-25

1.7 Space groups 1-33

References 1-37

2 The reciprocal lattice 2-1

Brief history 2-1

2.1 Definition 2-2

2.2 Construction 2-3

2.3 Geometrical calculations 2-6

References 2-10

3 Diffraction 3-1

3.1 Laue equations 3-1

3.2 Bragg’s Law 3-2

3.3 The Ewald sphere 3-6

3.4 Lost in reciprocal space? 3-6

3.5 Intensity 3-16

3.6 Fourier transformation 3-19

3.7 Convolution theorem 3-20

3.8 Two simple ‘Rules’ 3-25

3.9 Lattice diffraction 3-26

3.10 Structure factors 3-28

3.11 Form factors 3-29

3.12 Anomalous dispersion 3-31

vii



3.13 Intensity calculations 3-38

3.14 Solution of crystal structures 3-42

3.15 Fourier synthesis 3-44

3.16 The Patterson method 3-48

3.17 Charge flipping 3-50

3.18 The Rietveld method 3-52

3.19 Total scattering analysis 3-54

3.20 Aperiodic crystals 3-55

3.21 Disordered crystals 3-60

References 3-61

4 Dynamical diffraction 4-1

4.1 Multiple scattering 4-1

4.2 Renninger effect 4-2

4.3 Two-beam approximation in electron diffraction 4-3

4.4 Pendellösung or thickness fringes 4-8

References 4-10

5 Waves in a periodic medium 5-1

5.1 Waves in space 5-1

5.2 Periodic boundary conditions 5-2

5.3 Bloch’s theorem 5-4

5.4 Brillouin zones 5-5

5.5 Wigner–Seitz cell 5-7

5.6 Higher-order Brillouin zones 5-10

5.7 Density of states 5-12

References 5-14

6 Thermal and electronic properties 6-1

6.1 Specific heat capacity of solids 6-1

6.2 Einstein model 6-2

6.3 Debye model 6-3

6.4 Vibrations of atoms 6-9

6.5 Lattice dynamics 6-21

6.6 Heat conduction 6-23

6.7 Interaction with radiation 6-27

A Journey into Reciprocal Space

viii



6.8 Free electrons in a metal 6-33

6.9 Nearly free electrons 6-35

6.10 Metal or insulator? 6-38

References 6-42

Appendix Wigner–Seitz constructions A-1

A Journey into Reciprocal Space

ix



Preface

The concept of reciprocal space is over 100 years old, and has been made particular
use of by crystallographers in order to understand the patterns of spots when x-rays
are diffracted by crystals. However, it has a much more general use, especially in the
physics of the solid state. In order to understand what it is, how to construct it and
how to make use of it, it is first necessary to start with the so-called real or direct
space and then show how reciprocal space is related to it. Real space describes the
objects we see around us, especially with regards to crystals, their physical shapes
and symmetries and the arrangements of atoms within: the so-called crystal
structure. Reciprocal space on the other hand deals with the crystals as seen through
their diffraction images. Indeed, crystallographers are accustomed to working
backwards from the diffraction images to the crystal structures, which we call
crystal structure solution. In solid state physics, one usually works the other way,
starting with reciprocal space to explain various solid-state properties, such as
thermal and electrical phenomena.

In this book, I start with the crystallographer’s point of view of real and reciprocal
space and then proceed to develop this in a form suitable for physics applications.
Note that while for the crystallographer reciprocal space is a handy means of dealing
with diffraction, for the solid-state physicist it is thought of as a way to describe the
formation and motion of waves, in which case the physicist thinks of reciprocal
space in terms of momentum or wave-vector k-space. This is because, for periodic
structures, a characteristic of normal crystals, elementary quantum excitations, e.g.
phonons and electrons, can be described both as particles and waves. The treatment
given here, will be by necessity brief, but I would hope that this will suffice to lead
the reader to build upon the concepts described. I have tried to write this book in a
suitable form for both undergraduate and graduate students of what today we call
‘condensed matter physics’.
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