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Chapter 1

Introduction

In this book an introduction and discussion of some of the basic principles of linear
and nonlinear optical nano-systems are given. The focus is on engineered optical
systems that have been of recent interest in physics, engineering, and applied
mathematics for their opto-electronic applications. These include photonic crystals
and metamaterials, and in the following discussions the operating principles of
photonic crystals and metamaterials are outlined. Photonic crystals, which have
been of great interest in opto-electronic designs, are materials that exhibit a periodic
dielectric variation in space and are designed to manipulate light with wavelengths
of order of the length scales of the periodicity of the photonic crystal lattice [1–5].
The manipulation of light is accomplished through the use of the Bragg scattering
properties of the periodic lattice of the dielectric which may be periodic in one, two,
or three dimensions. Metamaterials often have periodic dielectric and magnetic
properties but are designed to manipulate light of wavelengths much greater than the
periodicity of the dielectric and magnetic lattice [1–5]. Metamaterials are designed to
exhibit homogeneous properties to the light traveling within them. While photonic
crystals are of interested for the diffractive effects they have on light propagating
within them, metamaterials are of interest for the permittivity and permeability that
they exhibit when they are treated as a uniform medium.

For both systems a particular goal of our presentation is to describe their
behaviors as nonlinear optical systems [6–9]. To accomplish this, a general review
is also given of the properties of these systems considered as linear optical systems.
The treatments assume an undergraduate background in electrodynamics and are
developed starting from an elementary level. The presentation provides an exposi-
tion of the basic principles of the photonic crystal and metamaterial systems. The
wave excitations found in linear medium systems and their elementary properties are
treated in detail. A detailed development, requiring no previous background in
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nonlinear materials, of the excitations in nonlinear systems consisting of plane waves
and bright, dark, and gray solitons is also given.

1.1 Photonic crystals
Photonic crystals are periodic arrays of different dielectric materials [1–5]. They are
literally crystals formed from dielectric materials rather than the individual atoms of
materials such as crystalline NaCl, CaCl2, etc The interest in the dielectric array is
that it exhibits a band structure for the propagation of electromagnetic modes
similar to the electronic band structure exhibited in metallic and semiconductor
materials used in electronic designs [10]. As with the electron systems, the interest in
the optical systems is in modes that have wavelengths of order of the length scale of
the periodicity of the system. At these length scales the system displays a variety of
diffraction effects on the excitations in the system. Various pass and stop frequency
bands are opened in the frequency spectrum of excitations that can exist in the
photonic crystal. Light at frequencies in a pass band will propagate through the
photonic crystal while light at frequencies in a stop band will not propagate in a
photonic crystal and are typically reflected from the system.

The existence of pass and stop frequency bands is the basis for engineering
applications of photonic crystals. A cavity resonator, for example, can be formed as
a cavity within the bulk of a photonic crystal. An electromagnetic wave with a
frequency in the stop band of the photonic crystal cannot propagate out of the cavity
through the bulk photonic crystal so it will be confined to the cavity. Such cavities
offer high Q resonance cavities for laser applications that are not available through
other technologies [11]. Another application of photonic crystal cavities is in the
suppression and enhancement of atomic transitions. If the excited state of an atom
which radiates at a stop band frequency is put in the cavity it will be suspended in the
excited state due to its inability to radiate the excitation energy though the bulk of
the photonic crystal. Similarly, the frequency mode density of states in a photonic
crystal pass band can be enhanced from those of free space. This enhancement of the
density of states increases the rate of decay of an excited atom within a photonic
crystal cavity into enhanced pass band frequency modes over its free space decay
rate [11].

The stop band effect can also be used in the design of waveguides meant to channel
the flow of light through space [1–5]. A channel cut through the bulk of a photonic
crystal will restrict light at frequencies in the stop bands of the bulk photonic crystal
from propagating away from the waveguide, i.e., light at stop band frequencies will
only move along the channel of the waveguide. Waveguides based on such photonic
crystal designs can be more effective than fiber optic technologies in forming optical
circuits. For example photonic crystal waveguides afford the possibility of sharper
bends in their guiding channels and lower losses in general than are found in traditional
fiber optics approaches [12]. In addition, photonic crystals can be designed from a
wider variety of materials than are typically used in fiber optics.

One method of introducing a waveguide into a two-dimensional photonic crystal
formed as a periodic array of identical parallel axis dielectric cylinders will be a focus
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in later considerations of guided modes. For this system the interest is in light
propagating in the plane perpendicular the axes of the cylinders. A waveguide is
introduced into the cylinder array by replacing a periodic array of dielectric
cylinders of the photonic crystals by a set of identical impurity cylinders with
different dielectric properties from those of the photonic crystal. This is done along a
crystal axis of the two-dimensional array of the photonic crystals, and by choosing
the impurity dielectric correctly a set of waveguide modes bound to and propagating
along the array of waveguide impurity cylinders can be made to exist at stop band
frequencies of the original photonic crystal. Later it is shown that the modes of this
kind of waveguide system can be represented by a set of difference equations. This
representation provides a helpful means of understanding the physics of photonic
crystal waveguides and circuits.

One of the earliest applications of the ideas of photonic crystals, occurring in the
initial stages of the developments of laser technology, was the application of one-
dimensional or layered photonic crystals in the design of laser mirrors [1–5, 13]. Here
the periodic layering of different dielectric media can be used to create low loss,
highly reflective mirrors [13]. Similar layering effects are observed in insects in which
the metallic, mirrored appearance of the shell of the animal is due to the layering of
dielectrics rather than to a presence of metallic reflecting elements in the shell of the
insect. In both of these systems the presence of pass and stop bands of the layering
leads to the functioning of the reflecting surfaces. In addition to the insect example of
photonic crystals developed in nature, a number of periodic one-, two-, and three-
dimensional nano-systems that occur naturally in plant and animal materials have
been suggested as a basis for the design of photonic crystals [1–5, 13]. The interest in
these comes from the pre-existing nano-scale periodicity which is hard to create in a
laboratory. A number of laboratory techniques have been developed for creating
photonic crystals, but these are not discussed here.

In addition to photonic crystals formed as arrays of slabs, or cylinders, or three-
dimensional periodic ordering of dielectric features, surfaces with periodic surface
profiles are also found to exhibit important photonic crystal properties [1–5].
Periodic surfaces have long been studied for their applications as diffraction
gratings, and a brief review of their basic theory is presented. In addition, under
certain well defined conditions periodic surfaces can support surface electromagnetic
waves. These are electromagnetic modes which are bound to the interface between
two media, representing excitations localized about the interface and propagating
parallel to the interface. These surface waves are important excitations with
applications in electromagnetic scattering from the surface, in the design of various
sensors, and in surface enhanced Raman scattering (SER) [1–5]. They feature
prominently in the diffuse scattering of light at rough surfaces and in the diffuse
generation of second harmonics of light at rough surfaces.

In regards to nonlinear effects in photonic crystals and waveguides, a treatment of
the basic properties of parametric oscillators and parametric amplifiers is given [6, 7].
These are discussed in both bulk optical media and in the context of nonlinear fiber
optical waveguides [12]. Bragg grating technology in fiber optics is also a topic. These
systems are represented in many important technological applications.
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1.2 Metamaterials
Metamaterials are artificial materials that are designed as arrays of nano-circuits
known as split ring resonators (SRRs) [14]. SRR nano-circuits are inductor–capacitor
resonator circuits which in metamaterial designs may be arrayed on a periodic nano-
lattice or in a more complex array arrangement. The resonator circuits are known as
SRRs because in the basic form of their design they are a metal ring with a split gap
interrupting the ring. The loop of the ring provides self-inductance to the SRR, and the
gap of the SRR is filled with a dielectric material to form a capacitor. Composed in this
way the SRR is found to resonate at the frequency ω = ,

LC

1
SRR where L is the SRR

self-inductance and C is its capacitance [15–21]. For practical applications more
complex SRR designs are used but all of the various designs operate on the basic
principles that are outlined above. Within a particular metamaterial array the SRRs
are coupled together by mutual inductive couplings between the various SRRs. This
gives rise to many-body effects which also affect the optics of the material.

The purpose behind the composition of metamaterials as arrays of SRRs is to use
their flexibility of design to create materials with enlarged sets of permittivity, ε, and
permeability, μ, from those of naturally occurring materials [15–24]. In naturally
occurring molecular solids the permittivity and permeability of the bulk solid arises
from those of the molecules forming the systems. These properties are fundamen-
tally limited by the nature and interactions of the molecular constituents of the
materials. For example, in no naturally occurring material is it found that ε < 0 and
μ < 0 simultaneously at a single frequency of an applied electromagnetic plane wave.
Regions of frequency are often found for which ε < 0 and regions of frequency are
often found for which μ < 0, but no natural materials have been found for which
these two conditions are simultaneously satisfied at the same frequency. This
limitation on ε and μ comes from the size restrictions of the molecular units and
their effect on the magnetic response of molecular solids. The development of an
artificial nano-circuit array allows these restrictions to be overcome.

At microwave and terahertz frequencies engineered SRR materials with ε < 0 and
μ < 0 simultaneously can be formulated at these frequencies through the use of an SRR
array to customize the magnetic response of the material. The SRR ring geometry is
arranged so that the resonant frequency ω =

LC

1
SRR of the ring is in the microwave or

terahertz region. Under this condition it is found that the size of the SRRs needed is
much greater than the molecules available in molecular solids. In addition, at
frequencies near ωSRR the wavelength of the externally applied electromagnetic waves
is slowly varying over a volume containing many SRRs so that the SRR material
appears to the external wave to be a continuous medium. As the frequency, ω, of an
externally applied field is changed so as to pass through the SRR’s resonance at ω ,SRR

the magnetic moment of the SRR changes sign. Consequently, about the resonance of
the SRR system the SRR can exhibit a frequency region in which μ < 0. This artificially
induced μ < 0 is easily correlated with a region of ε < 0 for the dielectric media in which
the rings are embedded. The resulting metamaterial displays a set of frequencies for
which ε < 0 and μ < 0 at the same time.
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1.3 Negative index of refraction
With the introduction of metamaterials a full range of ε and μ values become
available for optical design. In particular, the case of ε < 0 and μ < 0 is now a
practical possibility. This is very important for refractive optics as materials with
ε < 0 and μ < 0 will exhibit negative refractive indices [18, 22, 25, 26]. The possibility
of negative indexed materials was theoretically considered early in the twentieth
century but was only treated as a curiosity [25, 26]. In naturally occurring positive
index materials figure 1.1 shows that light incident on a planar interface from a
positive indexed medium to an optically rarer or denser positive indexed medium is
refracted from the second to the fourth quadrants. In negative index materials
figure 1.2 shows that light incident on a planar interface from a positive indexed
medium to a negative indexed material is refracted from the second to the third
quadrants. Consequently, light incident in the second quadrant can now be guided
though any angle in the forward direction of the third and fourth quadrants. This
has found applications in cloaking protocols in which light directed at an object can
be guided around it by using a continuous variation of positive and negative
refractive indices [14, 18, 27]. Once around the object the light is sent along a path set
to give the appearance that the object is not present. The object is made to appear
not present even in its presence. Other such variations of positive and negative
indices have found applications in simulating optical effects from general relativity.
In noting these interesting properties of metamaterials, it should also be pointed out
that under special circumstances the Bragg reflection properties of photonic crystals,

Figure 1.1. Schematic for refraction of light at the interface between two positive indexed media. The incident
wave in medium 1 is transformed at the surface into a reflected wave in medium 1 and into a refracted wave in
medium 2. The incident wave is in the second quadrant and for the positive media the refracted wave is in the
fourth quadrant.
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related to the periodicity of the dielectric medium, have been found to mimic some
of the properties of metamaterials.

The positive and negative indexed materials are alternatively referred to as right-
and left-handed materials due to the different relationship of the three orthogonal
vectors of the electric vector, magnetic vector, and wave vector between the two
types of systems [26]. Indeed, it can be shown that waves in right-hand materials
propagate electromagnetic energy parallel to the wave vector while waves in left-
hand materials propagate electromagnetic energy antiparallel to the wave vector.
This can have effects for example on the Cherenkov radiation in right- and left-
handed materials, respectively, as well as of course for the refractive properties and
the properties of antenna radiation [14, 24, 27].

1.4 Perfect lenses
One particularly interesting applications of metamaterials is in the design of
so-called perfect lenses [22]. The functioning of the perfect lens is based on the
new refractive property of negative index of refraction. The bending of light at the
interface of a positive and negative indexed material from the second to the third
quadrant allows a planar surface to form a focused image as light passes through
planar surfaces. This is due to the increased bending of the light as it goes between
the two media over that found between any two positive indexed media.

In the absence of negative refractive indexed materials, a curved surface is needed
between two positive indexed media to focus light as it passes between the two media.
This is the operating principle in the design of telescope and microscope lenses.

Figure 1.2. Schematic for refraction of light at the interface between positive indexed medium 1 and negative
indexed medium 2. The incident wave in medium 1 is transformed at the surface into a reflected wave in
medium 1 and into a refracted wave in medium 2. The incident wave is in the second quadrant and for the
negative index medium the refracted wave is in the third quadrant.
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The design of lenses with curved surfaces limits their size. Consequently, only light
passed through the aperture of the lens can be focused, and this limits the wavelength
of light which will pass through the lens and become part of the image located at the
focus of the lens [28]. Light must have a wavelength less than the aperture of the lens to
reach the focus and, consequently, the image formed by the lens is not perfect as
the loss of some wavelength components of the image decreases the resolution of the
image.

With a perfect lens formed of negative refractive indexed material only planar
surfaces are needed to make a focusing lens. In addition, the permittivity and
permeability can be adjusted so that even the evanescent components of light from
the object are reassembled at the image, giving a complete characterization in the
image of the object. In principle an image with perfect resolution can be formed by
imaging with an infinite slab of negative index medium. There are, however, a number
of technical difficulties in the practical application of the ideas of a perfect lens. Due to
the resonant nature of the materials designed to exhibit negative refractive index, the
frequencies over which these properties are exhibited are limited. In addition, resonant
structures tend to exhibit losses, well known from the Kramers–Kronig relations.

1.5 Periodicity
Both photonic crystals and metamaterials can be formed by the repetition of
mesoscopic features on a periodic lattice. In the case of photonic crystals the interest
is in the manipulation of electromagnetic radiation with wavelengths of order of the
lattice constant, while metamaterials are used in the management of radiation with
wavelengths much larger than the lattice constant. Metamaterials appear to be
homogeneous while the important properties of the photonic crystals arise from
their detailed periodic structure. For both photonic crystal and metamaterial
systems formed from linear dielectric media the light propagating in the systems is
electromagnetic waves satisfying linear wave equations. In metamaterials the
excitations are simple plane waves and the effect of the media on the propagating
waves is characterized by the effective ε and μ of the metamaterial. For the photonic
crystal, on the other hand, a full account of the periodicity of the dielectric media
must be given so that the excitations are more complex than simple plane waves, and
a variety of methods for the calculation of the electromagnetic band structure of
these materials are available. These methods are well known, having initially been
developed for the treatment of the motion of electrons in the periodic ion back-
ground of semi-conductors and metals. Among those methods discussed later are the
plane wave expansion method and the method of Wannier functions [2, 4, 10]. In
addition, computer simulations based on finite difference time domain methods [29]
and the method of moments [30] are useful in determining the system properties.

The plane wave expansion technique for photonic crystals is based on Fourier
transforming the equations of motion of the systems and studying their properties in
frequency–wave vector space. These methods give a good account of the properties
of linear photonic crystals and are quick and easy to implement. Computer
simulation methods in space and time or space and frequency can also be applied
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to determine the dispersion relation and field properties of the modes of the photonic
crystal system. Such computer simulations are particularly important in applications
treating waveguides and impurities in both photonic crystal and metamaterial
systems. The treatment of waveguides and impurities is also a strength of the
more analytic methods of Wannier functions [10, 31, 32]. In the method of Wannier
functions, an orthogonal set of basis functions which are localized in space are
generated. This set is then used to expand the modes of photonic crystals and study
their properties. All of these methods will be discussed later.

1.6 Excitations in nonlinear media
While linear systems are easily handled numerically, nonlinear systems in which the
dielectric properties depend on the amplitude of the excitations they support are
much more challenging. In nonlinear systems, a linear combination of the wave
functions of two separate solutions of the system is not a wave function solution of
the system, i.e., the principle of linear superposition of modes is no longer valid. The
violation of the principle of linear superposition is easily seen in the wave-like modes
of nonlinear systems [7]. Due to the amplitude dependence of the dielectric, wave
solutions of nonlinear systems have dispersion relations that depend on the
amplitude of the wave. Consequently, increasing or decreasing the amplitude of a
wave changes the frequency of its oscillation, and this change in frequency is not
accounted for in a simple linear combination of plane wave solutions.

In addition, nonlinear systems exhibit new types of excitations not found in linear
systems. Examples of these are solitons [9, 33–36]. Solitons occur as pulses and kinks
that propagate through nonlinear optical systems. They exist due to the dependence
of the dielectric properties of the systems on the amplitude of the excitations. This
can be understood as follows: in a system composed solely of a linear dielectric it is
possible to bind a localized electromagnetic mode to a finite region of space by
appropriately changing the value of the linear dielectric in that finite region. In line
with these ideas, introducing a localized electromagnetic pulse into a nonlinear
dielectric system can be done in such a way that the change in the nonlinear
dielectric constant caused by the changing pulse intensity supports the localized
pulse. The localized pulse in turn then supports the change in the nonlinear
dielectric. Such a pulse can be stationary or it can travel through the system with
a constant velocity. The pulse is known as a bright soliton because of its intensity
maximum. These ideas also apply to kinks. For the case of kink excitations the
electric field intensity exhibits a dip rather than an intensity peak. The kink intensity
shapes the dielectric response of the system which in turn supports the kink wave
function. As in the case of bright solitons, kinks can also be either stationary or
move through the system with constant velocities. If the intensity of the dip goes to
zero the kink is known as a dark soliton, and if the intensity dip does not go to zero
the kink is known as a gray soliton. In addition to the single soliton solutions there
are solutions involving a number of solitons scattering from one another.

The general types of solitons we will look at are bright, dark, and gray solitons.
The bright, dark, and gray solitons that are found in our photonic crystals and
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metamaterials are further classified by the nature of their wave functions [33, 35] into
simple pulsed solitons and envelope solitons. Simple pulsed solitons occur as
smooth, slowly varying pulses or a smooth, slowly varying twisting of the
amplitudes of the electromagnetic fields in space. Simple pulses do not exhibit any
sinusoidal modulations of the basic wave function envelopes of the excitations.
Envelope solitons, on the other hand, are more complex, being composed of plane
waves modulated by an envelope in the form of a pulse or kink. For these cases the
solitons may be obtained in the continuum limit of the system or in the discrete
lattice of the system. In discrete lattice systems they are often referred to as intrinsic
localized modes or discrete breathers in the limit where they are stationary in the
system. These distinctions will be discussed later.

Later the theory of soliton-like modes is discussed for both the discrete and
continuum limits of photonic crystal and metamaterial systems [35]. The solutions in
the discrete lattice systems are shown to be easily accessible to a variational
treatment in which the wave functions are expressed as linear expansions in an
appropriate set of basis states defined over the discrete lattice. Solutions of the form
of bright, dark, and gray soliton-like excitations are obtained [33, 35]. In the
continuum limit of the lattice systems descriptions in terms of the nonlinear
Schrödinger and Klein–Gordon equations are given for photonic crystal and
metamaterial systems. Both systems are found to exhibit closed form soliton-like
solutions, and the properties of the bright, dark, and the gray solitons found in these
systems are discussed. The relationships between the soliton-like excitations in the
nonlinear Schrödinger and Klein–Gordon equations are also demonstrated.

1.7 Systems with defects and disorder
An important factor entering the study of optical components is the effects on the
system arising from the introduction of disorder into the problem [37–49]. Disorder
can enter the problem in the form of a mild or small renormalization of properties or
with increasing disorder as a transition of the system to a whole new range of
characteristic behaviors [37–40]. This change of behavior is essentially a phase
transition similar to other magnetic or chemical phase transitions [10]. In the present
case, however, the phase transition is observed in a plot of the system transport
properties as a function of the intensity of disorder in the materials.

With the introduction into a system of mild disorder the studies of its properties
can be made using analytical or computer simulation methods which treat the
renormalized forms of the modal excitations in the materials. As the disorder
increases a point is reached in the increasing degree of disorder of the system at
which a fundamental change occurs in the modal excitations of the materials
[10, 37–40]. In this transition the functional forms of the wave function are
transformed to new types. An example of this is the introduction of disorder into
a homogeneous medium which supports plane wave modal excitations.

With weak disorder the excitations are renormalized plane waves which extend
throughout the material. At a point of increased disorder in the medium, however, a
transition is made so that the modes in the material become localized modes.
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Specifically, the localized modes are restricted to a finite region of space in the
materials. This modal transition changes the transport properties of the material,
and in electrical conductors is observed as a metal–insulator transition known as the
Anderson transition [10, 37]. Similar transitions from conductive to non-conductive
behaviors with the presence of increasing disorder are observed in optical and
acoustic materials.

Related to random disorder, site impurities and lines or clusters of impurities can
also be purposely introduced into systems in order to form various types of resonant
structures and waveguides. These may have various technological applications and
may exist in engineered materials in addition to design imperfections. They form an
important topic of technological interest and are introduced in the context of the
applications of group theory techniques in their study

Consequently, as a final topic in the book an introduction is given to the study of
disorder in optical media [34–49]. This will include some basic studies of single site
and multiple site impurities in photonic crystals and metamaterials. For this
treatment, some elements of group theory are introduced into the discussion of
cluster impurities. This is followed by an introduction of Anderson localization.
First a treatment of localization is given in the context of conductivity in electronic
systems [10, 37]. This is followed by the occurrence of the localization transition in
the treatments of transport properties of optical systems. As a final point, we
conclude with the discussion of weak Anderson localization in the diffuse reflection
of light from randomly rough planar and periodic surfaces [44, 49], and in various
effects in the presence of nonlinearity.

The order of the book is to first begin with a treatment of the dielectric properties
of materials. The properties and models of linear photonic crystals and metamate-
rials are next discussed along with the basic methods used to compute their
properties. This is followed by discussions of nonlinear photonic crystal and
metamaterial models and their theoretical treatments. Various soliton modes and
discrete breathers found in these systems are presented along with some final
comments on computer simulation studies. To conclude, a treatment of sites,
clusters, and waveguide impurities are given, followed by a general discussion of
Anderson localization.
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