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An introduction
Graham White

Chapter 10

Transport equations

We now have enough information to build a network of transport equations for a
given model during a phase transition. In chapter 6 we derived how to relate the
divergences of particle number current densities to functions of the particle’s self-
energies. In the previous chapter we derived the thermal masses and thermal widths
which are inputs for the transport coefficients and CP violating sources. We also
derived diffusion coefficients and bubble wall velocities as they will be useful in
relating the divergence of the current density to derivatives in a single space—time
variable of the number densities. In this section we finally put this all together in the
MSSM. As we will discuss in chapter 14, electroweak baryogenesis in the minimal
supersymmetric Standard Model (MSSM) is either dead or at least on life support.
Even still, the MSSM contains scalar and fermionic sources as well as the knowledge
of tricks used in many other models. Thus, the MSSM retains a status as being the
most useful test model for pedagogical purposes.

10.1 The MSSM under supergauge equilibrium

A full calculation of charge transport during the electroweak transition requires
solving a set of coupled differential equations with one equation per particle species
(treating left doublets and right handed particles as separate species). We can
immediately make a simplification by assuming only the top Yukawa has inter-
actions fast enough amongst fermions to be numerically important. Second, we can
assume that gauge and supergauge interactions are fast enough to allow us to
consider the number densities of gauge singlets, summed with their superpartners as
a single number density. Furthermore, there are some fast interactions that allow us
to assume local equilibrium between the two Higgs doublets. Then, our network of
transport equations only involve three number densities
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We can relate chemical potentials to number densities using an assumption of local
thermal equilibrium. Ignoring terms of O(u*/T?), that is, performing a high
temperature expansion, we can derive the relation
6 n,

—= 10.2
Tk (10.2)

ﬂx=

with

ke =k (O)H f T 1) = mlT?, (10.3)
where ¢pp) = 6(3) and the sign in the denominator is * for fermions and bosons,
respectively. The factors k;(0) are 2 for Dirac fermions and complex scalars and 1 for
chiral fermions. The k factors of our composite charge densities in equation (10.3)
are the sum of the k factors for each component. Combining our number densities
together in this way means we also combine the vacuum expectation value (VEV)
insertion diagrams of tops and stops as well as Higgs and Higgsinos to each form a
singlet transport coefficient:

= Dy i 4050 = Ty A*+1T%5, A" (10.4)
Furthermore, all one-loop three-body rates involving ¢, Q and H and their super-
partners, as cataloged in chapter 6, sum into a single three-body rate, I'y, for the
linear combinations of composite densities y, — p; — py. The set of coupled differ-
ential equations is
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where the strong sphaleron rate is taken to be Iss ~ 16ag7T [1].
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10.2 Solution using fast rates, diffusion approximation, and ultrathin
wall approximations

Now we have a network of coupled transport equations we will outline the simplest
approach to solving them. Unfortunately, the approach produces a number for the
baryon asymmetry that disagrees with more complete methods by up to two orders
of magnitude. Nonetheless, it is useful for pedagogical purposes, but we will not go
to lengths to justify the approximation we use as they can be viewed as a stepping
stone to more complete methods.

From the solution to the network of coupled transport, equations manifest particle—
anti-particle asymmetries that diffuse into the symmetric phase ahead of the bubble
wall, biasing electroweak sphalerons. The expanding bubble wall will capture some of
the net baryon asymmetry. The first step in finding an approximate solution to the
network of transport equations is to convert the left-hand sides of the network of
transport equations into derivatives of number densities in a single space—time variable.
This is achieved by first using the diffusion approximation that we introduced earlier

9" = vyn—D,V?n, (10.8)

then making an assumption that the bubble wall is symmetric and we can ignore the
curvature of the bubble wall, so that we can reduce the problem to a one-
dimensional one. Shifting to the bubble wall rest frame using the variable
z=|v,t — x|, we can write the set of coupled transport equations as a set of
differential equations in z, whose left-hand sides look like v,n, — D.n/. Next we
assume both Iy and Igg are fast enough such that the linear combination of number
densities that these rates are coefficients for are in local equilibrium. That is,

r_H_ 0 _,

kr kg ko

roonre (10.9)
20_T 9%0+71) _

ko  kr ks '

The second equation can be used to solve 7' in terms of Q and both can be solved in
terms of H using the first equation. The result is,
(ks — kg
 (9kg + 9%p + kp)ky
(% + 2kp)ky
(% + % + kg

Y

(10.10)

We have reduced our set of transport equations down to a single one. The remaining
linearly independent transport equation is any that does not have any fast rate on the
right-hand side. One such combination is 2 X (10.5) + (10.6) + (10.7). In this case the
transport equation is

v, H'(z) — DH(z) + TH(z) = S(2), (10.11)
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where
D_ _ (9kaT + kBkQ + 4ka3)Dq + kH(9kT + 9kQ + kB)Dh
T kgky + kgkg + 4krky + ky(Oko + 9%k + k)
= _ Oko + 9%r + ka)(Ty + Tn) = ((Bks + 9o = 91)THy) 10.12)
9kaT + kBkQ + dkrkp + kH(9kQ + 9% + kB) '
kn(9kg + 9%kr + k
S(z) = 1Oko + Okr + ky) (s, +5,)-

Okrkg + kgko + 4erks + k(Okg + Yk + k)

Next we make the ultrathin wall approximation where the Higgs profile is
assumed to be close to a step function, meaning S(z) and T are zero in the
symmetric phase, i.e. when z > 0. Furthermore, the functions T" become constant in the
broken phase in this approximation. This linearizes the remaining transport equations
and allows us to solve it in two regions using the method of variable coefficients. The
solution in the symmetric phase, up to yet-to-be-determined integration constants that
are specified by the boundary and matching conditions, is

H(z) = Ae?*'? + C (10.13)

and the solution in the broken phase is

H() = D(K—_[ [ dveeso - ﬁ]

—D(K+_K )[/dye-K So) - ﬂ]

Here the exponentials solve the homogeneous equations and the exponents have the form
———
w i w 4FD

o= D ENHT (10.15)

2D
We have two boundary conditions in that the densities must go to zero at oo which
sets C to zero and g, to

(10.14)

= / dye =7 S(y). (10.16)
0

The other two integration constants are determined by the fact that both H(z) and H
'(z) are both continuous at the boundary, z = 0. The matching conditions are then

A

" Dk, — k)
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(10.17)
Alky + k) =
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Solving the above equations gives

_ K_
= _= d _K+yS
= b K+{ yerIS()

; (10.18)
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10.3 Solution without fast rates

Here we will now resolve the transport equations without making the assumption that
the rates are fast. If we otherwise use the same assumptions as before we once again
have a set of linearized differential equations which gives us hope for a semi-analytic
solution. Note the structure of the transport equations—if we take the combination
9T + Q)" we havea transport equation that depends only on two number densities. If
we can create another linear combination that is a function of three number densities
only, then the first equation can solve 7 in terms of Q, the second can solve for H in
terms of Q, and the final will have the CP violating source. To create a linear
combination of transport equations that is a function of number densities 7, Q and H
only, we note that the two CP violating sources are proportional to each other

SEP = LS,%’P (10.19)
2a
The set of equations we want is therefore the linear combinations (10.5) + (10.6), (1
+a) X (10.5) +(1—a) x (10.6) + (10.7) and 2 x (10.5) + (10.6) + (10.7).

10.4 Deriving the analytic solution

The problem in deriving an analytic solution quickly becomes messy due to all the k&
factors and transport coefficients. It is a great simplification to rewrite all transport
coefficients in the form a X/, where j € {1,2,3} is the equation number, X € {Q,T,H}
is the field index, and i € {0,1,2} is the power of the derivative in z

ap0'Q + ap0'T =0 (10.20)
420’0 + af20'T + ajy,0'H = 0 (10.21)
a(0'0 + ap:0'T + ajy:0'H = A(2). (10.22)

Here of we have used Einstein’s summation convention. To solve the first equation
for T in terms of Q, use the method of variable coefficients treating Q as an
inhomogeneous source. Doing this gives

=1 L ewl / e‘Kﬂ'(aéla Q)dy - ﬁi]. (10.23)
ar " K — Ky '
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It was demonstrated in [2] that the integration constants are zero. We will ignore
them as they clutter notation and little is learned more than the overall counting
exercise—we have three number densities and we take their second derivatives so at
most we can have six boundary conditions and six matching conditions which
specify a total of twelve integration constants. If we substitute the above solution
back into the subsequent transport equations we are left with an integro-differential
equation. To overcome this we will make a series of variable changes. First,

z

hy = / e Ody. (10.24)

This eliminates the exponent and integral in equation (10.23), but we now have two
functions related via the identity

hl = el—xzp . (10.25)

Let us make another change of variables to remove the exponential outside the
integral

Jp = €hy. (10.26)

Finally, we need to write everything in terms of a single variable. This is achieved via
the substitution

z

k = e+ /e‘ﬁyjidy, (10.27)
which allows us to relate j, to k with the equation
Jo =k — k. (10.28)

We can then relate both 7" and Q to derivatives in k, which leaves us with differential
equations only. It is convenient to rescale k in a way such that

T = —aho'k (10.29)
0 = ajd'k. (10.30)

We have achieved our initial aim of rewriting the solutions to the differential
equation without awkward derivatives or integrals. One can verify by direct
substitution that the above indeed satisfies the first transport equation. Next we
substitute these equations for 7 and Q in terms of k into equation (10.21), which
gives a differential equation in terms of k and H only,

0 = appd'Q + aj,d'T + aj0'H (10.31)
= (aézale - a}zaél)0i+fk + aj,0'H. (10.32)
Using the same method as before one finds that the solution for H is given by
1 N o otk
H=— fe"‘r‘" apnaiy — aprah—— |dy. 10.33
af212§’<$_7<i ( 02471 172491 oy ) )y ( )
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Following the same recipe as before we can write H and k in terms of a variable /
H ==Y bu-lagaat — araad)o'l (10.34)
n=0

k = aj;,0'l. (10.35)

In the above we added a Kronecker delta so that the structure of the equations
was made more clear. We can then substitute our solution for k into our solutions for
T and Q to give all three number densities in terms of /

4
H=- Z&Hj_n(aéza%l - a%zaél)dnl
n=0
4 . .
T =— 25i+j_naéla 520" (10.36)
n=0
4

Q = 25,'4_]'_"61]1"101{126"[.
n=0

We now can write equation (10.22) in terms of a single variable, /, and a source
6

_ ik ik ik ik _
Az) = 25i+j+k—n(aT1aH2aQ3 - anaHZaT3)(_aT1aQ2aH3 + anarzam)a"l =

"= ] (10.37)
Z Sisjrh_rePat,alpabonl = Z a'o"l.
n=0 n=0

The step that introduced the permutation symbol makes use of the fact that a};; = 0.
Once again, using the method of variable coefficients the solution to the above
equation is

6 z
= ine“":[ f e A(y)dy — ,Bi] (10.38)
i=1

in the EWSB phase and
6
/= Zyien—’ (10.39)
i=1

in the symmetric phase. In the above we have defined a; and y, as the roots of the
polynomials

6
Za,”a” =0
n=0

6 (10.40)
201"7" =0,
n=0
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which are the characteristic polynomials in the broken and symmetric phases,
respectively. Furthermore the constants x; are derived from the equation

<= M7 (10.41)

In the above the matrix M; = o/ ~!'and j is both an exponent and an index ranging

from 1 to 6. Alsod = [0, ..., 1/af]" The integration constants are denoted by 8 and
y; in the broken and symmetric phases, respectively. They are determined by
matching and boundary conditions. The boundary conditions are that all number
densities must be null at + co, whereas the matching conditions are that all number
densities and their derivatives must be continuous at the bubble wall. For the
symmetric phase the boundary conditions are simple to enforce,

% =0V y<0. (10.42)

For the broken phase we obtain a condition on the positive exponents
xXif; = X f dye™™A(y) =1 YV a; 2 0. (10.43)
0

Finally, the matching conditions. First, note that we cannot naively match all the
derivatives of / at the bubble wall even though doing so indeed gives the correct
number of conditions. Rather, we match 7, Q, and H at the bubble wall along with
their first derivatives. Suppose y, > 0 for i € {4,5,6} and o; > 0 for i € {1,2,3}. Let us
use the convenient notation that Ay(a;) = Ay and Ay(y) = Ay. The matching
conditions result in the following conditions

(X4ﬁ4 XsPs XePg Xi1By X285 X3B3 V| ¥ y3)T=

1 0 0 0 0 0 0 0 0 )

0 1 0 0 0 0 0 0 0 I
0 0 1 0 0 0 0 0 0 b
P A ap P adapap| |

b4 b2

a5A55 a6A56 alAél azAQ (;53A53 }/lAél yzAéz }/3Aé3 8
AP AP 4P At AP AP af 4t 4P 0
aidft A ad?® ad? wA?? @A pAf pAP par| |0
AR Al apy At Al AR af A A 8

b4 b5 b6 b1 b2 b3 1 2 3
wAd asAy agAp adg wAp wAp nAg nAbn AL

0!4AQ

(10.44)

I3y3 o\ %

L
= | 4@ A | |7
(ad)x(@) (@x) |,
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We can now write the analytic form of the solutions for H, T, and Q:

6 V4
H = Y dn(ayxe| [ewamuy -4
i=1
6 z
T = Y dr(a)xe / WAy — f (10.45)
i=1

z

6
0= ZAQ((I,’)X,’Cai: fe_“i”A(y)dy - ﬁi

i=1

with known functions defined as

4
— i i
Ay =— Zéi-hj—n(aQZaTl - arzagl)a”

n=0
4
Ar == ) 8ijont " (10.46)
n=0
4
Ag = 25&/—;10}1“1{120‘”‘
n=0

So we have derived a fairly simple solution to the transport equations for the
MSSM case. However, this calculation is easily generalized to multiple transport
equations. Also, it is significantly simpler to assume the form of the solutions,
parametrized in terms of a, Ay(a), f, and x;, and substitute back into the transport
equations to obtain a set of conditions which specify the above parameters.
Specifically, « and Ay(a) solve the homogeneous version of the transport equations
and x; is defined when substituting the full solution into the inhomogeneous
transport equations. Furthermore, it is straightforward to deal with the case of
multiple transport equations—simply replace x; with x;; and the sources A(z) become
replaced with A;(z). One can then proceed as described above, either deriving the
solution or substituting the known form to derive the parameters.

10.5 Beyond ultrathin walls

When we approximate the mass relaxation terms as constant in the broken phase
and zero in the other, we are linearizing our differential equations. Therefore, we can
also write perturbations to the solution which take into account the space-time
dependence of the mass terms. Consider the second transport equation (10.22),
which contains mass terms proportional to a. Let us assume for simplicity that « is
small so that the only mass terms are in equation (10.22). We will define the
following error functions
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A(z) = B(2)A(2) + (1 = B(2))A(z) = Ao(2) + €(2)
aj(z) = aj(2)0(z) + aj(2)0(-2)
= alg(zmax) - [alg(zmax) - LZ/%(Z)] + a,%(z)@)(—z) (10.47)
= a3 + 8ajy(z)
I(z) = ly(z) + 6:d(2) + 6:l(2) + ---.
Note that /y(z) solves the linearized transport equations so we can make a dramatic
simplification similar to the simplification we made when solving bubble wall
profiles. Also, just like in the case of the bubble wall profiles, these perturbations

are finite, which allows for a perturbative series. Inserting the perturbations into the
transport equations gives

a0l + ahoi(6i + 851 + ) + a3 z)lo + 81l + 851 + )

(10.48)
=A(z) + €(z).
We can use the exact same method as before to find the corrections to m
6 z
&l = Ze“"-’x,{/ e e — loéalg(z)] - 5]ﬂ,]
=0 (10.49)

6 z
5ol = Yewrx| [ e [=515a3(z)] — 8:8 .
1
i=0

etc.
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