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Abstract

Details of the explosion mechanism of core-collapse supernovae (CCSNe) are not yet fully understood. There is
now an increasing number of successful examples of reproducing explosions in the first-principles simulations,
which have shown a slow increase of explosion energy. However, it was recently pointed out that the growth rates
of the explosion energy of these simulations are insufficient to produce enough 56Ni mass to account for
observations. We refer to this issue as the “nickel mass problem” (Ni problem, hereafter) in this paper. The
neutrino-driven wind is suggested as one of the most promising candidates for the solution to the Ni problem in
previous literature, but a multidimensional simulation for this is computationally too expensive to allow long-term
investigations. In this paper, we first built a consistent model of the neutrino-driven wind with an accretion flow
onto a protoneutron star, by connecting a steady-state solution of the neutrino-driven wind and a phenomenological
mass accretion model. Comparing the results of our model with the results of first-principles simulations, we find
that the total ejectable amount of the neutrino-driven wind is roughly determined within ∼1 s from the onset of the
explosion and the supplementable amount at a late phase (te 1 s) remains Mej 0.01Me at most. Our conclusion
is that it is difficult to solve the Ni problem by continuous injection of 56Ni by the neutrino-driven wind. We
suggest that the total amount of synthesized 56Ni can be estimated robustly if simulations are followed up to ∼2 s.

Unified Astronomy Thesaurus concepts: Supernovae (1668); Supernova dynamics (1664); Supernova neutrinos
(1666); Core-collapse supernovae (304); Neutron stars (1108)

1. Introduction

Core-collapse supernovae (CCSNe) occur at the end of the
lives of massive stars, lead to the birth of neutron stars and stellar
black holes, and are the production sites of many elements.
Details of the explosion mechanism of CCSNe, however, are not
yet fully understood. The most promising scenario is the delayed
neutrino-driven explosion (Bethe & Wilson 1985). On the
theoretical studies for the explosion mechanism, there is now an
increasing number of successful examples of reproducing
explosions in first-principles simulations. They solve multi-
dimensional hydrodynamics equations, as well as a detailed
neutrino transport (see, e.g., Janka 2012; Burrows & Vartanyan
2021 and references therein). Most, if not all, of those state-of-
the-art simulations, have shown a slow increase of explosion
energy, and the growing rate of the explosion energy is typically
 0.1( ) Bethe s−1 (1 Bethe= 1× 1051 erg), especially for 3D
simulations. On the other hand, one of the observational
constraints is the amount of 56Ni, which drives supernova
brightness. A synthesized amount of 56Ni has been suggested to
be very sensitive to the explosion properties and the progenitor
core structure, since to synthesize 56Ni the temperature needs to
be T 5× 109 K (see e.g., Ugliano et al. 2012; Ertl et al. 2016;
Sukhbold et al. 2016; Suwa et al. 2019). The amount of 56Ni has
been measured from many SNe through light curves with
reasonable accuracy (see e.g., Hamuy 2003). A typical amount
of 56Ni obtained for well-studied SNe is on average∼ 0.07Me
(e.g., SN 1987A, SN 1994I, SN 2002ap; Arnett et al. 1989;
Iwamoto et al. 1994; Mazzali et al. 2002). Additionally, the
statistical analysis for more than 50 events of CCSNe has also
suggested that the amount of 56Ni is around∼ 0.07Me at the
median (Prentice et al. 2019). It means that, in a canonical

CCSNe, on average∼ 0.07Me of 56Ni should be synthesized.
However, recent studies have shown that to reproduce the typical
mass 0.07Me of 56Ni by the explosive nucleosynthesis in the
ejecta, the growth rate of the explosion energy of 1( ) Bethe s−1

is required (Sawada & Maeda 2019; Suwa et al. 2019). In other
words, the growth rate of the explosion energy of 0.1( ) Bethe
s−1, which is obtained in current typical explosion simulations,
is insufficient to produce enough 56Ni mass. We refer to this
issue as the “nickel mass problem” (Ni problem, hereafter) in
this paper. While we should note that some models in first-
principles simulations have succeeded in producing sufficient
amounts of 56Ni (e.g., Bruenn et al. 2016; Eichler et al. 2018;
Burrows et al. 2020; Bollig et al. 2020), it is unclear whether we
can reproduce sufficient 56Ni amount as a canonical nature.
The neutrino-driven wind, which is the subject of this study, is

thought to be one of the most promising candidates for the solution
to the Ni problem (e.g., Wongwathanarat et al. 2017; Wanajo et al.
2018). The neutrino-driven wind is a phenomenon that blows out
of the surface of the protoneutron star (PNS) after the evacuation of
the early ejecta in CCSNe. This wind may solve the issue for the
following two reasons. First, the wind can provide 56Ni in addition
to the hydrostatic and explosive nucleosynthesis, since it continues
until∼10 s after an explosion, which is longer than the converging
time of the explosive nucleosynthesis (∼1 s). Second, recent
detailed simulations have predicted proton-rich ejecta in the post-
explosion winds (e.g., Bruenn et al. 2016) and also have indicated
that almost all materials come to 56Ni in the wind with Ye 0.5
(Wanajo et al. 2018). But recent long-term spherical simulations of
the PNS cooling phase show the rapidly decreasing neutrino
luminosities and insufficient mass ejection (Fischer et al. 2010;
Hüdepohl et al. 2010; Wanajo 2013) so that we may need
multidimensional simulations, which take into account the mass
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accretion onto a PNS and ejection by the wind simultaneously, to
solve this issue. The problem of these multi-D simulations is that
they have a computational time limitation and the possibility of the
solution now lies in the phase later than the typical computa-
tional time.

In this paper, we investigate the potential of the neutrino-driven
wind to solve the Ni problem, especially at later phases than a few
seconds after a successful explosion. For this purpose, we first
build a consistent model of the neutrino-driven wind with the
accretion flow onto the PNS, by connecting a steady-state solution
of the neutrino-driven wind and a phenomenological mass
accretion. We then compare the results of our model with the
results of first-principles simulations and discuss the possibilities
to solve the Ni problem. In Section 2, we describe the treatment of
three important equations in our modeling: the neutrino-driven
winds, mass accretion flows onto the PNS, and combining them.
Our results are given in Section 3 before summary in Section 4.

2. Models

In this section, we aim to build a consistent model of the
neutrino-driven wind with the accretion flow onto the PNS, as
illustrated in Figure 1. Our model assumes a system in which,
the neutrino-driven winds blow out into the low-density region
swept by the initial aspherical shock of CCSN explosion, and
the mass accretion onto the PNS follows from the region where
the initial shock did not develop. It is known that the neutrino-
driven winds are very successfully described by the steady-
state semianalytical solutions (e.g., Qian & Woosley 1996;
Thompson et al. 2001; Wanajo et al. 2001; Wanajo 2013; Bliss
et al. 2018), and now we have an interest in the nature of the
neutrino-driven wind blowing radial direction into the low-
pressure and low-density region swept by the SN shock. Thus,
the nature of the wind inside the blowing angle can be well-

described by the spherically symmetric semi-analytic wind
model. To build this consistent model, we first solve the steady-
state equations of the wind and derive relations between the
wind Mwind and the PNS profiles; the neutrino luminosities Lν,
the gain radius Rgain and the PNS mass MPNS (Section 2.1). The
next step is to formulate the phenomenological accretion flow
model Macc (Section 2.2). We then model the evolution of the
gain radius Rgain and the neutrino luminosity Lν with accretion
rates Macc and PNS masses MPNS, and finally derive the wind
model with an accretion flow, taking into account geometric
effects (Section 2.3).

2.1. Steady-state wind Model

In this study, we use the spherically symmetric and general
relativistic semi-analytic wind model in Wanajo (2013). We
followed Thompson et al. (2001) for the detailed calculation
method. Previous works studied the physical state of the
neutrino wind for a wide range of neutron star masses and
neutrino luminosities (e.g., Otsuki et al. 2000; Bliss et al.
2018). Based on these results, they then studied the behavior of
the neutrino-driven wind and the PNS evolution was studied by
stitching this semi-analytic wind model (e.g., Wanajo et al.
2001; Wanajo 2013).
The basic equations to describe the spherically symmetric

and steady-state winds in the Schwarzschild geometry are

p r=M r v4 , 12 ( )
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where M is the constant mass outflow rate, r is the distance
from the center of the protoneutron star, Q is the heating rate, ρ
is the baryon mass density, v is the radial velocity of the wind,
P is the pressure, and ò is the specific internal energy. The
system of Equations (1)–(3) is closed with the Helmholtz
equation of state (Timmes & Swesty 2000), which describes
the stellar plasma as a mixture of arbitrarily degenerate and
relativistic electrons and positrons, blackbody radiation, and
ideal Boltzmann gases of a defined set of fully ionized nuclei,
taking into account corrections for the Coulomb effects. The
source term Q includes both heating and cooling by neutrino
interactions. Heating is due to the following three processes; i)
neutrino and antineutrino captured by free nucleons, ii)
neutrino scattering on electrons and positrons, and iii)
neutrino–antineutrino pair annihilation into electron–positron
pairs. Cooling is due to electron and positron capture by free
nucleons, and annihilation of electron–positron pairs into
neutrino–antineutrino pairs (for more details, see Equations
(8)–(16) in Otsuki et al. 2000).
To determine the luminosity of each type of neutrino Lν, we

use the assumptions of =Y 0e (Bliss et al. 2018), in which we
assume electron/positron captures are in equilibrium and an
initial composition consists mainly of neutrons and protons.

Figure 1. Schematic picture of a consistent model of the accretion flow onto
the PNS and the neutrino-driven wind. Our model assumes a system in which
the neutrino-driven winds blow out into the low-density region swept by the
initial aspherical shock of the CCSN explosion, and the mass accretion onto the
PNS follows from the region where the initial shock did not develop. In order
to build this model, we use the steady-state solution to describe the nature of
neutrino-driven wind as a function of the PNS information Lν, Rgain and MPNS

(Section 2.1). We then formulate the phenomenological accretion flow model
Macc (Section 2.2). Finally, we construct a consistent model by expressing the
PNS information for the case with accretion flow as a function of mass
accretion rates Macc and PNS masses MPNS, taking into account geometric
effects (Section 2.3).
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where = á ñn n nL L En is the number luminosity and is assumed
to be the same for electron neutrinos and antineutrinos. The
cross-sections of electron neutrino absorption at neutrons
( sá ñn ne ) and electron antineutrino absorption at protons ( sá ñn pe )
depend on the average neutrino and antineutrino energies.
Thus, given nL e, á ñnE e and Ye as parameters, Equation (4) and
the assumption of =n nL Ln n

e e
leads to the antineutrino energy

and luminosity. With respect to the choice of Ye, we are
interested in an environment that maximizes the production of
56Ni. Previous studies have shown that the abundance of 56Ni is
extremely suppressed at Ye< 0.5 in nuclear statistical equili-
brium (NSE) (Seitenzahl et al. 2008), and the same behavior is
known to occur in the neutrino-driven wind environment
(Wanajo et al. 2018). In order to focus on maximizing 56Ni
production, we here fix Ye value to be 0.5 throughout this
paper.

Regarding the inner boundary condition, we assume, for
simplicity, that the neutrino-driven wind starts at the gain radius
Rgain, where the heating and cooling due to neutrino interactions
are in equilibrium ( »Q 0 ). It is because the wind blows from the
heating region outside the gain radius. It allows us to determine
the temperature of the inner boundary, T0. While the inner
boundary is set to be ρ0= 1010 g cm−3 in the ordinary neutrino-
driven wind models (e.g., Otsuki et al. 2000; Wanajo et al. 2001;
Wanajo 2013), we set the density at the inner boundary in our
model to r = n

- L10 g cm0
10 3

,51
1 2, following the method discussed

by Fujibayashi et al. (2015), in order to solve with the very high
neutrino luminosity. Given the density of the inner boundary ρ0,
Equation (1) determines the initial velocity v0 at r=Rgain for
each M .

The mass outflow rate M corresponds physically to
determining how much material is ejected by the neutrino-
driven wind, and algebraically to giving the behavior of the
velocity in solving the equations. In other words, the solutions
of Equations (1)–(3) depend on this mass outflow rate M (Qian
& Woosley 1996).

For the case of small M , the wind moves slowly, and dv/dt can
become zero before the velocity v reaches the sonic speed vs.
When this occurs, the velocity decreases after reaching a maximum
value and becomes always subsonic (breeze or subsonic solution).
When M increases, it can happen that the acceleration term
becomes zero at the same time as v reaches vs. This case
corresponds to a critical value =M Mtran  (transonic solutions). In
this critical case, the velocity increases through the sound speed to
supersonic values, eventually becoming a constant when almost all
the internal energy is converted into mechanical kinetic energy.
Mass outflow rates larger than Mtran are unphysical because, for
these values of M , v has reached vs when the acceleration term is
still positive, resulting in an infinite acceleration. Thus, we only
need to focus our attention on cases of M Mtran  . Here we briefly
review two particular cases of the neutrino-driven wind with
different mass outflow rates M , which give transonic and subsonic
solutions. Figure 2 shows the fluid velocity and temperature as a
function of the radius from the center of the PNS for each M ,
where the PNS mass MPNS= 1.4Me, the gain radius Rgain= 40
km and the neutrino luminosity Lν= 1052 erg s−1. In these PNS

parameters (Lν, Rgain, MPNS), the transonic and subsonic solutions
correspond to the mass outflow rate =M Mtran  = 8.25×
10−3Me s−1 and = ´ - -M M8.00 10 s3 1  , respectively.
Note that =M Mtran  gives the maximum mass ejection. In

the following, we focus our discussion on transonic solutions
which give the maximum ejected amount of the wind.
The system of Equations (1)–(3) provides a (transonic) wind

solution Mtran for each set of three PNS parameters (Lν, Rgain,
MPNS). In the following, we consider modeling the relation
between the maximum mass ejection of the wind =M Mwind,iso tran 
and the three PNS parameters. Figure 3 illustrates mass ejection
rates Mwind,iso as a function of each PNS parameter. We confirmed
that our results are in close agreement with the results of the
previous 1D numerical (Sumiyoshi et al. 2000) and semianalytical
studies (Otsuki et al. 2000; Wanajo et al. 2001) with the same set
of parameters, except for the treatment of Ye.
It is found that ejection rates Mwind,iso have a relation with the

PNS parameters, which is approximated by a power-law
function as
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where the index we adopted is as follows; α= 7/4, β= 5/2
and γ=− 7/2. To credit this modeling, we should mention
two points in comparison to previous studies. First, our model
focuses on a mainly larger region for the gain radius Rgain

(10–60 km), compared to previous studies (10–30 km; Qian &
Woosley 1996; Otsuki et al. 2000). We confirmed that almost
the same relation can be found as in Qian & Woosley (1996)
when we focus on the same parameter region of Rgain as the
literature. Second, while the result of Wanajo et al. (2001)
tends to deviate from the power-law relation at high luminosity,
our solutions do not. It is due to our treatment of the density at
the inner boundary (gain radius) that follows the method of

Figure 2. Outflow velocity v(r) in units of 107 cm s−1 and temperature T(r) in
units of 109 K as functions of the distance r from the center of the PNS with the
PNS mass MPNS = 1.4Me, the gain radius Rgain = 40 km and the neutrino
luminosity Lν = 1052 erg s−1. Solid and dashed lines display the transonic and
subsonic solutions, which corresponds to the mass outflow rate = ´M 8.25tran

- -M10 s3 1
 and = ´ - -M M8.00 10 s3 1  , respectively.
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Fujibayashi et al. (2015). This method takes into account the
physical equilibrium conditions, especially at high neutrino
luminosity, which is different from those of the Wanajo et al.
(2001). We also confirmed the same trend as in Wanajo et al.
(2001) when using the same boundary conditions.
Since we employ this power-law relation to construct our

wind model in a later section, here we discuss the error between
this equation and the numerical solution. Table 1 shows the
wind solution from the numerical calculations (Mwind,cal ), the
value estimated from the power-law relation (Mwind,model ), and
the error of Mwind,cal with respect to Mwind,model , for typical
values of each PNS parameter. The error values in Table 1
indicate that our subsequent analytical discussion using the
power-law relation keeps an error within 30% of the more
precise numerical calculations.

2.2. Mass Accretion Model

In this section, we construct a phenomenological mass
accretion model based on Müller et al. (2016). We assume that
matter reaches the PNS with a freefall timescale. The isotropic
mass accretion rate Macc,iso is thus related to the mass
coordinate M of the infalling shell as (Woosley & Heger 2015),

r
r r

=
-

M
M

t

2
, 6

f
acc,iso ( )

where ρ is the initial density of a given mass shell, r is the
average density inside a given mass shell located at an initial
radius r (i.e., pr=M r4 33 ), and tf is the infall time, which is
defined as a function of the average density r inside a given
mass shell by

p
r

=t
G4

. 7f ( )

Figure 4 shows the mass accretion rates Macc,iso as a function
of t, which is identified with tf. In our model, the time origin is
when the neutrino-driven wind starts to blow, corresponding to
the time of the SN shock revival, which is given by the time at
the mass shell of =Ms k4 B

accreting onto the PNS. Here =Ms k4 B

gives the mass coordinate with the entropy being 4kB baryon
−1.

Table 1
The wind Solution from the Numerical Calculations (Mwind,cal ), the value

Estimated from the Power-law Relation (Mwind,model ), and the Error of Mwind,cal
with Respect to Mwind,model , for Typical values of each PNS Parameter

nL e Rgain MPNS Mwind,cal Mwind,model Errora

(1051erg s−1) (km) (Me) (Me s−1) (Me s−1) (%)

10 40 1.4 8.25 × 10−3 8.25 × 10−3 0.0

100 40 1.4 5.98 × 10−1 4.64 × 10−1 28.9
1 40 1.4 1.23 × 10−4 1.47 × 10−4 −16.3

10 50 1.4 1.79 × 10−2 1.44 × 10−3 24.4
10 10 1.4 3.00 × 10−4 2.58 × 10−3 16.2

10 40 2.0 2.40 × 10−3 2.37 × 10−3 1.3
10 40 1.2 1.54 × 10−2 1.42 × 10−2 8.5

Note.
a We denote the difference between the value of the numerical solution to the

model value, normalized by the model value
-M M

M
wind,cal wind,model

wind,model( ) 
 , as a

percentage.

Figure 3. Maximum mass flow rate =M Mwind,iso tran( )  as a function of Lν(top),
Rgain(middle), and MPNS(bottom) of the transonic wind, respectively. Each type
of point corresponds to the results of varying other parameters, which is different
from the parameter chosen for the variable on the figure. The dashed lines are the
power-law relationship shown in Equation (5), and can be seen to be roughly
fitted to the plot.
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This is because recent hydrodynamics simulations show that
the shock launch takes place when a mass element with s= 4kB
baryon−1 accretes onto the shock (Ertl et al. 2016; Suwa et al.
2016). Gray lines are the mass accretion rates of progenitor
stars from Sukhbold et al. (2018) (on 0.1Me steps over the
range MZAMS= 12.0–20.0Me). We approximate our accretion
model as the red line, which is given by

= +
-

M t M
t

t
1 , 8acc,iso acc,0

0

2⎛
⎝⎜

⎞
⎠⎟( ) ( ) 

where Macc,0 and t0 are free parameters.

2.3. Consistent Wind Model with Mass Accretion

Our description above is based on a one-dimensional radial
flow. In order to construct a consistent model of the wind with
mass accretion, it is necessary to take into account the geometric
structure. Hereafter, we present the collimation of the wind and
the accretion flow due to the asymmetric structure of the
supernova explosion with a geometrical factor fΩ (�1). fΩ relates
the wind intrinsic properties and isotropic equivalents as

= WM f M , 9wind wind,iso ( ) 

= - WM f M1 . 10acc acc,iso( ) ( ) 

We next rewrite the outflow rate Mwind , which is obtained for a
given set of the three parameters (Lν, Rgain, MPNS) in Section 2.1,
to the equation which is approximately determined by a given set
of the two parameters (Macc , MPNS). We need the model of the
gain radius Rgain and the neutrino luminosity Lν as a function of
Macc andMPNS. Müller et al. (2016) found that, in the condition of

- -M M10 sacc
3 1   , the gain radius Rgain can be described as

»
-
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This approximation has been confirmed to show reasonably
consistent results with the contraction of the PNS in hydrodynamics
simulations.

In our system, the neutrino luminosity Lν is assumed to
be dominated by accretion luminosity Lν,acc. The accretion
luminosity Lν,acc is roughly given by the mass accretion rate
Macc and the gravitational potential at the neutron star surface
(Fischer et al. 2009),

h» =n nL L
GM M

R
, 12,acc

PNS acc

PNS
e ( )



where RPNS= 5Rgain/7 (Müller et al. 2016) and η is an efficiency
parameter, which specifies the conversion of accretion energy into
neutrino luminosity. Note that the neutrino luminosity includes two
components: accretion luminosity and diffusion luminosity
(Fischer et al. 2009). It is difficult to completely separate these
components. By taking into account the contribution of the
diffusion luminosity Lν,diff, η would exceed unity (see Müller &
Janka 2014). In this study, we calibrate our model with the electron
neutrino luminosity at ∼1 s after the SN shock revival, which is
well studied in the first-principles calculations of CCSN explosions
(Müller & Janka 2014), and use η= 1.
From Equations (5) to (10), we can write the ejection rate of

the neutrino-driven wind with the accretion flow onto the PNS
as

» ´

´
- a b g

- -

W
W

-

- +a b+

M M

f
f M

M

M

M

1.3 10 s

1

0.1 s 1.4
, 13

wind
2 1

acc,iso

1
PNS

22
3⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

( )
( )






 

where the value of the indices estimated by adopting our model
are =a b+ 22

3
and 2α− β+ γ=− 5/2.

3. Total Mass Ejection by Winds

3.1. Possible Contribution to the Ni Problem

In this section, we describe a potential of the neutrino-driven
wind to solve the Ni problem. A summary of the claim of the
Ni problem is that while on average∼ 0.07Me of 56Ni should
be synthesized in a canonical CCSNe, the first-principles
simulations have been able to reproduce less than half of it. Our
purpose is to investigate whether the wind can eject 0.07Me of
56Ni or not.

56Ni is primarily synthesized where a material of an electron
fraction Ye≈ 0.5 experiences NSE in a high temperature
environment (5× 109 K). This is because in NSE it is
dominated by Fe-peak nuclei due to the largest binding energy
per nucleon and a proton-to-nucleon ratio being close to the
electron fraction of the environment. The neutrino-driven wind
of interest now experiences NSE, as can be seen in Figure 2,
and is thus a sufficient environment for the synthesis of 56Ni. In
addition, detailed nucleosynthesis calculations confirmed the
dominance of 56Ni in an outflow of electron fraction Ye≈ 0.5
(Wanajo et al. 2018). Therefore, assuming that all the ejected
material has Ye= 0.5 as described in Section 2.1, it could be
understood that the maximum ejected amount of Ye= 0.5
material is available as a robust upper limit on the ejected 56Ni
mass. Namely, in this section, we estimate the ejectable
maximum amount of Ye= 0.5 material (which corresponds to
the maximum amount of 56Ni) by integrating the mass ejection
rate of our wind model.

Figure 4. Mass accretion rate calculated by the free-falling model of Müller
et al. (2016). The gray line is the mass accretion rate for the pre-SN stars of
Sukhbold et al. (2018) (on 0.1Me steps over the range MZAMS = 12.0–20.0Me).
The red line is our simplified model of this mass accretion rate, and is given by

= + -M t M t t 1acc acc,0 0
2( ) ( )  .
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We integrate Equation (13) with Equation (8) from the shock
revival time (t= 0) as follows,
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where we neglect the mass evolution of the PNS within the
integration, which decreases the mass ejection by  10 %( ) .
Moreover, when we adopt fΩ= 1/3, which gives the geometric
effect term -W Wf f1 2( ) maximum, Equation (14) is written as
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The main goal of this paper is to find out the ejectable
maximum mass of our wind model from Equation (15). When
we adopt the initial mass of the PNS to be 1.4Me (e.g., Müller
& Janka 2014), then two free parameters, Macc,0 and t0, remain.
We first adopt = -M M1 sacc,0

1  for Macc,0 as a phenomen-
ological upper limit from Figure 4. t0 is constrained by the
maximum PNS mass as follows. Taking into account the
geometric effects (Equation (10)), and ignoring the mass
decreases due to ejected wind because it is relatively small, the
mass of the PNS can be written as
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where MPNS,0 is the initial mass of the PNS (at the time of the
SN shock revival). We assume that the wind ceases when the
PNS mass exceeds a black hole mass. These assumptions of
the total accretion mass (Equation (16) and the PNS mass up to
2.1Me) gives us - W f M t M1 0.7acc,0 0( )  . To conclude, the
ejectable maximum mass of our wind model is given with

= -M M1 sacc,0
1  , t0= 1.05 s, and fΩ= 1/3 in Equation (15) as

follows,

=¥M M0.067 . 17ej,
max ( )

If most of this compensation from the wind is added at late phase,
which is later than the computation time of the first-principles
simulations, this value is then sufficient to compensate for the lack
of 56Ni in the recent Ni problem. In the following, we investigate
the time evolution of the cumulative ejected mass of the wind
and discuss the nature of the explosion that could solve the
Ni problem.

Figure 5 shows the time evolution of the cumulative ejected
mass of the wind model. The cumulative ejected mass is given

as
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where te is time after the neutrino-driven wind starts to blow,
corresponding to the time after the SN shock revival. We adopt
fΩ= 1/3, which gives the geometric effect term -W Wf f1 2( )
maximum. When we fix MPNS,0= 1.4Me for simplicity, then
two free parameters, Macc,0 and t0, remain to determine the
trajectory of the time evolution. As with the condition for
Equation (17), these two parameters are given by the conditions

-M M1.0 sacc,0
1  and - W f M t M1 0.7acc,0 0( )   , respec-

tively, from the phenomenological accretion model (Figure 4)
and the limits of the total accretion mass (Equation (16) and the
PNS mass up to 2.1Me). A degenerate set of parameters that
converge to the same Mej,∞ are shown in the same color in
Figure 5. We further compare the time evolution with the
multi-D first-principles simulations, especially at te 1 s
(Wanajo et al. 2018), which are shown in Figure 5 as rhombus
points. It indicates that, within parameter ambiguities, the total
ejectable amount of the neutrino-driven wind is roughly
determined within 1 s from the onset of the blowing, which
is reachable for first-principles simulations. Moreover, we also
find that the supplementable amount from the wind at a later
phase (te 1 s) remains 0.01Me. It also shows that,

Figure 5. Cumulative ejected mass of the wind as a function of time after the
neutrino-driven wind starts to blow (corresponding to the time after the SN shock
revival). The parameter sets with the same total ejected mass are illustrated in the
same color. In each color, the solid line represents the model with the largest mass
accretion rate ( = -M M1.0 sacc,0

1  ), the dashed line represents the model with the
largest total accretion mass ( - =Wf M t M1 0.7acc,0 0( )  ), and the dotted line
corresponds to the model with the intermediate-total accretion mass. For instance,
in the case of blue, the solid line: = -M M1.0 sacc,0

1  and - =Wf M t1 acc,0 0( ) 
M0.35 , the dashed line: = -M M0.5 sacc,0

1  and - =Wf M t M1 0.7acc,0 0( )  ,
and the dotted line: = -M M0.666 sacc,0

1  and - =Wf M t M1 0.525acc,0 0( )  .
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comparing with first-principles simulations, the expected total
amount from the wind in a canonical CCSN explosion is
about 0.03Me at most.

We should mention that, in fact, some models in first-
principles simulations of CCSNe have produced a sufficient
amount of 56Ni in the total of explosive and the wind
nucleosynthesis (Bruenn et al. 2016; Eichler et al. 2018; Bollig
et al. 2020; Burrows et al. 2020). However, the claim of the
Ni problem is that we are now struggling to reproduce sufficient
56Ni amount as a canonical nature of the CCSNe explosion, and
many previous studies place their hopes on the supplement
from the neutrino-driven wind at a later phase (e.g.,
Wongwathanarat et al. 2017; Wanajo et al. 2018). Our
conclusion on this issue is that, in order to compensate for
sufficient 56Ni by the neutrino-driven wind, it is preferred to
have an active ejection in the early phase rather than a
continuous ejection until the later phase. We note that while the
wind driven by magneto-rotational explosions may be more
energetic, it is not expected to solve the Ni problem due to low
56Ni as it is ejected with a low electron fraction (Nishimura
et al. 2015). It should also be emphasized that the total amount
of synthesized 56Ni can be estimated robustly if the first-
principles simulations are performed up to ∼2 s.

3.2. Effects of PNS Mass Evolution

To further expand the discussion in Equations (14) and (18)
about the ejectable amount of the wind, here we discuss the
effect of the time evolution of the PNS mass on the results
above. We first introduce the ratio ò of the total accretion mass
to the initial PNS mass as

ò=
¥


M

dt M t
1

. 19
PNS,0 0

acc( ) ( )

Using this ratio ò, the time evolution of the PNS mass
expressed in Equation (16) is written as
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where we note that this ignores the mass loss due to wind, as in
Equation (16). No matter how light the initial PNS mass is
assumed to be at SN shock revival (e.g., MPNS,0∼ 1.2Me), this
ò is less than unity, since this mass will never grow more than
twice as large due to the constraint that the wind stops when it
becomes a black hole. Then we can update the time evolution
term of the integral in Equation (14) as follows
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where ò= 0 corresponds to the result in Equation (14). We find
that, for ò< 1, the effect of mass dependence only decreases
the wind mass loss. The same can be argued for the time
evolution of the cumulative mass, i.e., the discussion in
Equation (18) and Figure 5.

Figure 6 shows a comparison of the results between
analytical integration without the effect of the PNS masses
and the numerical integration with the effect. This figure shows
that the result of Equation (14) gives a robust upper limit on the
ejectable mass of the wind. This comparison indicates that the
results of Equations (14) and (18) give robust upper limits on
the ejectable mass of the wind.

4. Discussion and Summary

In this paper, we have constructed a consistent model of the
accretion flow onto the PNS and the neutrino-driven wind, and
then estimated the ejectable 56Ni mass as a supplement to the
Ni problem of the CCSN explosions. We first derived the ejecta
amount for the spherical-symmetric steady-state neutrino-
driven wind with the PNS parameters as follows
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We then derived a consistent model of the neutrino-driven
wind with the accretion flow onto the PNS by modeling the
evolution of the gain radius Rgain and the neutrino luminosity
nL e. The wind mass-loss rate (Figure 1) is
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Based on this equation and adopting fΩ= 1/3, which gives the
geometric effect term -W Wf f1 2( ) maximum, the total ejectable
amount is estimated as follows
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Figure 6. Same as Figure 5, but a comparison of the analytical results ignoring
the effect of the time evolution of PNS mass (Equation (18)) and the numerical
results taking into account the effect (see Equation (21)).
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where Macc,0 and t0 are the parameters which characterize the
mass accretion rate Macc,iso . Equations (22)–(24) are important
results in a consistent model of the neutrino-driven wind with
the accretion flow onto the PNS (Figure 1), which is one of the
goals of this paper.

Based on these equations, when we take the upper limit as far as
possible within the range of the parameter constraint MPNS,0�
1.4Me, -M M1.0 sacc,0

1  and - W f M t M1 0.7acc,0 0( )  ,
the ejectable maximum mass of our wind model is derived to be
Mej,∞= 0.067Me. If most of this compensation from the wind is
added at late phase, which is later than the computation time of the
first-principles calculations, this value is then sufficient to
compensate for the lack of 56Ni in the recent Ni problem. However,
we found that, within parameter ambiguities, the total ejectable
amount of the neutrino-driven wind is roughly determined within
1 s from the start of the blowing, which is reachable by first-
principles simulations. Moreover, we also found that the
supplementable amount from the wind at a later phase (te 1 s)
remains Mej 0.01Me at most, independent of the parameter
choice, i.e., the nature of the explosion. Our conclusions on the
Ni problem are first that in order to compensate for sufficient 56Ni
by the neutrino-driven wind, it is preferred to have an active
ejection in the early phase rather than a continuous ejection until the
later phase. It is also an important suggestion that the total amount
of synthesized 56Ni can be estimated robustly if the first-principles
simulations are followed up to 2 s.

Lastly, we mention the recent work by Bollig et al. (2020),
which was submitted after this paper was submitted. In their
simulations, they observed the downflow and outflow system
instead of spherical neutrino-driven wind and the outflow
supplied 0.05Me of 56Ni. Our aspherical wind model fails to
represent their downflow–outflow model, since our boundary
condition assumes that the wind is slowly moving outward and
is gradually accelerated by the neutrino heating in the vicinity
of the gain radius. On the other hand, their downflow–outflow
system would produce smooth transition from the incoming
flow to the outgoing flow and these mass flows shows almost
the same value (see Figure 1 of Bollig et al. 2020). It
corresponds to =M Mwind acc  in our model, which cannot be
reproduced under the current set of equations with the
efficiency neutrino parameter, η. In the forthcoming paper,
we will present a model which takes into account such a
situation.

In summary, it is difficult to solve the Ni problem in a way
that continuously supplements for 56Ni at the late phase of the
explosion by the neutrino-driven wind. Therefore, requiring an
explosion capable of active ejection in the early phase of shock
revival is a simple and straightforward solution for the SN
mechanism to satisfy the Ni problem as canonical, without fine-
tuning.

The work has been supported by Japan Society for the
Promotion of Science (JSPS) KAKENHI Grant 19J14179 (R.
S.), 18H05437, 20H00174, 20H01904, and 20H04747 (Y.S.).
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