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In this paper, we introduce a method to measure the surface tension of a droplet on a solid substrate by observing the resonance oscillation excited
by applying Maxwell stress using electric field tweezers in a noncontact manner. Additionally, we measured the frequency spectrum of the
oscillation amplitude using a stroboscopic imaging technique. The resonance frequency of the droplet was inversely proportional to the 3/2th power
of the droplet radius, with a contact angle of approximately /2 rad. The acquired result is in good agreement with the theory derived by extending
the established formula for a free-sphere droplet. Furthermore, the contact angle dependence of the resonance frequency can be qualitatively
explained based on the behavior of waves on a confined liquid surface. © 2022 The Japan Society of Applied Physics

1. Introduction

Surface tension is one of the most important liquid properties
in microscopic and high-speed industrial applications, in-
cluding spray paint coatings and inkjets. For example, in
spray paint coating processes, the wetting is dominated by the
surface tension and viscosity of the paint immediately after a
droplet impacts the substrate. Various studies have been
carried out on the viscosities of paints,' ™ while only a few
have been carried out on the surface tension, considering that
solvent-borne paints are designed to possess sufficiently low
surface tensions to form an excellent film appearance.
Therefore, measurements were carried out to determine
whether the surface tension was sufficiently small. In recent
years, the surface tension of paints has attracted considerable
attention owing to water-borne paints, which exhibit higher
surface tensions™ and have become the mainstream for eco-
friendly applications®” compared to solvent-borne paints.
Although several studies have been carried out on measure-
ment methods for the surface tensions of paints,®? suffi-
ciently accurate values have not been obtained.

Usually, the Wilhelmy'*'® and du Noiiy methods are
employed to determine the static surface tension by
the drawing force applied to the plate or ring by the surface
tension. However, the measured value was affected by the
viscosity. As a result, a period over 1h is required for
the paint viscosity (>10* mPa s) to reach the equilibrium
meniscus form of surface tension. Therefore, these methods
are not feasible in ordinal industrial processes.

The maximum bubble pressure method'*™'> is employed
to obtain the dynamic surface tension, which is determined
by the pressure of a gas bubble emitted into the liquid from
the capillary nozzle. However, the viscosity of the sur-
rounding liquid contributes to the pressure, which increases
the measured value.

A method for measurement of the dynamic surface tension
by analyzing the oscillation of a flying droplet was also
proposed.'®!” In this method, droplets are emitted into the
air from a nozzle, which then travel with oscillation after the
initial deformation of the droplet from the equilibrium shape
of a sphere. The density of air is sufficiently low, which does
not disturb the eigen-oscillation of the droplet. The surface
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tension was determined by observing the resonance fre-
quency of the droplet oscillation with a high time resolution
using the stroboscopic method. The emission time of the
strobe light with a duration shorter than 100 ns gradually
shifted from the origin of the droplet injection. However, this
method requires a stable reproducibility for every droplet
emission, which is difficult to achieve for paints owing to
their high spinnability. Furthermore, airborne droplets are
difficult to generate in paints.

In this study, we attempted to observe the oscillation
phenomenon of a liquid droplet on a solid substrate.
Although the resonant oscillation frequency of the partial
sphere droplet on the substrate should be a function of the
surface tension, it is challenging to excite the oscillation of a
small droplet, considering that the mechanical contact of a
transducer with a droplet can result in severe deformations
from the partial sphere. Experiments have been carried out to
excite droplet oscillation on solid substrates using surface
acoustic waves.'>'” In these experiments, we used the
electric field tweezers technique to extend the types of solid
materials. As described below, this method can selectively
excite the symmetric mode with respect to the azimuth angle.

There is no formula to relate the oscillation frequency of the
droplet on a flat substrate to the surface tension for an arbitrary
contact angle. Strani et al. analyzed the oscillation of a liquid
droplet in partial contact with a solid substrate with a partial
spherical concave.”” The calculation showed a good agreement
with the experimental results obtained by Bisch by observation
of a liquid droplet placed on a spherical support. However, the
preparation of a spherical concave for droplets smaller than
millimeter is difficult for practical industrial measurements.

In this study, we analyze the relationship between the
surface tension and resonance frequency of a liquid droplet
on a flat solid substrate, which is important for application in
actual spray coating processes. First, we observed the
behavior of a droplet on a substrate with a contact angle of
approximately 7/2rad, while assuming that it is a hemi-
sphere, considering that the resonance frequency of free
oscillation is almost equal to the higher mode of a sphere.”"
Moreover, we analyzed droplets with a wide range of contact
angles. We provide a quantitative discussion on the depen-
dence of the resonance frequency on the contact angle.

© 2022 The Japan Society of Applied Physics
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2. Experimental methods

We summarize the theory of free oscillation of a spherical
droplet in air. The frequency of oscillation is determined by
the surface tension of the liquid, which functions as a
restoring force, and density as a mass. Further, we discuss
the droplet oscillation, which has cylindrical symmetry with
respect to the latitude direction.

The oscillation can be regarded as a surface wave traveling
to the sphere surface. The resonance frequency is determined
by the resonance condition, where the phase of the wave
changes by 2/ for a round trip along the meridian, where [ is
an integer. The resonance angular frequency of the droplet
oscillation is

w= [P (12 2) (1)

where o is the surface tension, p is the density, and R is the
droplet radius.”” The oscillation between the prolate and
oblate spheroids is represented by [=2. The fundamental
mode indicating the oscillation between the prolate and
oblate spheres is expressed by /=2, which indicates that
the length of the great circle of the spherical droplet is twice
the wavelength. For a hemisphere on a solid substrate, the
boundary condition represents that the amplitude at
the droplet contact line and substrate is fixed; i.e. half of
the length of the great circle is 3/2 of the wavelength, denoted
as /= 3. This assumption does not provide a strict solution
for the oscillation of a hemisphere, in which the boundary
condition should be that the flow velocity is zero in all
regions of the contact plane between the droplet and
substrate.

We introduce an experimental system. We used the electric
field tweezer system® 2% to remotely apply stress to excite
the harmonic oscillation of the droplet on a substrate. When
an electric field is applied to the interface between two
substances with different dielectric constants, the Maxwell
stress acts in the direction normal to the interface into the
medium with a lower dielectric constant.

Furthermore, we used a stroboscopic technique
observe the high-speed motion of the droplet. The typical
droplet size used in this experiment was approximately
1 mm. The expected oscillation frequency was in the range of
10? Hz, whereas a time resolution better than 100 us was
used. We employed a stroboscopic observation, with a strobe
light synchronized to the signal of the harmonic electric field,
instead of a high-speed camera. The duration of the light was
smaller than 1 ps, which provided a satisfactory time
resolution for the observation. Experimentally, the strobo-
scope is illuminated from the phase origin of the harmonic
excitation signal of the electric field with a certain delay. We
acquired a slow-motion video of the droplet behavior by
gradually sweeping the delay.

Figure 1 shows a schematic of the experimental setup.
Using a metal needle, an electric field was generated at a high
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Fig. 1. (Color online) Schematic of the experimental setup. For strong

lighting, the stroboscope light is focused and irradiated to the droplet.*"

Hereafter, we use the cylindrical coordinates, where r denotes
the distance from the center axis. The surface displacement
&(r) owing to the Maxwell stress is expressed by>”

oAs £(r) — pg&(r) +f(r) =0, 2

where f(r) is the distribution of the Maxwell stress, g is the
gravitational acceleration, and Ag is the two-dimensional
Laplacian operator along the surface. The effect of the
Maxwell stress appeared as a summation of the amplitude
of the surface displacement and additional surface curvature.

For the excitation of the droplet oscillation, the boundary
condition was modified by considering the initial curvature of
the surface. However, this does not influence the excitation of
the resonance oscillation. The deformation mode was se-
lected based on the symmetry and boundary condition of the
droplet.

The needle tip must be sufficiently close to the surface to
induce an adequate displacement for an image analysis.
Practically, the distance should be smaller than 1 mm. It is
also necessary to maintain a distance to ensure that the
droplet and needle do not contact during vibration. Therefore,
the needle was set at an appropriate distance from the top of
the droplet for each experiment. The frequency f (=w/2r)
range of the measurement was 10—400 Hz.

3. Results and discussion

First, we demonstrate the dynamic behavior of a droplet on a
water-repelling glass plate, assuming that it is a hemisphere.
Ethylene glycol and distilled water were used as samples with
contact angles of 95° on the plate. We assumed a value of
approximately 7s/2rad. Table I summarizes the density,
surface tension, and viscosity of each liquid. The droplet
volume was set in the range of 0.5-12 ul by changing the
sampling amount using a microsyringe.

Figure 2 shows photographs of the oscillation of the
ethylene glycol droplet during a quarter cycle of the
sinusoidal application of Maxwell stress. The contact line

voltage and set just above the center of the droplet plate, Table I.  Fluid properties at laboratory conditions.
which exc1ted.the deformation of the droplet with Maxwell Property Unit Ethylene glycol Distilled water
stress. The solid substrate was set on a plane metal electrode
conducted at the ground level. Density***> kgm’ 1.1 x 10° 1.0 x 10°
. . . . s 236,37 —1 —2 —2
The electric field of this experiment had rotational sym-  Surface tension ' Nm 48 > 1077 73 107
metry, whose axis coincided with that of the droplet. —YiSCoSity Pas 20 < 10 10X 10
SG1064-2 © 2022 The Japan Society of Applied Physics
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Fig. 2. (Color online) Photograph of the ethylene glycol droplet per quarter cycle in the sinusoidal electric field.*" (Voltage angular frequency = 754 s~', Droplet

height = 1.2 mm).

with the substrate is fixed while the top of the droplet
oscillates. Furthermore, there are two nodes on the meridian
crossing the top of the droplet according to the photographs
of the entire oscillating droplet. These results indicate that
the droplet oscillation at a contact angle of 7/2rad on the
substrate can be considered as the mode denoted by the index
I =31in Eq. (1). The image analysis of droplet oscillation was
effective in assigning the oscillation mode.

The time dependence of the height of the droplet top was
obtained through the image analysis. The oscillation ampli-
tude A(w) was determined to be half of the change in height.
Figure 3 shows the angular frequency dependence of the
normalized amplitude A(w)/A.x obtained for the distilled
water (a) and ethylene glycol (b) droplets, where A« is the
maximum amplitude. The resonance frequency increases as
the droplet radius decreases. Additionally, the width of the
peak of the distilled water droplet was smaller than that of
ethylene glycol, which can be attributed to the decay of
oscillation through viscous energy dissipation. The peak
width and decay of the surface wave are discussed below.

We consider the effects of gravity and viscosity. The
gravity contributes to the resonance frequency if the radius of
the droplet is larger than the capillary length, which is
expressed by (o/pg)"’? and is approximately 3 mm for water.
The maximum radius is 2.1 mm in this experiment, and thus
we ignore the contribution of gravity. In addition, the
viscosity modifies the resonance frequency above the MHz
region.”” The frequency range of this experiment is con-
siderably lower, and thus we neglected the contribution of
viscosity to the resonance frequency.

As shown in Fig. 4, we determined the resonance
frequency of the spectrum peak as a function of the droplet
radius. The contact angle was not exactly 7/2. The radius R
was determined by the droplet height. The dashed and dotted
lines indicate the results of Eq. (1) with a mode index of
[ =3. The resonance frequency was proportional to R™2,
which is in good agreement with the theoretical results. The
contact angle was not accurately 7/2; hence, we could only
analyze the power law between the droplet size and reso-
nance frequency.

The resonance frequency of distilled water was higher than
that of ethylene glycol, which can be attributed to the
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differences in surface tension and density. Moreover, the
ratio between them of 0.71 is in good agreement with the
theoretical prediction of 0.77 obtained by Eq. (1), together
with the values of the surface tensions and densities.

Notably, these theoretical values were calculated assuming
that the droplet on the substrate was a hemisphere, although
the actual contact angles were not n/2rad. Further, we
investigated the contribution of the contact angle to the
resonance frequency. To measure the resonance frequency of
the droplet by changing the contact angle, we prepared flat
substrates of different materials in addition to a water-
repelling glass plate, as shown in Table 1I. We measured
the frequency spectrum of the oscillation and determined the
resonance frequencies of the ethylene glycol droplets with a
constant volume on these substrates. The contact angles
obtained by the image analysis were in the range of
0.72-1.7 rad.

Figure 5 shows the experimentally obtained resonance
frequencies as a function of the contact angle. The droplet
volumes were identical. The resonance frequency exhibited a
maximum at approximately /2.

Below, we explain the contact angle dependence of the
resonance frequency in terms of the resonance of the surface
tension waves in a confined surface area.

As mentioned above, the boundary condition of the surface
waves confined in a droplet on the substrate indicates that the
displacement is fixed at the circular contact line. In addition,
the surface displacement exhibited cylindrical symmetry.
Hereafter, we discuss the condition under which the droplet
volume is kept constant and the contact angle is variable. The
resonance condition can be determined such that the length of
the meridian crossing the top of the droplet is the same as the
length of 3/2 of the wavelength.

Considering that the droplet volume is maintained as V/,
the radius of curvature of the droplet R(6,) is a function of the
contact angle 0., expressed by

Vo = 7rR3(%cos3 0. — cosb, + %). 3)

The meridian length L is expressed as L =2 0, R(f,), while the
resonance frequency varies according to w; ~ a(a/p)'/2L3/2,
where « is a constant, as the length L is an integer multiple of

© 2022 The Japan Society of Applied Physics
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Fig. 3.

resonance frequency at each condition. Each explanatory note indicates the height of each droplet measured through image analysis.
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Fig. 4. (Color online) Dependence of R on the resonance frequency. The
circles and triangles indicate the measured values for distilled water and
ethylene glycol, respectively. The dashed line and dotted line indicate the
theoretical values for distilled water and ethylene glycol, respectively.?"

the half-wavelength of the standing wave. The frequency of the
surface wave with a wavelength of ) is (87°c/p)"* \™>2.? The
qualitative dependence of @; on the contact angle can be
determined using the above equations, indicated by the dashed
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Fig. 5. (Color online) Dependence of the contact angle on the resonance
frequency of the ethylene glycol droplet. The circles and dashed line indicate
the measured and theoretical values, respectively.

line in Fig. 5, which is drawn by adjusting the value of « to
reproduce the experimental result. The above rough theory of
wave propagation predicts that the wavelength exhibited a
minimum and that the resonance frequency exhibited a max-
imum at approximately /2, which is in good agreement. This
behavior is derived from the simple fact that the length of the arc

© 2022 The Japan Society of Applied Physics
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Fig. 6. (Color online) FWHM plotted against 1/R* for ethylene glycol.>"

Table Il. Substrate and contact angle of ethylene glycol.
Substrate Glass Steel painted undercoat Steel painted basecoat
Contact angle [rad] 0.72 0.82 1.1
Substrate Polystyrene Polymethylmethacrylate Polypropylene
Contact angle [rad] 1.1 1.3 1.4

determining the wavelength of the resonance wave has a
minimum at approximately 6. = 1.22 rad.

Although a detailed discussion is required to accurately
understand the oscillation of droplets on substrates, the
present results provide a useful knowledge about the oscilla-
tion. First, Fig. 5 shows that the resonance frequency is not
very sensitive to the contact angle around the right angle; i.e.
the surface tension can be determined accurately even though
the contact angle of actual industrial systems is scattered
around the right angle. Second, the validity of our rough
analysis shows that the phenomenon of droplet oscillation
can be treated as the resonance of the surface tension waves.

Finally, we briefly discuss the peak width of the resonance
curves based on the decay of surface waves owing to
viscosity. Viscosity is an essential liquid property in micro-
scopic and high-speed industrial applications. The oscillation
of a free droplet after being emitted from the nozzle is
damped by the liquid viscosity,’>" where the damping
constant I"is proportional to 7/pR?, where 7 is the viscosity of
the liquid. The oscillation decay appeared as the peak width
in the frequency spectrum.’>*® The energy dissipation by the
substrate is negligible because of the sufficiently high
modulus (Young modulus > 10° MPa). Figure 6 shows the
full width at half maximum of the resonance peak plotted
against 1/R” for the ethylene glycol droplet. The experimental
results are in good agreement with the expected power law.
An absolute calculation of the energy dissipation is required
to determine the viscosity while changing the contact angle.

4. Conclusions

In this study, we successfully developed a method to
remotely excite the resonance oscillation of liquid droplets
on a solid substrate using an electric tweezer system.
Furthermore, we employed stroboscopic image observation
to detect oscillations, which enabled us to confirm the
resonance mode.
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The resonance frequency was dependent on the droplet
radius for distilled water and ethylene glycol. The oscillation
of the droplet, with a contact angle of approximately 7/2 rad,
behaved similarly to the oscillation of a free spherical
airborne droplet at the higher mode of / =3. The resonance
frequency was qualitatively consistent with the theory under
the assumption that the droplet was a hemisphere.

Additionally, the dependence of the resonance frequency of
droplets placed on various substrates on the contact angle was
explained by the theory of surface waves in a confined liquid
area. The peak width of the resonance frequency provided
information on the energy dissipation owing to viscosity.

We believe that these results provide a novel viewpoint for
a new method for measurement of the mechanical properties
of liquids by observing the droplet oscillation on a flat
substrate. However, this experimental data is in agreement
with the theoretical results, not quantitatively but qualita-
tively. Therefore, we will aim to provide a more accurate
calculation method for droplet oscillation using hydrody-
namic simulations in future studies. In addition, we will soon
report a simpler method for the detection of droplet oscilla-
tion in industrial processes.

The final aim of this study is to extend the size to the order
of micrometers, which is employed in actual industrial
processes including spray coating and inkjet printing. A
novel method for the emission of microscale droplets of
highly viscous liquids has been reported.
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