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Abstract – The chimera state with co-existing coherent and incoherent dynamics has recently
attracted a lot of attention due to its wide applicability. We investigate non-locally coupled
identical chaotic maps with delayed interactions in the multiplex network framework and find
that an interplay of delay and multiplexing brings about an enhanced or suppressed appearance
of the chimera state depending on the distribution as well as the parity of delay values in the
layers. Additionally, we report a layer chimera state with the existence of one layer exhibiting
coherent and another layer incoherent dynamical evolution. The rich variety of dynamical behavior
demonstrated here can be used to gain further insight into the real-world networks which inherently
possess such multi-layer architecture with delayed interactions.

Copyright c© EPLA, 2016

Introduction. – Over the last few decades, the field
of network science has witnessed tremendous growth ow-
ing to its applicability in real-world systems ranging from
biology and sociology to economics [1–3]. One of the
prime focus of network science is to study the collec-
tive behaviour of dynamical units coupled on these net-
works [4]. Coupled dynamical units are shown to exhibit
a plethora of novel phenomena [5]. One such phenomenon
is the emergence of chimera [6]. Initiated by the works
of Kuramoto, Battogtokh and Shima [7] and later chris-
tened by Abrams and Strogatz [8], chimera state repre-
sents a hybrid dynamical state with co-existing coherence
and incoherence in an identical network with symmet-
ric coupling environment. Since then, numerous theoret-
ical [9,10] as well as experimental investigations [11,12]
have been reported for the observation of the chimera
state in various systems [6,10,12,13]. Moreover, differ-
ent types of chimera state have been proposed to incorpo-
rate a variety of stable and unstable co-existing coherent
and incoherent states [6]. Chimera states have provided
a framework to understand epileptic seizures [14,15] and
unihemispheric sleep recently observed in humans [16]. It
has also been associated with the motion of heart vessels
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to explain ventricular filtration [17] as well as with the
so-called bump state in neural networks [18].

Furthermore, recent years have witnessed a burst of
studies pertaining to the analysis of multiplex networks
which is defined as a collection of two or more layers hav-
ing mirror nodes in each layer [19]. An objective of mul-
tiplex network framework is to study multiple levels of
interactions where function of one layer gets affected by
the properties of other layers [20].

Yet another approach for understanding real-world sys-
tems through network theory is to incorporate time delays.
An analysis of impact of time delay on dynamical prop-
erties of a coupled system is very crucial to predict and
explain dynamic evolution of such systems [21]. Numerous
dynamical phenomena, including enhancement or suppres-
sion of synchronization, have been found for time-delayed
networks [22]. Although, it has been recently shown that
chimera states exist in time-delayed networks [9,23], the
occurrence of this complex spatio-temporal pattern is yet
not well understood in the presence of time delay in mul-
tiplex networks.

We investigate an interplay of the delay and the mul-
tiplexing on the occurrence of the chimera state. Delay
coupled systems are known to exhibit a globally clustered
chimera state [24]. However, we find that small delays lead
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to an enhancement or suppression in the chimera depend-
ing upon the parity of the delay, and large delays always
lead to the suppression in the chimera state. In multiplex
networks, this enhancement or suppression depends upon
the distribution of delay in the individual layers which
further results in a new type of chimera state, henceforth
called as layer chimera state. This pattern exhibits a co-
existence of coherent and incoherent dynamics in different
layers which are unique to the delayed multiplex systems.
We investigate the emergence of the chimera state and its
dependence on the delays and various other properties of
the layers of a multiplex network.

Model. – Let us consider a multiplex network of 2N
nodes where each layer is represented by a 1D ring lattice
consisting of N nodes (fig. 1). The dynamical evolution of
each node is represented by zi(t), where i = 1, 2, . . . , 2N .
This evolution can be written incorporating the time
delay τ as

zi(t+1) = (1−ε)f(zi(t))+
ε

ki

2N∑
j=1

Aij [f(zi(t−τ))], (1)

where ε represents the overall coupling strength and ki =
(
∑2N

j=1 Al
ij)+ 1 is the degree of the i-th node. τ introduce

delay values depending on the multiplex adjacency matrix
as illustrated in fig. 1. The function f(x) is a non-linear
logistic Map given as f(x) = μx(1 − x) [25].

Coupled logistic maps display a rich dynamical be-
haviour depending on the values of μ. Due to their
simplicity, yet the ability to display complex chaotic
behavior, coupled logistic maps have been widely in-
vestigated to understand various complex phenomena
manifested by a diverse range of real-world systems [4].

We use μ = 3.8 for which f(x) shows the chaotic be-
haviour [26]. We consider the coupling radius r = 0.32,
where r represents the coupling radius defined by r =
P/N , with P signifying the number of neighbors in each
direction in a layer. The adjacency matrix (A) of a mul-
tiplex network with two layers can be written as

A =
(

A1 I

I A2

)
. (2)

For the adjacency matrix of the k-th layer (Ak), each
element is defined as Ak

ij = 1(0) depending upon whether
i-th and j-th nodes are connected (or not) in the k-th
layer. The matrix A is a symmetric matrix with diagonal
entries Aii = 0 depicting no self-connection. I is a unit
N ×N matrix representing one-to-one connection between
the mirror nodes. We consider bi-directional inter-layer
connections which maintain symmetric coupling environ-
ment required for defining a chimera.

A spatially coherent state of a network is considered as,
if for any node i belonging to a particular layer, the spa-
tial distance between the amplitude of neighboring nodes
approaches to zero for t → ∞,

lim
t→∞ | zi+1(t) − zi(t) |→ 0, ∀ i ∈ S1, (3)

Fig. 1: (Color online) Schematic diagram for multiplex network
consisting of two layers. Each layer is represented by an iden-
tical 1D lattice with non-local interactions. Each node (circle)
has the same coupling architecture. τl1(τl2) signifies the de-
lay in intra-layer connections (represented as solid lines) and
τ12 is the delay in the inter-layer connections of the multiplex
network (represented as dashed lines).

whereas, the temporal coherence is defined as
lim

t→∞ |zj(t) − zi(t)| → 0 for ∀ i, j ∈ S1 [10]. There-

fore, the temporal coherence can be written as z1(t) =
z2(t) = · · · = z(t) which leads to a straight line for the
spatial curve in the zi(t)-i plane. This straight line repre-
sents a completely synchronized state (zi(t) = zj(t) ∀ i, j).
Now due to a near-zero local spatial distance between
the neighboring nodes, the coherent state can be ge-
ometrically represented by a smooth curve [10]. Any
discontinuity appearing in the curve represents the
co-existence of coherent and incoherent states leading to
the chimera state.

We quantify the absence of smoothness by a distance
measure based on the spatial distance which can be
written as

di(t) = |(zi+1(t) − zi(t)) − (zi(t) − zi−1(t))|. (4)

Due to a near-zero spatial distance between the neigh-
boring nodes, the coherent state can be geometrically
represented by a smooth spatio-temporal curve plotting
amplitudes of all the nodes as a function of node indices
for a particular time value. Since the chimera state is rep-
resented by the co-existence of the coherent and incoherent
dynamical evolution of the nodes, the spatio-temporal plot
consisting of a smooth part (continuous curve representing
coherent nodes) and gaps (discontinuities representing in-
coherent nodes) reflects the existence of the chimera state.
This measure capturing the difference of the spatial dis-
tance between the neighboring nodes, attains a value to-
wards zero for a coherent profile. Any discontinuity in the
spatial curve is indicated by a kink in the di-i plane [10].
We use this measure to find the chimera states as discussed
in the next section.

Initial conditions and numerical considerations.
– The chimera state has been reported to be sensitive
to the choice of initial conditions. A proper choice of
the initial condition is required for the dynamical state
of a system to show either the chimera state or the
complete coherent state [27]. For example, a special hump-
back function was used to define the initial conditions to
demonstrate the occurrence of a chimera state in identical
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Fig. 2: (Color online) Snapshots and space-time plots for an
isolated ring network for different coupling strengths (a) and
(b) ε = 0.1, (c) and (d) ε = 0.32, (e) and (f) ε = 0.36, (g) and
(h) ε = 0.46, (i) and (j) ε = 0.5. The dynamical variable
associated with the evolution is color-coded in the space-time
plots as a function of time. Other network parameters are
N = 100 and r = 0.32, τ = 0.

non-locally coupled kuramoto oscillators [8]. However,
few recent works have suggested that the choice of initial
conditions for the occurrence of the chimera state may
not be so significant. For instance, ref. [11] has shown
the chimera-like behavior with a set of random initial
conditions. Reference [13] utilized quasi-random initial
conditions for the realization of the chimera state in a
coupled photosensitive chemical oscillators. Here, we con-
sider a uniform random distribution of initial states (z0(i))
for the i-th oscillator which is bound within an interval
[0, exp

[− (i− N
2 )2

2σ2

]
) where the variance σ is chosen depend-

ing on the size of the network such that z0(i) ∈ [0, 1]. We
use the same set of initial conditions for both the layers in
a multiplex network and find that despite choosing quasi-
random initial conditions, the introduction of delay in a
layer leads to an enhanced or a suppressed critical coupling
strength for the coherent evolution of the dynamical vari-
able in that layer, depending upon the distribution and
parity of the delay values in different layers.

Furthermore, the number of spatial clusters is used
based on a collection of nodes with coherent evolution to
identify the appearance of the chimera states. These spa-
tial clusters are counted through the identification of spa-
tially neighboring nodes having distance measure di < δ,
where δ is a small quantity. We choose a small positive
threshold value δ (δ ≈ 0.0384) to clearly distinguish dif-
ferent dynamical states [28]. We discard clusters with the
node population below a certain threshold, for instance 5,
as considered in few other works [28]. The number of spa-
tial clusters identifying different types of dynamical states
can be written as follows: Nclus = 0 for the spatially inco-
herent state, Nclus = 1 for spatially coherent or completely
synchronized state and Nclus > 1 for the chimera state.

Delayed evolution in an isolated network. – First,
we discuss the impact of delay on the dynamics of a
single-layer ring network. For the undelayed evolution,
the isolated ring network exhibits a transition from the
incoherent to the coherent state via a chimera pattern
as the coupling strength (ε) is increased. In the absence
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Fig. 3: (Color online) Phase diagram showing different dynam-
ical regions based on the number of spatial clusters (Nclus) in
the parameter space of delay (τ ) and coupling strength (ε) for
an isolated ring network. The shades (colors) denote different
regions: IS (incoherent state Nclus = 0), CS (coherent state
Nclus = 1) and chimera (chimera state Nclus > 1). The other
network parameters are N = 100 and r = 0.32.

of any delay (τ = 0), in the weak coupling range, the
spatial profile indicates an incoherent dynamics with no
correlation between the spatial neighboring nodes. For
example, we find that as we increase the coupling strength
from ε = 0.1, the emergence of the partial coherent states
is observed (fig. 2(a) and fig. 2(b)). For mid-range cou-
pling (0.16 ≤ ε ≤ 0.49), the chimera state can be seen
(figs. 2(c), (h)). A further increment in the coupling
strength leads to a decrement in the incoherent regions.
For ε = 0.46, the incoherent regions shrink to the point
discontinuities while we have a spatial smooth profile of
the coherent nodes, and we observe two distinct spatial
clusters (figs. 2(g), (h)). For strong coupling strength
(ε ≥ 0.5), the dynamical evolution of the nodes exhibiting
a chimera state reverts to a completely coherent state as
depicted in figs. 2(i), (j). Figure 3 displays a transition
from the chimera to the coherent state at τ = 0 (the last
row) in terms of the Nclus employed to distinguish between
different dynamical states.

An interesting phenomenon is discerned for the mid-
range coupling values when the delay is introduced in the
isolated ring network. The overall dynamical behavior,
as a function of the coupling strength, remains the same
as for the small delayed evolution (fig. 3). For the weak
coupling strength, the delayed evolution also leads to the
incoherent dynamics as found for the undelayed case. For
mid-range coupling values, the chimera dynamics is ob-
served but the transition from the chimera to the coher-
ent state becomes highly dependent on the parity of the
delay values (fig. 3). We find that the chimera state is en-
hanced for the odd delay and exists for a larger range
of the coupling strength (fig. 3), thus being character-
ized by a high critical coupling strength for the transition
from the chimera state to the coherent state. Interest-
ingly, as we increase the value of the delay, we observe
an immediate suppression of the chimera state leading
to a smaller critical coupling strength (fig. 3). Further-
more, for the smaller delays, the chimera state is found
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Fig. 4: (Color online) Space-time pattern for the chimera state
of the (a) and (c) undelayed (τ = 0) and (b) and (d) delayed
(τ = 1) evolution for coupling strengths ε = 0.39 (a) and (b)
and ε = 0.49 (c) and (d) in an isolated ring network. The
dynamical variable associated with the evolution is color-coded
in the space-time plots as a function of time. Other network
parameters are N = 100 and r = 0.32.

to be enhanced or suppressed depending upon the parity
of the delay value. For example, we observe critical cou-
pling strength εcritical = 0.54 and 0.37 for delay τ = 1
and τ = 2, respectively, as displayed in fig. 3. However,
as we increase the delay, the chimera state is found to
remain suppressed as compared to the undelayed case re-
gardless of the parity of the delay. This suppression of the
chimera state becomes dominant for large delay values.
As shown in fig. 3, the isolated network shows a similar
critical coupling strength (εcritical � 0.42) for large delay
values (τ = 7 and τ = 8).

The delayed dynamics shows a better spatial clusters
formation for mid-range coupling strength as exhibited in
fig. 4. The introduction of the delay enhances the incoher-
ence in the chimera state, the incoherent dynamics of the
chimera state becomes larger and more pronounced. For
strong coupling strength, the dynamical evolution of the
nodes changes from a partially coherent state (incoherent
regions shrinked) to a completely coherent state (smooth
spatial profile) (fig. 3).

Furthermore, we find that as the time delay increases,
the emergence of a chimera state becomes suppressed lead-
ing to a completely coherent state for the mid-range cou-
pling values (fig. 3). This observation is not surprising
as delays are known to enhance the synchronization [22].
However, interesting enough, while a high delay value en-
hances the synchronization leading to the suppression of
the chimera dynamics, a low delay value is shown to en-
hance the chimera state (fig. 3).

Role of delay in a multiplex network: symmet-
ric intra-layer delay. – Next, we focus on the delayed
evolution in the multiplex network. Without any delay,
the multiplex network exhibits a chimera state for the
mid-range of coupling values. The dynamical behavior of
the individual layers of the multiplex network is found to
be exactly the same leading to identical spatio-temporal
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Fig. 5: (Color online) Space-time pattern for the chimera state
of (a), (c) and (e) an odd delayed (τl1 = τl2 = 1) and (b),
(d) and (f) an even delayed (τl1 = τl2 = 2) multiplex ring
network for coupling strengths (a) and (b) ε = 0.31, (c) and
(d) ε = 0.4 and (e) and (f) ε = 0.5. The intra-layer delay in
both layers is the same. The space-time plots presented here
are color coded for the first layer (with identical second layer)
of the multiplex network. The dynamical variable associated
with the evolution is color-coded in the space-time plots as a
function of time. Other network parameters for each layer of
the multiplex network are N = 100 and r = 0.32.

patterns. Here, we consider a multiplex network with two
layers to present our results. First, for introduction of
the same delay in both the layers of the multiplex net-
work with no inter-layer delay, we find that even with the
introduction of delays which are symmetric in both the
layers, the multiplex chimera behavior is quite similar to
that of the isolated layers. Initially, for very small cou-
pling strength value (ε ≤ 2), we find incoherent dynamics
in both the layers for weak coupling range. As the cou-
pling strength is increased, the chimera state emerges for
mid-range coupling values followed by a coherent state in
both the layers for strong coupling.

Figure 5 presents the spatio-temporal patterns for dif-
ferent values of the delay. The patterns demonstrate a
strong similarity with the layers of the multiplex network.
Therefore, similar intra-layer delay with no inter-layer de-
lay leads to a similar chimera-like behavior as displayed
by the isolated network (fig. 3). However, the nature of
the delay plays a critical role in the transition from the
chimera to the coherent state. Analogously to the case of
an isolated network, we find that small odd delay values
lead to an enhancement of the chimera state with high
critical coupling strength (εcritical = 0.54 for τ = 1), fol-
lowed by an immediate suppression for small even delay
values. The critical coupling strength for intra-layer de-
lay τ = 2 is found to be εcritical = 0.37. Figure 6(a) and
fig. 6(b) display the enhancement and subsequent suppres-
sion of the value of the critical coupling strength (εcritical)
as compared to the undelayed case. Depending on the
nature of the delay, the chimera state can be enhanced or
suppressed to collapse into a coherent state. Moreover,
we find that this enhancement is destroyed for high de-
lay values. A high intra-layer delay always leads to the

60005-p4



Birth and death of chimera: Interplay of delay and multiplexing

0 0.1 0.2 0.3 0.4 0.5 0.6
ε

0

2

4

6

8

N
cl
us

τ=0
τl1,l2
=1

0 0.1 0.2 0.3 0.4 0.5 0.6
ε

τ=0
τl1,l2
=2

0 10 20 30 40 50 60
ε

τ=0
τl1,l2
=8

0 10 20 30 40 50 60
ε

0

2

4

6

8

N
cl
us

τ=0
τl1,l2
=7

(a) (b)

(c) (d)

Fig. 6: (Color online) Scatter diagram depicting the number
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represents Nclus for the undelayed case. The values demon-
strated here are for first layer (with identical second layer and
same intra-layer delay). Other parameters are N = 100 in each
layer and coupling radius (r) = 0.32.

suppression of the chimera state as compared to the un-
delayed case. Figure 6(c) and fig. 6(d) display the range
of coupling strength (ε) for which the chimera state is ob-
served for high even and odd delays. A vital point to note
here is that despite having intra-layer delays, the individ-
ual layers of the multiplex network are found to behave
like an isolated network as long as the delays in both the
layers remain the same.

Role of delay in a multiplex network: asymmet-
ric intra-layer delay. – Next, we study the trade-off be-
tween the delay and the multiplexing for occurrence of the
chimera dynamics for delayed multiplex networks. In real-
world systems, having a similar delay for all the layers of
the corresponding multiplex network is very rare. Asym-
metric intra-layer delay in layers of the multiplex network
leads to a rich variety of emergence of the chimera state.
First, we investigate the dynamical behavior of the nodes
when a small value of delay is introduced into only one
layer. The chimera dynamics of the delayed layer is found
to be enhanced due to the introduction of a small value of
odd delay (fig. 8). A mismatch in the delay value leads to a
suppression of the identical behavior of the layers (fig. 7).
We find that for weak coupling strength, the delay (say in
layer 2) enforces a coherent dynamics in the delayed layer
while the undelayed layer (say layer 1) still keeps showing
an incoherent dynamics (fig. 7). Although the nodes in
one layer are identically connected to their mirror nodes
in another layer, we witness a surprising co-existence of the
coherent and the incoherent dynamic evolution of nodes
in the layers of the multiplex network. One population
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Fig. 7: (Color online) Snapshots and space-time plots for iso-
lated ring network for various coupling strengths (a) and (b)
are for ε = 0.1, (c) and (d) ε = 0.14, (e) and (f) ε = 0.17,
(g) and (h) ε = 0.24, (i) and (j) ε = 0.49, (k) and (l) ε = 0.52.
The dynamical variable associated with the evolution is color-
coded in the space-time plots as a function of time. Other
network parameters for each layer of the multiplex network are
N = 100, r = 0.32, τl1 = τ12 = 0 and τl2 = 1.

(layer) exhibits a spatial synchrony while its mirror pop-
ulation retains asynchronous behavior. We term this par-
ticular state as layer chimera state which can only emerge
in a delayed multiplex network. With an increment in the
coupling strength, both layers start exhibiting the chimera
state. For strong coupling strength, the undelayed layer
reaches to the coherent state before the delayed layer as
depicted in fig. 7.

Now keeping the same delay value in one layer (say in
layer 2), we increase the delay in another layer (in layer 1).
The same value of delay in both the layers leads to the
enhancement in the chimera behavior (fig. 6). However,
we find that the nature of the chimera dynamics in layer 2
remains enhanced regardless of the delay in layer 1. More-
over, except for the same intra-layer delay, layer 1 always
exhibits a suppressed chimera state as compared to the
undelayed case with a small fluctuation in the critical cou-
pling strength value. Next, our study denotes the impact
of the parity of delay on the layer dynamics of the multi-
plex network. We introduce a small value of even delay in
one layer (say layer 2), keeping another layer undelayed.
We find an immediate suppression of the chimera state in
the delayed layer. Moreover, the chimera dynamics in the
second layer remains suppressed regardless of the delay
values in the first layer except for the small value of odd
delay in layer 1 where it shows an enhancement. We find
that as there is an increase in the delay value in both the
layers, the suppression of the chimera state against the en-
hancement in coupling strength becomes a dominant trait
of the dynamics. Table 1 presents the critical coupling
strengths for different delay values for both the layers of
a multiplex network. Higher delay values in both the lay-
ers of a multiplex network lead to a suppressed chimera
state even if there is a delay mismatch between the layers
(fig. 8).

The chimera behavior for delayed dynamical evolution
(eq. (1)) can have a crucial dependence on the distribution
of delays in the layers of the multiplex network. For a
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ent state, Nclus = 1) and chimera (chimera state, Nclus > 1).
(a) and (b) represent Nclus values for different values of delay in
the first layer whereas (c) and (d) represent Nclus as a function
of coupling strength (ε) with constant delay in the second layer
(τl2 = 1 (c)) and τl2 = 2 (d)). Other network parameters for
each layer of the multiplex network are N = 100 and r = 0.32.
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Fig. 9: (Color online) Phase diagrams depicting different
dynamical regions based on the number of spatial clusters
(Nclus) in the parameter space of inter-layer delay (τ12) and
coupling strength (ε) for multiplex ring network. The shades
(colors) denote different regions: IS (incoherent state, Nclus =
0), CS (coherent state, Nclus = 1) and chimera (chimera state,
Nclus > 1). (a) represents Nclus values in the first layer whereas
(b) represents Nclus in the second layer with different inter-layer
(τ12) delay values. Other network parameters are τl1 = τl2 = 0,
N = 100 and r = 0.32.

certain range of coupling strength, the appearance of a
chimera state can be destroyed and then again resurrected
by controlling the parity and the distribution of delay in
the dynamics of the multiplexed layers.

Furthermore, it is noticed that the inter-layer delay did
not have any significant effect on the enhancement or sup-
pression of the chimera state, fig. 9. The introduction of
a homogeneous inter-layer delay (τl1 = τl2 = 0, τ12 	= 0),
leads to all the nodes in both the layers experiencing the
same delay in the information propagation across the lay-
ers and hence does not bring upon any significant change
on the appearance of the chimera states. We find that
even with high inter-layer delay and no intra-layer delay,

Table 1: Critical coupling strengths for different delay values
in the layers of a multiplex network. Upper (lower) triangles
represent εcritical for layer 1 (layer 2). Other network parame-
ters for each layer of the multiplex network are N = 100 and
r = 0.32.

�����εc
l2

εc
l1 τ(l1) = 0 τ(l1) = 1 τ(l1) = 2

τ(l2) = 0
�������0.49

0.49 �������0.49
0.52 �������0.49

0.41

τ(l2) = 1
�������0.52

0.49 �������0.53
0.53 �������0.52

0.43

τ(l2) = 2
�������0.41

0.49 �������0.43
0.52 �������0.36

0.36

both the layers of the multiplex network exhibit exactly
the same behavior with the chimera state in the mid-range
coupling values.

Conclusion. – To summarize, we have investigated
time-delayed dynamics for non-locally coupled chaotic
maps and have observed a transition from the incoher-
ent to the coherent dynamics via the chimera states. We
demonstrate that the interplay of multiplexing and delay
gives rise to novel spatially clustered coherent states dis-
connected by incoherent regions known as chimera states.
The emergence of a chimera state in delayed systems shows
a high dependency on the parity of the delay. The parity
of delay is known to influence the synchronization of the
coupled dynamics [22]. Here, we show that while a small
odd (even) value of delay leads to an enhancement (sup-
pression) in the chimera state, a large delay value leads to
the suppression regardless of the nature of the delay. Our
investigation has also uncovered the layer chimera state
with one coherent and one incoherent layer directly re-
sulting from the enhancement-suppression behavior of the
individual layers of the multiplex network depending on
the distribution of the delays. These results can provide
additional insight into the formation of spatial clusters in
delayed systems. Recently, similarities between the emer-
gence of the chimera state in neural networks and the EEG
reading of an epileptic seizure state have been reported [15]
with their possible applications in epileptic seizure diagno-
sis [14]. Our result of the enhancement or the suppression
of the chimera state may help in the diagnosis of this kind
of seizures by introducing a delay in the neural network.
This finding may also contribute to enhancing our un-
derstanding of many biological functions known to show
chimera-like states like uni-hemispheric sleep in humans
and certain mammals.
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