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Abstract

A new idea for the quantization of dynamic systems, as well as space time itself, using a stochastic
metric is proposed. The quantum mechanics of a mass point is constructed on a space time manifold
using a stochastic metric. A stochastic metric space1is, in brief, a metric space whose metric tensor is
given stochastically according to some appropriate distribution function. A mathematically consistent
model of a space time manifold equipping a stochastic metric is proposed in this work. The quantum
theory in the local Minkowski space can be recognized as a classical theory on the stochastic Lorentz-
metric-space. A stochastic calculus on the space time manifold is performed using white noise
functional analysis. A path-integral quantization is introduced as a stochastic integration of a function
of the action integral, and it is shown that path-integrals on the stochastic metric space are
mathematically well-defined for large variety of potential functions. The Newton—Nelson equation of
motion can also be obtained from the Newtonian equation of motion on the stochastic metric space. It
is also shown that the commutation relation required under the canonical quantization is consistent
with the stochastic quantization introduced in this work. The quantum effects of general relativity are
also analyzed through natural use of the stochastic metrics. Some example of quantum effects on the
Universe is discussed.

1. Introduction

Although quantum mechanics (QM) is generally recognised as the most fundamental current theory describing
nature, our understanding of QM remains incomplete. The most characteristic and mysterious aspect of QM is
its requirement for a probabilistic treatment of dynamic systems. Unlike classical mechanics, in which the exact
future configuration of a system is completely deterministic, and can in principle, be predicted if the initial
conditions are sufficiently understood, physical quantities can only be probabilistically predicted in QM. Once
this probabilistic aspect is accepted via frameworks such as, the Copenhagen interpretation, the time evolution
of physical a system (its state) can be calculated exactly and its physical observables predicted probabilistically.
Even though QM successfully explain the behavior of nature at roughly the atomic level and below, the
probabilistic aspects of QM are still not understood completely.

Several approaches have been proposed for constructing QM based on statistical /stochastic theory. In 1966,
Nelson—who modeled the motion of a mass point as a Brownian motion under an external force—gave the
initial approach in this direction. The Newton—Nelson equation is given as a stochastic differential equation, that
can be interpreted as a stochastic modification of the Newtonian equation of motion with Gaussian white noise.
The Newton—Nelson equation has been shown to be equivalent to the Shrodinger equation in some frameworks.
This general approach is called the stochastic quantization (SQ) method. Following Nelson’s pioneering work,
another SQ approach, the stochastic space time method, was proposed by Frederic [1] in 1976 and has been
pursued further by Ali, Prugovecki and other authors [2]. A key concept of this approach is to introduce
stochastic phase space, which uses a coordinate probability density to represent the probability that a mass point is
observed at two different phase points. Another SQ method to quantize field theories was put forth by Parisi and
Wu [3]in 1981, who proposed a quantum theory involving a hypothetical stochastic process with a fictitious
‘time’, that differs from ordinary time. In their theory, the conventional quantum field theory is reproduced as
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the thermal equilibrium limit of a stochastic system. Their method has been applied to many dynamical systems,
for instance by Namiki, et al [4]. A summary of stochastic quantization can also be found in a review article [5].

In this work, a new quantization method based on the mathematical theory of probability is proposed. The
concept is developed as follows: We consider the decay process of a given radioisotope. Because the probability
of observing a decay during a unit of time is constant, the number of decays observed during a given time interval
follows a Poisson distribution. Using this phenomenon, a clock in which the second hand advances each time a
decay observed can be constructed; hereafter, this will be referred to as a Poisson-clock. We assume for simplicity
that the Poisson-clock is designed to advance one tick per second on average. We then compare this clock to an
ordinary mechanical clock, in which the time interval per tick of the second hand is constant. From the point of
view of an observer using the mechanical clock, the second hand of the Poisson-clock seems to move randomly;
however, this is of course a relative observation tied to the reference frame of the mechanical clock. If instead the
time measured by the Poisson-clock is defined as the regular interval, the running of the mechanical clock
becomes random. A distribution of ‘one second’ of the Poisson-clock, as measured by the mechanical clock,
becomes an exponential distribution with an average value of unity. Following the central limit theorem, the
deviation between the Poisson and the mechanical clock after n seconds will have a Gaussian distribution around
zero with a variance of . Using the mechanical clock to measure the time-of-flight of a free particle following a
classical inertial path will result in a constant measured velocity. On the other hand, if the Poisson-clock is used,
measurement becomes a stochastic-process based on the Wiener measure and can be expressed using a
stochastic differentiation equation. It has been shown that such as expression agrees with the stochastic equation
obtained by Nelson [6] that is used in stochastic quantization. Thus, classical mechanics with a Poisson-time
measure results in QM, which suggests a new quantization method—Stochastic Metric Quantization(SMQ). This
observation can be extended to spatial coordinates as well, and an equal treatment of space and time is necessary
to apply this method to relativistic quantum field theories. A quantum field theory can be given on the stochastic
metric space, not only for flat spaces such as Minkowski space, but also for highly curved spaces such as the
surface of the black hole. As applications of this method, quantum effects in the early universe can be analyzed.

A main purpose of this work is to give a new framework of a quantum theory using mathematical tools of the
stochastic metric space. In other words, a new stochastic quantization method is proposed in this work. A
concept of our method is, in summary, that classical mechanics in the stochastic space is equivalent to quantum
mechanics on the standard space time manifold. This concept can not answer a question why quantum mechanics
requires a probabilistic interpretation (the Born rule), but it can answer what is an origin of a probabilistic
nature. While our stochastic quantization gives consistent results to those from the standard method, it gives a
new insight of quantum phenomenon. Moreover, a system which can not be quantized yet, e.g. gravitation, may
be quantized using this stochastic quantization method.

This report is organized as follows: In section 2, a heuristic example showing a consequence of the stochastic
metric space is given to enable better understanding of the mathematical discussion in following sections. In
section 3, the stochastic metric space is introduced and applied to the Minkowski manifold, as a model of a
physical space time. In section 4, the stochastic quantization for a mass point is introduced and the relation
among the stochastic and other quantizations is discussed. In section 5, the effect of the stochastic metric on the
space time manifold itself is discussed; this effect is found to be a quantum effect of general relativity. In addition,
stochastic effects on the Universe is presented. The results of the stochastic quantization are summarized in
section 6.

2. Heuristic example

Before presenting a detailed discussion, a heuristic introduction of SMQ is provided in this section. The central
feature of SMQ is as follows: when the classical mechanics is defined on a stochastic metric space, statistical
fluctuations appearing on the classical system may be observed as quantum mechanical effects. In this section,
the hydrogen atom is treated as an example of how the stochastic metric works on a classical system.

2.1. The Lamb shift: Welton’s method

The hydrogen atom is the first and simplest system to which QM was successfully used to provide a quantitative
structural explanation. In 1947, W E Lamb and R C Retherford reported an energy difference between the states,
281 /2 and 2P, /, [7] that does not appear in the lowest perturbative solution of the Dirac equation. This energy
shiftis referred to the Lamb shift. Eventually, quantum electrodynamics (QED) would be used as a successful
application of renormalization calculus to calculate a precise value of the Lamb shift as a higher order correction.
Before renormalization calculus was established, however, in 1948 T A Welton gave an intuitive explanation [8]
of the Lamb shift as the mean square amplitude of an electron coupled with the zero-point fluctuations of an
electromagnetic field. Welton used the following method to derive the Lamb shift. The potential energy, V(r), is
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Table 1. Numerical values of the correction term, L,, [9].

n 1 2 3 4 00

L, —2.984 —2.812 —2.768 —2.750 —2.721

given as an isotropic function of the distance r = |r|, where r is the three-dimensional vector of the electron’s
position relative to the proton. The potential energy can be Taylor-expanded with respect to the small
displacement of the electron position r — r + 6r as;

V(r+ 6r) = (1 +6r-V + %(6r- V) + '“)V(T)-

When the displacement is identified as a variance of the electron position arising from the quantum fluctuation,
an averaged value with respect to the vacuum state can be estimated as;

(6r - V) =0,

((6r - V)?) = =(6r2) V2,

1
3
where the factor of 1/3 in the second relation comes from averaging over the three spatial dimensions. The
hydrogen atom has a Coulomb potential energy V(r) = —a/r, where o« = 1/137.0359895 is the fine structure
constant at the low energy limit. The average of the potential energy fluctuation can be written as

V) = e+ o - vy = Lo (a(-2)
6 r)ly
where () is an average over the hydrogen atom. The average of a square fluctuation of the electron’s position
can be estimated as;

_ 2a’a o dk

2
(6ry) = =2 fk =,

where ag = 1/(m,.«) is the Bohr radius of the hydrogen atom and m, is the electron mass. The upper and lower
bounds of the integration must be fixed according to quantum field theoretic considerations. The average of the
Laplacian on the potential energy over the hydrogen atom can be estimated as

<A(—%)>H — 4ra O,

where ¢(r) is the wave function of the hydrogen atom. Here well-know relation A(1/r) = —4xw6(r) is used. The
average value of the quantum fluctuation of the potential energy can be obtained as;

(6V) = éo/‘aélz/J(O) [ log ﬁ
3 ko
The S-wave solution for the hydrogen atom at the origin is then given as;

$u(0) = [m(nap)’"'/2,

where 7 is the main quantum number. From field theoretic considerations, the lower and upper cutoffs of the
electron momentum are chosen to be kg = a?m, and k; = m, respectively [9]. To enable appropriate setting of
these cutoffs, UV and IR divergences are avoided in this method. Finally, the deviation of the potential energy for
the S-wave solution with the main quantum number 7 is obtained as;

40t 1
log—.
3rndag o

(6v) =

This result is consistent with a more precise result [9] obtained using perturbative QED, which is;

3

40t 1 19
6E = log— + L, + —)
(6Eazp) 3mn aB( & o? 30

Where the values of the correction term, L,,, are given in table 1.

2.2. Stochastic metric point of view

Welton’s method suggests that the quantum effects on the hydrogen energy levels are caused by the variance of
the electron position. This scenario can be realized more naturally using the stochastic metric space. As is well
known in quantum field theory, the lowest result in the perturbative calculations is the same as the result of

3



I0OP Publishing J. Phys. Commun. 2 (2018) 035025 Y Kurihara

Table 2. Energy corrections of S-wave hydrogen. Numerical values of dgrp and dsysare
obtained using QED and SMQ, respectively. As seen in the last row of the table, the
agreement between the two methods, dsmq/ep = (dsmq — 0qep) /6qED is excellent.

n 2 3 4 100
8D 1.264 x 10°° 8.473 x 1077 6.369 x 1077 2.557 x 107®
Ssma 1.272 x 107 8.478 x 1077 6.359 x 1077 2543 x 1078
8sma/QED +0.64% +0.07% —0.17% —0.53%

classical mechanics, and then a quantum effect will appear starting from one loop corrections. Let us apply a
stochastic method on the lowest Bohr solutions of the hydrogen energy levels.

From the stochastic metrical point of view, the distance between two points (the proton and electron
positions) is given as a stochastic variable. When distances are given stochastically, their distribution must be
Gaussian following the central limit theorem, variance of the distance possibly be proportional to distance. Here,
we assume a variance O’i, given as;

2 2
on = “—3(3), M

_3n7r

where the factor 1/3 reflects the dimensionality of space, the standard deviation of the Gaussian distribution is
taken as proportional to ag / /7, and a verification of the factor (a/7)* will be given later in this section.
Hereafter, the atomic unitag = 1 will be used in this section. The statistical fluctuation of the potential energy
can be written as;

V=V +6) V@) == +8) " + 2, =2 (6 + 8 — &+ ).
r r r
The relative deviation is then obtained as

%V = —6, + 62+ OF).

When the distance r is given stochastically, the fluctuation ¢, should have a Gaussian distribution. Thus, the
average value of the relative deviation of the potential energy is given as;

% 1 f+<>c oV 87 ) 4
— )= — db,—exp| ——5 | = o + O(0,), 2
(V)= ool ) =i o g
where o, is given by (1). In reality, the Gaussian mean of the reciprocal variable
1 1 f+°c 1 (r —7)?
—) = dr—exp| ————1|, 3
< r > N2mo, Jo r p( 202 ©

does not exist because the integration on the right-hand side does not converge. Here, 7, is the mean radius of S-
wave hydrogen with the main quantum number #, which is considered to correspond to the UV divergence of
the QED because this divergence comes from the short distance limit  — 0. In our calculation, the divergence is
avoided by looking at variances only around the average value. If the integration in (3) is performed numerically
only around the mean value (from which the main contribution must come), results consistent with (2) can be
obtained.

We can now compare the numerical results of the stochastic metric (2) with those of QED. Because the S-
wave hydrogen energy levels at the Born level are (Eqp) = — g /2n?, the relative correction on the hydrogen
energy can be given as;

(6Eqep)
(Eqep)

The numerical results are summarized in table 2, along with those from SMQ. A relative correction from SMQ,
Osmq 1s defined as;

_ 8a?

1 19
Sarn = log— + Ly + —).
P ‘ ( 8 30

N 31mn

1%
6 =J2(—),
SMQ < >

in which the factor /2 appears because two independent statistical fluctuations of § V’s with n = 1 and

n > 2 are, in principle, involved with ég,q. For the calculation of §ggp atn = 100, the value of L, at n = oo is
used. The resultatn = 100 is shown to examine the asymptotic behavior of the correction at alarge distance. As
seen in table 2, the agreement is excellent, which justifies the assumed factor («/ 7)? in the variance (1).

4
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3. Introduction of stochastic metric space

The metric cannot be completely random; if the distance between two points on the space time manifold is
completely random without any restrictions, the associated theory might not respect causality, in which it would
not be useful for describing nature. The SMQ method must therefore be constructed on a legitimate
mathematical base.

Study of the mathematical theory of the stochastic metric was initiated by Menger [10] in 1942, whose work
was immediately followed by that of Wald [11] in 1943. After intensive efforts by Schweizer and Sklar [12] in the
late 1950s, Serstnev introduced the (distance) distribution and triangle functions [13]in 1963. To honor his
pioneering work, the stochastic (statistical) metric space is generally called the Menger space; in this work, we
refer to it as the Stochastic metric-space(SM-space). Mathematical research on the SM-space is ongoing, albeit
with limited application to studies in the field of physics. One example of physical research is the relation
between stochastic phase spaces and SM-spaces, as discussed by Guz [ 14], the mathematical preparation of
which was given at the beginning of this section.

3.1. Stochastic metric space

Here basic definitions of the SM-space are introduced based primarily on Serstnev [13], Schweitzer and Sklar
[15]. The distribution and triangle functions play essential roles in characterizing the SM-space. A distribution
function F, is a non-decreasing function defined as a map such that;

F:R — [0, 1] : s — F(s),
with
F(—o0) =0, F(o) =1, ands <t = F(s) < F(t).

The distribution function satisfying F(0) = 0, which is referred to as the distance distribution function, plays the
role of a cumulative (probability) distribution function to obtain a distance, s. A set of distance distribution
functions is denoted as A™, and the triangle function, T, is introduced to give a natural extension of the triangle
inequality on Euclidean space. Tis defined as a map such as;

T:AN ® A — AN {F, G} — T(F, G),

which satisfies the following for any distribution functions F, G, H, K € AT,

1. T(F,G) = T(G, F);

2.T(F,G) < T(H,K),whenever F < H,and G < K;

3. T(F, ©) = F, where O(s) is the Heaviside unit function. Note that O(s) € A™ ;
4. T(T(F, G), H) = T(F, T(G, H)).

Here, F < Hmeans F(s) < H(s) foranys > 0. The SM-space can be defined as follows using the above two
functions.

Definition 3.1 (Stochastic metric space). A stochastic metric spaceis a triple (S, Z, T) of
+ S:asetof points on the space;

« Fiamap ZF: S ® S — Af,and;

+ T:atriangle function,

which satisfies for any points p, g, r € Sands, s’ € R;

L.Z(p, p)(s) = O(s);

2.7(p, 9)(s) = OG),if p = g5

3. 7(p, 9(s) = F(q, p)(s),and;

4. F(p, r)(s + 5') = T(F(p, 9(5), F(q, r)(s).

If Requirement 2 is omitted, the space is referred to as a stochastic pseudometric space. Requirement 4 is a
type of triangle inequality originally introduced by Menger [10].

5
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3.2. Stochastic Minkowski manifold

To utilize the SM-space for relativistic field theories, the stochastic metric should be introduced on a Minkowski
manifold. The Minkowski manifold equipping the stochastic metric is referred to as the stochastic Lorentz metric
space (SLM-space) hereafter. A distance between two points on the SLM-space will fluctuate around the
geometric distance measured by the Lorentz metric, with the distance measured by the (non-fluctuating)
Lorentz metric referred here as the geometrical distance. A distribution function is required to give the
geometrical distance as an average value over a two-point ensemble on the SLM-space, with the variance of the
distribution function set to be proportional to its geometrical distance. This distribution function makes a null
vector (vector with zero length) without any fluctuation, a desirable characteristic for restraining a null photon
mass after quantum corrections. Furthermore, to satisfy the causality condition the probability changing a sign
of the length of a string stretching between two points must be zero. The SLM-space satisfying above
requirements can be introduced as follows:

Definition 3.2 (Stochastic Lorentz metric space). A stochastic Lorentz-metric-space (SLM-space) is a triple of
(M, E, T)such that:

1. M is a 4-dimensional Minkowski manifold with a metric tensor U diag(1, —1, —1, —1). The
geometrical distance between two points on M, say x# and y* in the local coordinate system is defined as

Dlx — ) = I, (x — )" = p)'I,

using the Lorentz-metric tensor. In this work, the Einstein convention to take the sum over repeated indices
isused. The indices run from zero to three.

2. E(s; d)isamap of {d; s} — E.(s; d) € [0, 1], where E is chosen as the following exponential probability

density;
0 s <0,
E(s; d) = {1 — exp(—s) s> 0.

3. T is the triangle function defined as
T(E(s; D(x = y)), E(s's D(y — 2))) = E(s; D(x — y)E(s's D(y — 2)),

forany x, y, z € Mands, s’ > 0.

The function E(s; D(x — y)) introduced above can be interpreted as the probability of observing a distance
less than s when the geometrical distance between x and y is D(x — y). In other words, the probability of finding
adistance greater thans > 0is (s, d) = 1 — E(s, d) = exp(—s/d) when the geometrical distance is d. The
SM-space, whose distribution function Z isa function of s/D(x — y) only, is called the simple space [16]; the
SLM-space is an example of a simple space. A probability measure can be derived from E (s; D(x — y)) as
follows. The exponential probability density of a variable s with a mean value of \is

1 s
53 \) = —exp| —— |ds.
e (s5 A) Y P ( 3 )
Therefore, the probability measure corresponding to F(s; D(x — y)) in the SLM-space can be written as;

dR(s; D(x — y)) = )ds = p,(s; D(x — ).

1 s
D(x - y) [ D(x - y)

Aninterpretation of the probability measure 1, (s; D(x — y))is that it is the probability of obtaining the distance
within [s,s 4 ds] for D(x — y). It can be shown that the SLM-space satisfies the above definition of a Stochastic
Lorentz metric space with an additional requirement, i.e., it is a stochastic pseudometric space. Thus, we give the
following remark.

Remark 3.3 (the SLM-space is the SM-space). The stochastic Lorentz metric-space (M, E, T)isastochastic
pseudometric space.

A proof of the above remark is given in appendix A. The SM-space has a rich structure [16] as follows:

6
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+ The SM-space is a topological space with a A\-neighborhood at p € M as follows;
Np(e, N) = {qlE(e; D(p — q)) > 1 — A},
wheree, A > 0.

+ The SM-space is a Hausdorff space with a triangle function under the above topology.

+ On the SM-space with the continuous triangle function, the convergence and continuity of the distribution
function E(s; D(p — q))is ensured.

These properties ensure that the physical theory can be constructed on the base of the SLM-space following
remark 3.3.

In addition to the above properties, it is essential that the physical theory must retain causality. In relativistic
theories, causality expressed by the following statement: when the (geometrical) distance between two points
P> q € Misspacelikesuchthat|p — g| < 0, the two-point correlation function must be zero. Our choice of
distribution function, F,(s; D(p — q)), does not destroy causality because it does not change the sign of the
distance; moreover, the existence of the triangle function ensures that there are no shortcuts between two space
time points.

3.3. The Poisson process and Gaussian measure

Consider a series of independent random variables { X;};_ . ... with a probability measure with

P(0 <5 < X; < s+ ds) = p(s)ds. A series of random variables {A;}i_q 1 5,... suchas; Ay = 0and A; = {: X
will (a.s.) be a the stochastic-process induced by the probability measure p(s)ds. It is known that the exponential
measure induces the Poisson process; a detailed explanation of the Poisson process is given in appendix B. The

following remark will play an essential role in constructing the SMQ method.

Remark 3.4 (Brownian motion induced by exponential measure). Suppose that the Poisson process is induced
by the exponential measure 1, (s, \) with a series of random variables, {X};—1 5, ..., and

1 n
Zy= —S (X, — \).
JH;( )

The random variable Z,, is know to show a convergence in law to a normal distribution with a mean value at zero
and a variance . In particular, for —oco < a < b < o0,

. 1 b x?
nhjrolop(aéznéb)z mj; exp(— 7 dx,

can be obtained. Brownian motion is induced by this random variable.

The proof of this remark is given in appendix C. To summarize the above derivations, if the position of a
force-free mass point at time ¢ can be represented by a series of random variable { X}, the mass point can follow a
Brownian motion and a set of positions, each at an equal geometrical distance, should be observed as the Poisson
process in the SLM-space.

4. Dynamics of a mass point in the SLM-space

Particle dynamics are introduced on the SLM-space in this section. Initially, the path of a mass point is defined
geometrically on the classical space time manifold. The term classical is used in this section to denote objects that
do not have a stochastic property. Based on this initial treatment, the Lagrangian density and action integral are
defined in terms of the path; in other words, paths are treated as dynamical objects. Quantum effects of particle
dynamics, such as the quantum equation of motion and the uncertainty relation, are obtained because of the
SLM-space.

4.1. Geometrical setup

One of the more important calculations in the dynamical theory of a mass point is determining its trajectory.
The trajectory may be a continuous smooth line between two space time points as would occur under a classical
theory. Such trajectory, called a curvilinear path, is defined geometrically on the Minkowski manifold. In this
subsection, a classical Minkowski manifold is assumed and the stochastic aspects of the manifold are suspended
for the time being.
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The geometrical setup introduced in this subsection is based on reference [17]. A set of bounded functions y
such that

YT S [Tb TZ] — ’7(7—) = (T’ 71(7—)) ’YZ(T), FYS(T))) (4)
YT A (), {(Yhizis € CCR), (5)

is called a curvilinear path (or simply path), and a set of paths, denoted by I', is called a curvilinear-path space. A
parameter 7is an order parameter used to measure the length of a path from the starting point 7, which is set to
zero without any loss of generality. We set 7; = 0 and 7, = T, and hereafter only paths whose end points are
fixedat v(0) = &' = (0, 51, ff, §f) = (0, & and y(T) = & = (T, {;, 55, {;) = (T, &,) are considered. The
dynamics of a mass point cannot be determined using only information on the path itself; the time-derivative
along the path is also necessary. A velocity vector is a tangent vector at a point 7(7) along the curvilinear path,
defined as;

Ny =1, Doy, 22 di)
dTm(l, "L, SE), ) ©)

Hereafter, the velocity vector is written using shorthand notationas % (1) = (1, (1), 42(7), ¥°(7)). The

velocity vector can be expressed in terms of natural bases on a tangent space T,y at y(7) as;

dyi@) o
g o'

Fi(1) = 7

=T
where i runs from 1 to 3 and is not summed in the right-hand side of (7). A tangent vector bundle
I' = U, (ncrer T is referred to a velocity bundle.
All the information needed to determine the dynamics of the system is contained in the Lagrangian, which
can be defined as a map from {I", I'} to a smooth function such that

L:T@T = C%:{y, 4} — L0y ) (8)
A new dynamical object, the canonical momentum, can be derived from the Lagrangian as;
L Loy 7)’ ©)
i

where § denotes the functional derivative. A tupleof 4 = {~, 7} isreferred to as a phase space.
The Hamiltonian can be derived from the Lagrangian and the canonical momentum as;

H:9 — C®: {y, 7w} — HH @), 7(1)),
where
HO®), (1) = (13 — L =g = T (v, m) — Ly, ¢, ). (10)
The function ¢ (v, 7) gives the solutions of

5L

- —==0, i=1,2,3, (11)
&4

T
with respect to the velocity vector of 41 = ¢! (7, m). Here, the Lagrangian is assumed to be a holomorphic
function and therefore a solution ¢ '(+y, ) always exists and the Hamiltonian is defined on the phase space. The
existence of the inverse Legendre transform is ensured because

L, 9) = 61 DY = HO, 6O, (12)
where ¢ is a solution of the equation of 4 — §H/6m; = 0, thatis
i — 5_H (13)
(577'1‘ ﬂ:&

The action integral can be introduced using the Lagrangian or Hamiltonian as follows: a map .# (y) from a path y
to areal number R such as;

I Tl =R: {4 — 2 ),

where

T T .
I, 4) = fo dr L(y(7), 5(1)) = fo dr (mA — H(y, ™) (14)

T=0¢

is referred to an action integral or simply an action. As is well known, the curvilinear path that gives 6.4 = 0
satisfies the canonical equations of motion;
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dyi oM dnl  OH
dr omg’ dr O
aH_om
dr  or’
A solution of the equation of motion is called the classical path and denoted by (7). The classical velocity and
momentum can be further defined from the solution of the equation of motion and denoted as 4, and 7,
respectively.

15)

4.2. Stochastic quantization of classical paths
In the Lagrangian formalism of classical mechanics, the principle of least action (Hamilton’s principle) is the
most fundamental principle. The behavior of a dynamical system can be described by the Euler—Lagrange, or
canonical equations of motion; or the Hamilton—Jacobi equation, which can be derived from the Lagrangian,
Hamiltonian or action integral, respectively. In the traditional method, QM is introduced only after establishing
the classical dynamics of the system by requiring some quantization conditions on the system. However, if QM is
the most fundamental theory of nature, a dynamical system should be formulated using QM as a precedential
theory to classical mechanics. Following this, some appropriate approximation can be used to derive classical
dynamics from the quantum system. Here, we propose a new algorithm establishing a quantum system
preceding a classical system. (There is another approach to extract quantum mechanics directly using the
principle ofleast action [18, 19]). As our approach is based on the stochastic property of the metric, the principle
of least action is not the most fundamental principle but is instead a theorem that can be derived from a more
fundamental stochastic principle. To replace the principle of least action, we propose using the entropy-extremal
principle to extract dynamics from the system that equips the Lagrangian.

In the following, we first show that path-integral quantization can be deduced from the entropy-extremal
principle. Then, yet another method—Newton—Nelson equation [20]—to extract the quantum equation of
motion is given for the SLM-space.

4.2.1. Path integral on the SLM-space
A mass point traveling in the SLM-space will follow a trajectory that, owing to the probabilities of the SLM-
space, would be expected to be a stochastic process. Such a trajectory cannot be a smooth curvilinear path as
defined in the previous subsection; correspondingly, the instantaneous velocity of the mass point will not exist in
classical sense and must be redefined in terms of probability theory.

Let us consider a following integration:

: . ¥ T
@ Ao = [ Cari= [T s (16)
.

where i = 1,2, 3 is the spatial components of the vectors. The parameter 7is an ordering parameter along the
curvilinear path, functioning as, e.g. tick marks along the path. We then consider the integration of abounded
function, f(x) € C*along the classical path;

(™) T
! :I(O) felad = [ Fa@Rel dr, (17)

!

where the integration measure is given as;

vl = I dvidyd) = JIn, Al O3 @01 d,
= (@] dt. (18)

We note that these lengths are also bounded under classical mechanics, and, therefore, that integrations (16) and
(17) are well-defined as Riemann-Stieltjes integrations. The classical path and velocity, y.(7) and (1),
respectively, are functions of 7 under the Lagrangian formalism. On the SLM-space, the trajectory of a mass
point is cast as a stochastic process induced by the exponential measure; therefore, the motion of a mass point in
the SLM-space can be treated as Brownian motion following remark 3.4. We consider, e.g. a mass point stopping
at the origin of the coordinate system in classical mechanics. The mass point remains at the same spatial position
for alength of time 7. The geometrical distance between the initial and final points is also 7. In the SLM-space,
distance is a random variable and has a Gaussian distribution with a standard deviation proportional to /7
following the stipulation of remark 3.4 that there is no motion other than Brownian motion.

The quantum effects on the mass point appear because of the stochastic treatment for the path. The classical
path and velocity are replaced by random variables induced by the exponential measure of the SLM-space. The
It6 process, defined in definition D.2 in appendix D, is introduced as

9
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L =70 + [ 3iwd =10 + [ oio - sk, (19)

in analogy with equatlon (16). A precise definition of (19) can be found in appendix D. We note that the initial
pomt isfixeda.s.at 4! (0) = +.(0). Here, v(7) is referred to as the sample path The sample path is an element of
I'°, a set of continuous lines between ~'(0)and ~y i(T) in which the condition C* is relaxed to C0 from a definition
of the curvilinear path (5). Moreover, v, (7) is unbounded owing to the Brownian motion B k(s), as will be
discussed below. The random variable (7') must also be treated as a stochastic process. B ks) (k = 1,2,3)are
three independent Brownian motions and o.(s) = 6 o (s) is a square integrable function. The Brownian
motion B(s) is differentiable nowhere, and the integration measure;

k
dB*(s) ds
s

dBk(s) = = Bfds,
must be understood as the Gaussian white noise (Hida-distribution) introduced by Hida [21]. From definition
D.2, the correspondence is then as {’yi, (1), ’Vi (N} < {Xti, ﬁi}. Note that 5, and 4 do not denote d,,/dr and
d7,, /dr, respectively, but are random variable independent of 7, and + , respectively. The stochastic-space —>
stochastic space induced by the random variable v, defined by (19) becomes the Brownian motion, which is
ensured in the SLM-space following remark 3.4. Therefore, the phase space {'yi, (1), %l (7)} can be understood
as a pair of random variables representing a sample trajectory of a mass point on the SLM-space, while
integration (19) must be understood as a stochastic integration. The convergence of these integrations are not
trivial, unlike the convergence of integration (17).

The stochastic representation of the canonical momentum 7, is also introduced as;

oL
Ty =

5% 20

c—w

Here, *|._,,, replacing an operation (functional variation) with a corresponding stochastic process. In the SLM-
space, the Lagrangian must be understood to be a random variable defined as £, = £(v,, ) (7); therefore, the
action integral can be considered to be a random variable as follows;

T
So= [ dr LOW@, ). @1
0

This integration cannot be a Lebesgue-Stieltjes integration because the stochastic process L(v,, ) isa
continuous but unbounded function. Ifit exists, the expected value of this random variable might coincide with
the classical action. The expected value is formally written using (stochastic) integration over all elements of a set
of possible sample paths, which are denoted as #r. The existence of the Lebesgue measure on such an infinite
dimensional space cannot be expected in general; a mathematical treatment of the integration on % will be
discussed later.

The classical path is obtained as the expected values of the stochastic process of the 7, as follows:

A= BALIA] = X We0Pse = [ dr L0, )
V€T
where ¥(7,,) is the probability amplitude, which is introduced according to Definition 4.1 in [17]. Under this
setup, an additional principle—the extremal entropy principle—can be stated: the quantum probability
amplitude and probability measure that extremalize the entropy;

— > WO Plog [t (w) (22)
Wl
under the constraints,
> v WPI (W) = £ o
N 23
> P =1
is given by;
P() =~ C er’ ), (24)

where C € C isan appropriate normalization constant and .# is rendered dimensionless by dividing by the
dimensional constant . This remark is identical to Theorem 4.1 in [17], whose proof can be found in the same
reference. Here, v gives the transition probability (propagator) from t = 0to t = T. At this stage, f1is simply a
constant to adjust the dimension of the argument of the exponential function. When it is taken as the Planck constant
(divided by 27r), it becomes a solution of the Shrodinger equation'. The sum over possible paths can be interpreted as
the path integral and, therefore, the maximum entropy principle has induced the path integral quantization.

1 . .
See, for example, section 1.3 in [22].

10
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On the other hand, in the context of this report, the sum must be understood as a stochastic integration such as;

ST o= E [ 14%r). (25)

1€l
Therefore, the transition amplitude can be obtained from (24) as;
P (y(T)) = C E,[er” 09| Sy, (26)

where the probability that a mass point moves from (0) to 1(T) is given as [¢) (7 (T)) |*. As this integration is not
afunctional but a stochastic integration, it is not trivial that the integration (26) is equivalent to the path integral
introduced by Feynman [23, 24]. Fortunately, in 1983 Hida and Streit [25, 26] rigorously proved that the path
integral can be formulated by means of the Hida-distribution for some classes of potential functions. To do this,
they used the following approach [27]. The path integral of a test functional f(-y) can be expressed formally as;

Ipan = C [f()el” D, 27)

where Dy is the integration ‘measure’ of the functional integration, Cis an appropriate normalization factor and
the integration is performed over all possible paths. However, as is well known, the D-y cannot exist as the
Lebesgue measure and, therefore, the integration is not well-defined in general. To treat this functional ‘measure’
rigorously, they introduced white noise, as is briefly explained in example F.1 in appendix F.1. Using

1 = exp[B*/2]exp[—B*/2], integration (27) can be rewritten as;

Ly = C f F(y)ebr OB 2g-BR /2Dy,
= C/j;* f(’Yw)e%-f(’*iu-)JﬁB(T)Z/ZHG(d,Yw)’ (28)

where B(7) is a white noise defined on the dual space E* of E = % and

p(dr) = e 5Dy

is the Gaussian measure (classical Wiener measure) on E*. The flattening factor exp (B*/2) appears in addition
to the action integral. The classical path v.(7) is assumed to be a square-integrable function as;

T
j; (DT < 00, (7)€ Ly([0, T1, dy)

by means of the norm given by (18). Therefore, the Gel’fand triple E C H = L,([0, T], dy) C E* exists.

Even though the integration measure becomes well-defined as the Hida-distribution, it does not mean this
integration converges, and the ‘measure’ exp(B” / 2) g still cannot be understood as the Lebesgue measure. It is
shown that the path integral is convergent when the limit

, §&BY
lim exp|cS[ 2= 6 (29)
&—0 k (5 k
exists, where ¢ = 1/2[25]. There is a wide class of potential functions known to give convergent results [28—31].
From our standpoint that the SLM-space is the most fundamental object in nature, the stochastic-
integration representation of the transition probability (26) has priority over the path integral (27). In other

words, the path integral approximates the exact representation of transition amplitude and the flattening
procedure is not necessary. In a conclusion, the following remark given.

Remark 4.1 (Quantum Amplitude). [25] For the Lagrangian of

L= %vz — V), (30)

the trajectory of the mass point is expected to be (19). The quantum probability amplitude is given as;

im T i
¢(7(T)):Ew[c exp[};;fo 'yw(t)zdt]exp[—gfo V(%(t))dt]é(%(T) - %(T))I%r],
_ im ot Tipg it /z
_eXp[zﬁj(; Ae(8) dz‘]EwlCexp[f0 2B dt]exp[ ﬁj(; V('yc(t)+ mB)dt]
m m
X /;6(3(0 - /;(%(T) - %(t)))

where we set 7Bdt = 0. Here, Donscker’s §-functional [21], 6 (B — a), is used. Instead, the pinned Brownian
motion defined in E.3 gives the same result.

E@l{|a (31)

11
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This remark directory follows from the extremal entropy principle and is consistent with that of Hida and
Streit [25] except for the omission of the flattening factor. If the factor in front of B is replaced as
i/2 — (1 + i) /2, therepresentation becomes identical to that in [25] completely (an exact definition of B*is
given in appendix F.2.1). This modification is absorbed in the normalization factor C and will give the same
probability amplitude. Although the modified form of the flat ‘measure’ applied to the Gaussian measure might
induce some effects on the path integral, it can be confirmed that the path integral with the Gaussian measure
gives result consistent with those obtained using the flat measure, as is shown in appendix G. In addition, the
integration using the Gaussian measure gives better convergence. The real part of the factor in front of B* may
cause divergent integrations over the path integral; however, using a standard procedure of physics this
divergent part can be absorbed into a normalization constant and eliminated by redefining the normalization
constant”. On the other hand, the definition of the quantum probability amplitude in (31) can be expressed as a
type of stochastic integration;

[awer g,

This integration is simply the Fourier transformation with the Gaussian measure and converges for any
functions g(~,) if the function belongs to the Schwartz space after multiplying the Gaussian weight.

Before closing this subsection, we would like to discuss in further detail a relation between the results in this
work and in [17], in which the author treated QM as a phenomenological theory instead of a fundamental theory
without assuming any underlying structure, and then constructed the thermodynamics of particle trajectories
that were shown to be equivalent to those under QM. In this work, the underlying structure of particle dynamics
is identified as the probabilistic nature of the SLM-space. By contrast, in [17] the function () is assumed to be
aslow-moving function with respect to variance of yaround the classical solution. This assumption can also be
justifies within the framework of this report. A set of sample paths going through a neighborhood of v.(7), where
Tisafixedtimein0 < 7 < T, isintroduced as;

B, = (16, < ¢} C Br, (32)

where,

3 . .
Or = |%(7) — W] = \/ZWZ(T) — 7LD, (33)

i=1

and € € R. The expected value of the function (), the sample paths of which go through the neighborhood of
7. can be expressed as;

+e lz 3
ELEO086 = DI%] = C [ b mexp| —525 |iZdL,

where [, = |y, — 7,|(7), C anormalization factor and the integral is understood to be Riemann integration.
Here, the Gaussian distribution appears as a result of the stochastic integration over the Brownian motion, as
shown in equations (70) and (71) in appendix D.1. Therefore, the derivative can be expressed as;

A (y) (1) _ By () — () (M| %r]
dly(7)] Or

= 0(¢)

="
Therefore, the limitation lim,_,o d+(7,) /d|y| = 0 can be obtained.

We note that, in this procedure QM is formulated earlier than classical mechanics. From this point of view,
the reason why the principle of least action can function as the principle for extracting the classical path is that
the path obtained from this principle is robust against perturbation form stochastic shaking of the metric. This
can be understood from the fact that the probability amplitude around the classical path varies very slowly
because the first derivative disappears, as shown above, because of the properties of the Brownian motion of the
stochastic process.

4.2.2. Equation of motion

The discussion in a previous section is based on the white noise analysis of the quantum partition function,
which is equivalent to the path-integral method. Therefore, the quantum transition function is obtained from
the stochastic integration directly instead of through the equation of motion. Here, we propose an independent
method to introduce a quantum equation of motion based on the stochastic differential equation (a brief
explanation of the stochastic differential equation can be found in appendix E).

% For the standard treatment of the path-integral in physics, see, for example, a section 9.1in [32].

12
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The Hamiltonian represents the total energy of the system defined on the classical manifold. When it does
not explicitly include a time-variable, it is conserved during the time evolution of the system. This energy
conservation must be retained in the SLM-space as a property using the expected value;

%E [H (v 7)1 () = Eu[dH(v,n 7.) /dilBr] = 0. (34)

Here, the stochastic differentiation of the Hamiltonian can be written as;

6 C C
e

dH(’Yaw 7Tw) = o

- dm,,. (35)

c—Ww

c—w
We take note that 7 and yare vectors and *’ denotes the inner product of two three-vectors. The functional
variation in (35) can be obtained as;

OH,

=4, 36
b . (36)

c—w

wherei = 1,2, 3 are the components of the spatial coordinate. The preceding is obtained from the classical
relation (13) and is not an equation of motion. If solutions to the equation of motion are obtained as 7,(f) and
(1), their stochastic differentiations can be respectively written as;

dyly = A Olewdt + 35, [0y (OT;dBI(®),
dr, = 7 (Ole—wdt + 37, o] dBI (),
where o.(t)isa3 X 3 matrix of functions of 7 and dB.(t) is the Gaussian white noise with a mean value of zero

and a unit variance. When 7, and 4, are multiplied by the first and second equations above, respectively, the
stochastic differential equations can be obtained as;

Mo Vo = T+ Feleowdt + 7, - UW'(t) : dBw’(t)i (37)
Yoo * dm, = Ye 7'TC|cawdt + Yo - on(t) - dB(t),

where - indicates either an inner product of two three-vectors or a product of 3 X 3 matrix and three-vector.
Here, the Ito-rule of (dt)(dB) = 0is used, and the relation;

Yo - dmy = Ty - Ao + Ao - 0x(8) - dBr(t) + T, - oy (1) - dBw(t)

follows from (37). As the Brownian motion is symmetric around its mean value(=0), it can be replaced as
dB — —dB. Asaresult, the stochastic differentiation of the Hamiltonian can be obtained from (35) as;

i (61
.

+ #w) cdv, + Y- ox(t) - dB(t) + T, - oy(t) - dB'y(t))

When the expected value is taken on both sides of equation (38), the conservation relation

B [dH,/di| %] = El(‘Si
o

can be obtained because the mean value of the Gaussian noise is zero. Therefore, the stochastic equations of
motion such as

OH,

drl = —
5%1‘

dt+ > [o:(O];dBL(1), (39)

c—w j=1,2,3

follow from (38). After solving the above stochastic equation (of motion), further stochastic integration

oM,

1
TrC

dt+ Y [oy(0)]:dBI(t), (40)

c—w j=12,3

dyl, =

from (36) can produce a trajectory of the mass point. These differential equations, including that for Brownian
motion, are referred to as the stochastic differential equations (SDE). The existence and uniqueness of the
stochastic processes as solutions of the SDEs are ensured mathematically when the stochastic processes satisfy
the local Lipschitz condition [33], as is true in this case.

To this point, we have not used the constraint that the Brownian motion is pinned, as the starting and ending
points are fixed as in equation (E.3). The set of SDEs above does not have invariance under time reversal; to
preserve the time-reversal symmetry, another set of SDEs must be added as follows;

13
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dvi = —% dt + [o5(D1;dB (1),
A c— W A ‘ (41)
drl, = S| dt+ [o:(015dBL(0),

The sample path indexed by & is also an element of I'°. The stochastic process 7 () with Brownian motion B: () can
be interpreted as a process evolving from the future to the past, as it obey the equation of motion with time reversal.

This approach can be compared with a stochastic quantization of Nelson [6]. When the functions o.(f) are set
to be constants as;

[0 (O]} = 72 /m &,
lo-(O]; = NmA &,

equations of (39), (40) and (41) together reduce to the Newton-Nelson equation. For instance, the classical
Hamiltonian of H, = 72 / 2m + V(7) gives

6H, d

— — = ——V c) = E c)>
o N (%) (%)
SHe 1
—_— =T
om; m

Therefore, the stochastic equation of motion from d’H,, = 0 gives a result consistent with stochastic quantisation [20].

4.3. Uncertainty and commutation relations
As shown above, the dynamics of a mass point in the SLM-space are equivalent to QM under stochastic
quantization. If the stochastic quantization is mathematically equivalent to canonical quantization, the
canonical commutation relations must be derived from the stochastic properties of the system. Although the
relation between the commutation relation and stochastic processes has been discussed by several previous
authors [34-36], here we will show the derivation of the commutation relation in our formalism.

First, let us consider the uncertainty relation in terms of stochastic processes. The uncertainty relation
between the solutions of equations of motion (39) and (41) can be obtained on the covariance matrix of two
Gaussian distributions. When the equations of motion are assumed to be linear SDEs such as;

d,(t) = (ay () + Bq(f)%(t))dl‘ + O-’YdBUJ) (42)

their solutions can be obtained as;
t t
) = Uw(t)(% + [ Uy wdu + o, [ U;%a)dBw(u)),
0 0

Uy (t) = exp [ fo ‘8. (u)du], (43)

as shown in example E.2 in appendix E. Here, { v, 3,} are integrable functions given by the Hamiltonian. The
SDEs and their solutions with respect to the canonical momentum are written by simple replacements of
*y — *pin(42) and (43). The expected values of these solutions coincide with classical solutions as follows:

’YC(t) =E, [’hlgf]:
e (t) = Ey[m|%x].

The classical solutions can be obtained as the solutions of a set of classical equations of motion as;

% = oy () + By (DD 7(0) = 7o (44)
% — an(®) + BT, T(O) = o 45)

Therefore, the covariance matrix can be obtained as
Uz(’% m)=E, [(’Yw - 'Yc)(ﬂ'w — )| %rl,

_ T ~—1 ~—1
= 0,0, fo U, (1) 0, ' (6) Up () 0; (1) dt,

= 0,0, j;T U: Uy () U, () Ur (1) U;l(u)du)dt,
= C/i, (46)

14
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where
0,0 = [ U;'©dBs), (.

The constant C can be obtained when the equation of motion and duration T are fixed. Here we use the Itd rule,
E,[dB, (t)dB,(s)] = 6(t — s)ds, givenin appendix D.1, and note that ~_,and 7, are induced by common
stochastic process. If these processes are independent each other, then it must be true that 0*(, 7) = 0. Ifthe
functions 5.(¢) are simply constants, then C = T /2, and therefore the relation,

Lo, m=2, 47)

can be obtained, which is simply Heisenberg’s uncertainty relation.
Next, we consider the commutation relation using the same framework and assumptions as above. The
commutation relation becomes

[ﬂ-w) ’Yw] (t) - (7Tw ® Yo — Yo & Ww)(t)a
_ UWUW{UW(I‘)L/: U= (u) Uw(u)(](;u U;l(v)dBw(v))dBw(u) —(r e 7)}. (48)

Here, the convolution of two stochastic integrations is defined as
t u
X = o x50 = [ 5 [ e wdsm .o,
0 0

Xi(1) = j; X (1) dB, (1),

The convolution induces a new stochastic process X '?(¢), and the stochastic integration appearing in
equation (48) can be estimated as

[ U )aBaw) = Buus o), (49)
0
where B_(1; 0%) is a Brownian motion with zero mean and a variance of
o = [ Wy, (50)
0

as defined in appendix D. It is known that two Brownian motions with different variances will be mutually
disjoint, and therefore, the stochastic integration vanishes as

[ U2 U 0B 0BG = 0. Q)
0

Therefore, any commutation relation comprising two solutions of the equations of motion, that share the same
sample path, w, will be zero due owing to the same mechanism. Only commutation relations of type [+, 7]
can be non-zero; in this case, a convolution of two stochastic processes can be defined as;

12 —(x!l, 2 — e N “ 2 ,
X2 (1) = (XL © X2t j;U; x'(v)dB,, (v)][fo x(V)dB,J(v)]du,

= f[ [f[uxl(v + u)dB,(v + u)][fu xz(v)dBw(v)]du,
o LJo 0

where dB, is a time-reversed Gaussian process with the same sample path, w. Each stochastic integral may
produce a Gaussian process with a different variance, for instance, 012, and 0%, and as the result new stochastic
process X2 will also be a Gaussian process with a mean value of zero. If the integration region is from — o0 to
+ 00 instead of 0 to t, the variance becomes o7, = o7 + o3. Again, using the same equations (44) and (45) a
commutation relation can be obtained as;

[ W] = (T ® Y — Y @ T (@),

t t—u u
= O'Tro"ye(ﬂ”Jrﬁ”')t{f [f e*ﬁﬁ(eru)dBw(V + u)][f eiaA"VdBw(V):ldu —(r ,Y)} (52)
0 0 0

This is a convolution of two Gaussian processes, whose variances are

t —2uB_ __ -2t
p e MM — e 2x
ol = f e vdy = — |
u 2/671'
u , 1 — e 20,
ol = f e gy = — — |
0 20,
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respectively. The variance of the resulting Gaussian process can be obtained as;

2 _ 2 2
Opy = O + 0%

e . 2 2
When 3, = f3,, itis easily confirmed that o, = 07, where

u t
oiﬂ = f e 26:vdy + f e 28,vdy.
0 u

Therefore, owing to the reproducing property of the Gaussian distribution, the commutation relation is the
following stochastic processes;

3+ 2 2
[T Yl(F) = or 0y e(ﬂ”jLﬂA’)t(Bw(R UW’Y) — B, (% U»yﬂ—))>
= 0,0, B (1 me + a%,r).
After taking an average over a long time interval, the variance becomes

2 2
_2 . J‘m/ + ijr
0= lim ———— =

1 1 1
t—00 t 2

Br By

Thus, the commutation relation can be expressed as a single Gaussian process with zero mean and the variance
derived above. The classical limit of this commutation relation is given as;

(53)

Ew[ f ! [T Yl () dt] %] = 0. (54)
0

Note the similarity between the commutation relation in (52) and the stochastic area defined in definition D.3.
The commutation relation can be understood to be the stochastic area on the phase space. As the average value of
the stochastic area on the phase space is zero, the area surrounded by the classical trajectory is conserved
(Liouville’s theorem). On the other hand, the variance of the stochastic area is not zero, which means that it
cannot vanish as a result of quantum (stochastic) effects (the uncertainty principle).

Here, we will discuss the relation between the path integral and stochastic equation of motion methods. In
the path-integral method, the meaning of the amplitude, 1)(y), is given in its definition. By contrast, the meaning
of the solutions of the SDE under the stochastic equation of motion needs clarifying. The physical meaning of
the solutions can be elucidated by investigating the relation between two methods. First, let us consider an

operator such as;
0V () T 6H,
—iff— =— —=dt A ,
o | j; o Y(%) N
T
= ( I mdt)wm = T ().
This operator can be interpreted as the momentum as follows;
—il 6— = . (55)
6% c—w

Next, let uslook closely at equation (24) from the point of view of the stochastic equation of motion. After
solving the SDE, the transition probability (propagator) becomes;

(T) 1 T
Y(y(I) = C L :0) exp[é fo L wde]uG(dm

From equations (39) and (42), the solution of the quantum equation of motion is expected to have the form;

n
'Yw = ’Yc + ;Bw) (56)

where B,, is the pinned-Brownian motion given in (E.3). This stochastic integration has been proven to be equivalent
to the Feynman path-integration [25, 37] (see also chapter 10.4.2 in [38]). The above results show that the amplitude
defined in the path-integral method is consistent with solutions based on the quantum equation of motion.

5. General relativity on the SM-space

As SMQ is a method for treating the metric tensor itself, it must be closely related to general relativity. One might
expect to obtain the quantum effects of gravity by treating the space time manifold as the SM-space, as well
investigated in this section, in which Planck units setting 47 G = ¢ = i = 1 will be used.
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5.1. Geometrical framework
First, we summarize classical general relativity in terms of a vierbein formalism. The mathematical setups
introduced in this subsection are based on [39]; only classical (non-probabilistic) setups of the differential
geometry are treated in this subsection.

First, classical general relativity is geometrically re-formulated in terms of a vierbein formalism. Let us
introduce a four-dimensional Riemannian manifold .# with a metric tensor g.. of dimension four, which is
referred to as the global manifold. A line element on .# can be expressed as;

ds? = g, ,, () dx @ dxt, (57)

The covariant derivative for a tensor defined on .# can be introduced using the affine connection I"",,. Because
the affine connection is not a tensor, it is always possible to find a frame in which the affine connection vanishes
as I'",,(x) = 0atany point x on the global manifold. A local manifold with a vanishing affine connection is
required to have the symmetries SO(1, 3) and T* (4-dimensional translation symmetry) and is referred to as the
local (Lorenz) manifold and denoted by M. On M, a vanishing gravity, 0.g,. = 0, isnot required, and a
transformation from the global to the local manifold can be achieved using a tensor function” £:(x), such as

S () EC) ) = s

where 7),;,is alocal Lorentz metric under a particle physics convention such as 7., = diag(1, —1, —1, —1).
Here, we employ the convention that indices of Greek and Roman letters represent coordinates on the global
and local manifolds, respectively. Both indices run from zero to three. Note that the sign of the determinant of
the metric tensor is invariant under the general coordinate transformation. The inverse function is represented
as (&))" = &}, which satisfies

ELXEL(0) = b0 ELXEN) = 8. (58)
Both &} and its inverse Y, are called the vierbein. An alternative definition of the vierbein can be given using a set
of bi-local functions £ “(y, x), defined on a neighborhood U € —>C.#,inwhich x, y C U.While{“isa

function on the global manifold, it is a vector on the local manifold; it is given as a solution of the differential
equation

go - K (59)

n
14
y —x

and of equations (57) and (58) with the boundary condition £ (x, x) = 0. The vierbein (one-)form is introduced
ase? = & de” and behaves as a local vector under the Lorentz transformation (throughout this report, Fraktur
letters indicate differential forms).

The covariant (under the general coordinate transformation) derivative V,, applying on alocal tensor can be
written using the spin-connection w as follows:

v,u,Tba = a,u,Tl? + wibTbC - w/beCu’

where

wyp = &, EL — (9,E)E.

1p
A spin-connection form (or simply spin form) can be defined using the spin connection as
mab — dx/z,wz b ncb — m? 77Cb3

which satisfies 0’ = — . We note that the spin form is a generator of the Lie algebra of s0(1, 3) and is nota
Lorentz tensor. The torsion and curvature forms can be introduced as;
T4 =de® + 1o} A eb,
R? = dr® + w? A,
respectively. Any two-forms defined on the local manifold can be expanded using the orthogonal bases of the

two-forms on the local manifold, ¢* A ¢’. The curvature form can be expressed as

ac

1
Rl = —RY_ e A e, (60)
2
The expansion coefficients R.. are referred to the Riemann curvature tensor.

3 .
More exactly, simultaneously a rank-one global and a rank-one local vector.
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The volume form can be expressed using vierbein forms, e.g.

1
v = Zfalazasaﬁul A e A eB A et (61)

where €.... is a complete anti-symmetric tensor with €13 = +1. Similarly, three-dimensional volume-and
surface-forms are introduced as;

1
0, = ;fablblhzebl A eb2 A ebs)

1
Gab = Efgbclq e A e,

The surface form &, is perpendicular to plane spanned by ¢® and ¢”. Hereafter, dummy Roman indices are
omitted in expressions when the index pairing is obvious, with dots placed instead at the index,
e.g.26,, = €. N\ €.

The Lagrangian form and action integral for gravitation can be represented in this terminology as;

£G=%%“(m)/\6..—Au, (62)

and

jG:f £G>
b

respectively, where A is the cosmological constant. To complete the general relativity formulation, Lagrangian
forms of the matter and gauge fields must be added. The equation of motion can be obtained as the Euler—
Lagrange equation by taking variations with respect to tg* and &... The Einstein equation and the torsion-less
condition can be obtained as the Euler—-Lagrange equation of motion as;

1 A 1
€. (—i)f{" NeE— —eNEN e‘) = -T,0,
2 3! 2
and T° = 0, respectively, where T..is the energy-momentum tensor of the matter and gauge fields.

5.2. Construction of local SLM-space

The general relativity equipping the local SLM-space is constructed in this sub-section. The stochastic aspects of
general relativity may be implemented by modifying the vierbein form; through which the effects of these aspect
may appear on the spin and surface forms.

Let us start from the definition of the vierbein in (59). The bi-local function & “(y, x) has non-local
information of the space time manifold, and the vierbein can be defined through the differentiation of this
function. By contrast, the distance between two points on the SLM-space is a random variable, that follows a
Gaussian distribution with a mean value and variance given by the geometrical distance between the points, as
per remark 3.4. A possible modification of the function £ “(y, x) that is consistent with the above requirements is
given as follows;

v =00 +a [ 0w, (63)

where B‘“(x) (a = 0,1,2,3,)are four independent Brownian motions. Note that the second term of the right-
hand side of (63) represents the total fluctuation of the length between x and y owing to the Brownian motion; a
constant, ¢, is prepared to adjust the variance as well as the dimension. The order parameter of the Brownian
motion is not simply a single parameter but a four-dimensional coordinate-vector on the local coordinate-patch
of the global manifold. Moreover, dB'(x) must be understood as the white noise introduced in appendix F.2. In
this definition, the stochastic function still retains the condition é ! (x, x) = 0.Note that B“Y(x) cannot be
considered to be a vector on M; if it is a Lorentz vector with each component fluctuating independently on
some local inertial frame, the components will mix with each other following a Lorentz transformation and
therefore will not be independent. In fact, white noise can be treated as an independent Gaussian process in any
local coordinate systems (detailed discussions on the SO(1, 3) symmetries of white noise are given in
appendix H). From the stochastic function £”, the stochastic vierbein is obtained as;
B2 K0 | 0B
ay# _ Ox"
y=Xx
following (59). Here, the derivative of the Brownian motion is merely a formal expression, as it is differentiable
nowhere; an exact definition will be introduced later. As a short hand notation, the Brownian motion is denoted
as B;(;f) (x) = OB@(x) / Ox! hereafter.
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In the SLM-space, the vierbein form can be a stochastic process formally expressed as;
8(x) = (¢ + :B@)(x) = (E4(x) + 0. B (x))dx”, (64)

where B@ (x) = B;f) (x)dx" (a = 0,1, 2, 3) can be understood as the local one-form valued white-noise. The
o, B;(f’) must have the same dimensionality as the vierbein, which is dimensionless; therefore, o has the
dimension of length only.

The precise definition of B..(x) can be stated as follows: consider the probabilistic distribution introduced in
appendix D, which will be denoted as B..(x), under the following setups. A probability space, (E*, %, u),is
introduced on the square-integrable functions H = L?(IR*) defined on the global manifold, the Gel’fand triple
E C H C E*and the sigma-field # generated by the cylinder subset of E*.

Definition 5.1 (Vierbein White-Noise (VWN)). The B;,, (x) is called the vierbein white-noise, when its

characteristic functional is
2 D 2
CH(x) = exp [— —”3;” ]e“ = exp [— _(2x) ]e“,

where e is the orthonormal base on the local coordinate-patch and x* is a coordinate vector. D(x) is the
geometrical distance defined in definition 3.2.

This characteristic functional induces the Gaussian measure uniquely as
) = f expliB.,x"1du(x").
E*

The existence of this measure is ensured by the Bochner—Minlos theorem [21, 40]. The VWN is a stochastic
functional with a Gaussian distribution and is pointwise independent. Note that, in the definition of the
stochastic vierbein ¢ from equation (64) and definition 5.1, the Brownian motion itself does not appear explicitly.
In the VWN, the one-dimensional order parameter, the Morkovian time, does not exist; therefore, the stochastic
processes do not allow for simple interpretation such as a sample path of the one-dimensional trajectory of the
mass point. One interpretation of the VWN, for instance, is that it gives a sample universe, that equips the sample
metric tensor.

To confirm that the VWN can construct the SLM-space properly, let us calculate the line element using the
stochastic vierbein form equation (64):

ds? = 1.8 @ & = ds* + 1.20:€, BY) + 0B B dvt @ dx'.

The terms in parentheses in the above equation can be understood as stochastic processes of the Gaussian type.
The first term becomes a Gaussian process with a mean value of zero and a variance of;

0% =40ine @ ¢ o D(| ds|)?

as shown in equation (70). When we set 0. = 1/2, the variance of the white noise becomes 03 = D(|ds|)2. As
mentioned previously, o. should have alength dimension, and therefore the precise representation must be
0. = l,/2,where l, = |/ %iG/¢? is the Planck length. Although the third term includes Brownian motion, it is
not a stochastic integration but it gives dB(x)dB(x) = dx from the It6 rule. Therefore, this term gives a fixed
correction to the line element, and can be neglected as a higher order effect. Finally, the stochastic line element
can be obtained as;

ds?(x) = ds?(1 + B)(x),
where B(x) = n.¢(x) ® B'(x). This is the representation of the line element on the local SLM-space.

5.3. Stochastic effects on basic forms
The volume form (61) on the local SLM-space becomes;

N 1 . o o o
b= Zfalazasa&u‘ A e A eB A g%,

1
= Zeﬁ,]azaw(e“l Ae® Ae® A g% 4 2B A e A e® A g

L3 m@ A B@) A et p et 4 Log@) p B@) A B@ A et
2 2

+ Lg@ A p@ A 8@ A B, (65)
16

where (64) and 0. = 1/2 are used. As all white noises appearing here are independent, the mean value of the
volume form becomes the geometric volume as E[0]|%] = v, as expected. On the other hand, the variance of the
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volume form has a finite value, which corresponds to the zero-point vibration of space time. This can be
interpreted to mean that the four-dimensional volume cannot be zero owing to the uncertainty principle of
quantum general relativity. In cases of a flat global manifold, the vierbein is simply a unit matrix, in which case
the variance of the white noise is estimated to be

6[B;,u] = E[(B’u)2|%] - E[B;ulf%’]2 = dx’,

from the Itd rule. Thus, we can obtain § [ B®] = ¢ for the flat space time case, and the variance of the volume
form becomes;

65
bp=—0 66
"= g (66)

form (65).
The stochastic effect on other forms can be estimated similarly. For both U, and &, the mean values are the
same as the classical values. The variances are obtained as;

19 5
Ogia = 5 f‘ﬂm Oap = 1 f@b, (67)

for the flat global spacetime case. In general, the variance of a n-dimensional volume form in the flat SLM-space
isgivenasé, = (3/2)" — 1.

5.4. Stochastic effect on the Universe

The variance of the volume form (66) has the same shape as the cosmological term in the Lagrangian form (62).
Therefore, even starting from a universe with A = 0, an effective cosmological term appears because of the
fluctuation of the metric. To discuss the quantum effect on the Universe precisely, it is necessary to formulate the
quantum Einstein equation in the stochastic metric space and solve it under certain boundary conditions. As
these tasks are beyond the scope of this report, we employ a semi-classical approximation of quantum general
relativity to estimate the quantum effect from the fluctuations of forms. In this approximation, the effect of the
stochastic metric on the vierbein and other forms are considered around the classical solution of the (classical)
Einstein equation.

Let us estimate an order of total fluctuation for a flat universe under this approximation. To estimate a four-
dimensional volume of the current universe, f v, we need to know a complete history of the Universe. Here, the
simple approximation of a constant expansion of the Universe is assumed. A recent precise measurement gives
an age of the Universe tobe t, = (4.35 + 0.01) x 10" sec[41, 42]. The total four-dimensional volume with a
radius of #, can be calculated as

2
T

Vi = f 0= —1g,
Univ 2

for a flat, constantly expanding universe (this is very rough estimation. It is known that the a comoving distance
of the Universe is about three times larger than ¢ X #,). Thus, the variance becomes;
65 167 —4
Oy = EVU = 3.26 x 10" (GeV)™*.

The standard deviation averaged over the Universe is

61/2
T, = —— = 2.13 x 1078 (GeV)2.
%

Interestingly, recent measurements of the dark energy gives [41, 42];
A ~ 3Hy = 6.16 x 10~ (GeV)2.

This coincidence suggests that the cosmological constant in the classical Hamiltonian of the Universe is zero

(A = 0) and the origin of the dark energy (the cosmological term) may be a quantum fluctuation of space time
arising from the stochastic effect. We note that the unnaturally small values appearing here originated from
division by a large number (the total volume of the Universe in Planck units). The fluctuation itself is on the
orderof o, = 1,/2, where the Planck length [, is explicitly written to emphasize that the o, has alength
dimension. Even though the cosmological constant is zero at the classical level, an effective term corresponding
to the cosmological term appears towing to the stochastic (quantum) effect as;

65 1
o ~ |—V v, 68
b 6 4 (68)

where V is the four-dimensional volume in question. This effective term may therefore have induced the re-
acceleration seen in the Universe [43, 44].
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6. Summary

One possible way to explain quantum effects in terms of the stochastic effects of the metric tensor is discussed in
this work. The SM-space can be constructed as a model of the Universe in a mathematically legitimate manner.
Besides a mathematical model of a space time manifold, a physical principle is necessary to introduce dynamics
into the physical system. In this work, the entropy extramization principle is employed instead of the standard
principle of least action. The entropy extramization principle allows to introduce quantum mechanics primarily
before formulating classical mechanics. The entropy (22) is defined using the probability amplitude instead of
the probability density, and it must be understood as an independent principle from the entropy extramization.
Some characteristics of quantum mechanics, e.g. quantum entanglement, are due to this principle.

It is shown that the QM of a mass point are equivalent to its classical mechanics on the SLM-space. The path-
integration, quantum equation of motion, uncertainty relation and commutation relations were re-formulated
on the SLM-space and shown to be consistent with standard definitions. In the formalism proposed in this
study, QM is formulated based on the extremal entropy principle a priori before classical mechanics. If the path
integration described in this work is more fundamental than the standard definition, the path integral is
mathematically well-defined on the Gaussian white-noise measure space.

Because the SM-space directly treats the metric tensor of a manifold, its application to general relativity is
straightforward. Basic forms appearing in the four-dimensional space time manifold can be treated as random
variables and investigated using the white-noise analysis initiated by Hida. Within the semi-classical
approximation, a possible quantum effect on the dark energy is discussed. This result might be an explanation of
the origin of the small cosmological ‘constant’ observed in the current universe. However, the question as to why
zero-point oscillations of the matter and gauge fields do not generate a large vacuum energy, that is refereed to as
the ‘cosmological constant problem’, remains unanswered.

To answer this question, a simultaneous treatment of gravity and matter fields is necessary. For the pure
gravitational Hamiltonian H s and matter-filed Hamiltonian density H),, a total energy can be written as;

E = f(HG + Hum)o.

A matter-gravitation interaction is hidden in Hy; as, e.g. a term & (0"¢) (0" @) in the matter Hamiltonian.
There are two sources of statistical fluctuations in a total energy, the metric tensor in the Hamiltonian and in the
volume form. In the SM-space, a Hamiltonian have a statistical fluctuation §. around a mean value . such as
H. ~ H? + §H.. The volume form can be expressed also as b ~ vy + &b as shown in section 5. When only a
matter field is considered with ignoring the gravitational contribution, the total energy becomes;

Ey — f(H;’J + 6Har) (v + Sv) = fH;’ﬂno n f&HMno n fHMcSn.

The first term shows the classical energy and the second therm shows the quantum effect of the matter field. The
third term gives a quantum effect on the matter-gravity interaction. A fluctuation of the volume form is a order
unity |6v]/|vg] = O(1) as given in (66). Therefore, a term §Hj,v can not be neglected. This term is proportional
to the total volume and can be absorbed in a definition of the vacuum energy together with the zero-pint
oscillation under the approximation ignoring a matter-gravity interaction. In this work, only the gravitational
Hamiltonian is considered with ignoring the matter field in section 5. To treat the cosmological constant
problem, the term H,,;6v must be treated. Moreover, the quantum effect on the spin form is not discussed in this
study. The clarification of such a treatment of the spin form involves simply clarifying what is a parallel
translation of a vector on the SM-space and will be discussed as an independent study elsewhere.
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Appendix A. Proof of remark 3.3
Remark 3.3. The stochastic Lorentz metric space is a stochastic pseudometric space [16].

Proof. Consider three points, p, g and r, and whose distribution functions are denoted as

E(s; D(p — q)), E(s'; D(q — r)),and E(s + s'; D(p — r))with's, s’ > 0. These distribution functions
follow an exponential distribution as defined in definition 3.2. Then distances among those points must keep the
triangle inequality such as; D(p — q) + D(q — r) = D(p — r). Inthis case, the triangle inequality can be
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deduce as

EGs+s5p—n=TESp - q), B q— 1)

s s/ s+ s
:exp(——) + exp(——]}exp[— )
D(p — q) D(g —r1) D(p—q) +D(g—r1)

+ exp [— o — s )
Dp—q D@ —r)

From assumptions of the equal-time triangle inequality and s, s’ > 0,
s+ ¢ < s+ s
Dp—r)  D(p—q+Dg-r)

follows. Since exp(—x) is a monotonically decreasing function for x > 0 such as;

exp _LS, = exp| — s+
Dp-1)°~ D(p — q) + D(q — 1)

can be obtained. Furthermore, since all d’s and s, s’ are positive,

! ! /
Max[ s , s ] > s + s > Min[ s , s ]’
Dip—q) dig—n] Dp—-q9+D@g-r1) D(p—q D(q—r)
with equality on either side iff s/D(p — q) = s’/D(q — r). Therefore, we can obtain as;

Min[ s ) s/ ]< s + s”
D(p —q) D(q—r) D(p — )

s s! s+¢
Maxl:exp(—m], exp(—m)] P> exp(—m).

On the other hand, due to exp(—x) < 1forx > 0, one can obtained as;

Min exp(;), exp(si/] = exp( > — s )
Dip — 9 Dig —1) Dip—q D@—r1)

then,

Therefore,
s ol
D(p — 9) D(g — 1)
s s/ . s s/
= Maxlexp(——p(p D ), exp(——D(q — r)]] + Min [exp[——p(p — q)), exp(——D(q — r))]
>exp(——5+5/ ] + exp(— S — s ),
D(p — 1) Dp—q9 D@g-—r)

s+ s/ s s/
= exp| — + exp| — — .
( D(P—QH-D(q—f)] ( D(p — 9 D(61—f))

Thus, the lemma is proved. O

Appendix B. Poisson process

When a probability density of a random variable X satisfied a relation,
PX>s+tX>t)=PX>5s),

forany 0 < s, t € R, itisrecognized to have a memoryless property. Here, P (a|b) is a conditional probability,
which gives a probability observing a when b is realized. It is easily confirmed that the exponential probability
density has a memoryless property, and thus the stochastic process induced by the exponential probability
density becomes a Markov process, in which the probability to a next step only depends on the current status.
The exponential probability density can be induced from the Poisson process. Considering that a series of
independent random variables {X;};—1 , ... whose probability measure with P(0 < s < X; < s + ds) = p(s)ds. A
series of random variables {A;}i_q 1 5,... such as;
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J
Ao =0 a.s., Aj = ZX,’
i=1

is referred as to the ‘stochastic process induced by the probability measure(p(s)ds)’. Another random variable

0 < N(s) € Nisalsointroducedas N (s) = max{k; A; < s}. A frequency distribution is defined for any n and
0 =150 <5<+ <spas AN; = N(s;) — N (s;_1)- This system can be interpreted as a stochastic process as
follows:

* sisa‘length’ variable,

+ X;isamoving distance atan 7'th step.

+ p(s)dsis probability to move with a distance of s.
+ A,isatotal moving distance up to the ’th step.

+ N(s)isatotal number of steps to reach a position s.

If N(s) is considered as a fictitious ‘time’, random variables s/N(s) can be interpret as an average velocity and As;/ 6
N;an instantaneous velocity, where As; = s;—s; _ 1. When the exponential measure 41,(s; A)is used as the
probability measure, the process becomes the Poisson process. A definition of the Poisson process is given as
follows:

Definition B.1 (Poisson process). When a random variable {0 < N (s) € Z}for 0 < s € R defined on the
probability space (£2, F, P)is satisfied following conditions, it is called ‘Poisson process’;

1.N(0) = 0 a.s.
2.ForVw € Q, N, (s)isleft-continuous and monotonically increasing,
3. The frequency distribution of the random variable N (s) makes the Poisson distribution as

(As; / N)AN

P(AN; Asi/)) =
( si/ M) AN

exp(—As;/A),

where

AN; = N(s;)) — N(si-1),
AS,’ =S5 — Si—1.

This P(AN; As;/ \) is considered as a function that gives a probability observing an increment AN; when a
time distance As; is given. For any monotonically increasing series,0 = s; < --- < s,, the probability to find a
sequence of a frequency distribution P({AN;}, 1 < i < n; As;/)\) canbe obtained as [T, P(AN; As; /)
because a memoryless property has an exponential measure. A probability measure will produce a series of
random variables by its independent trials. Those random variables are categorized to the independent and
identically distributed random variables (i.i.d.). It is known well that a stochastic process induced by an
exponential measure, (1,(s, A), a frequency distribution will form a Poisson process. Therefore, the following
lemma can be stated:

Lemma B.2 (stochastic process induced by exponential measure). For a stochastic process A, following two
statements are equivalent:

1. A stochastic process A; is induced by an exponential measure j1(s; \).

2. A frequency distribution N (s) induced by the random variables A; forms a Poisson process.

Proof.1 = 2: Atfirst, random variables { X;} fori = 1, 2, ---, whose probability measure is pi(s; A) are
introduced. Then a parameter 0 < As = s5; — s;_ is divided into m peaces, then each length becomes

ds = As/mand an expected number of random variables X;in ds, the frequency distribution, can be expressed
as \/ds = Am/As. The frequency distribution is independent each other and can be obtained as 14(0; A m/

As) = As/(Am), because of a memoryless property. Then the probability to observe the frequency distribution
AN can be expressed after taking a limitation m — oo as
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AN m—0O6N
P(AN; As/)\) = lim ngN(AS//\) (1 3 As/)\) ’
m

m— 00 m
AN
_As/N exp( As )
ON! A

where ,C, = a!/k!(a — b)!is the combinatorial coefficient to take bout ofafor 0 < b < a € Z. Therefore,
the random variables { N(s) } satisfies the requirement 3 in the definition B.1. Requirements 1 and 2 are trivially
satisfied. Therefore, 1 = 2 is proved.

2 = l:Inthestochastic process A;induced by the probability measure p(s)ds, the measure p(s)ds gives the
probability not to find any random variable X; from 0 to s, then find one of some X; during next ds, which can be
expressed as

p(s)ds = P(0; s/ N)P(1; ds/\) = exp(—%) X %exp(—%),

1 s
=—exp| —= |ds + OWds?), ~u(s; \).
3 P( )\) (ds), =pu(s; A)
Therefore, the probability measure inducing A; is nothing but the exponential measure. O

Appendix C. Proof of remark 3.4

Remark 3.4. (Brownian motion induced by exponential measure)(repeat) Suppose that the Poisson process is
induced by the exponential measure (s, A) with a series of random variables, { X, }—; »,.., and

1 n
Zp=—>(X — N.
ﬁg( )

The random variable Z,, is know to show a convergence in law to a normal distribution with a mean value at zero
and a variance A. In particular, for —0co < a < b < o0,

. 1 b x?
HILH;P(a <Z,<b) = NeTs) j; exp BTN dx, (69)

can be obtained. Brownian motion is induced by this random variable.

Proof. For the stochastic process induced by the exponential measure, each X(s) is i.7.d. and the frequency
distribution forms a Poisson distribution as stated in Lemme B.2. For the random variable Z,,, mean value and
variance are givenas E[X,] — 0 (a.s.),and V[X,] — A\ < oo (a.s.), respectively, due to the law of large
number. Therefore, for the limit n — o0, the equation (69) follows from the central limit theorem. Therefore,
the Gaussian probability measure can be defined as

. 1 2
P(By € dx) = lim P(x < Z, < x + dx) = exp X i
n—00 2w 2
Therefore, the Poisson process converges in low to the Brownian motion. O

Appendix D. Stochastic integration

This appendix is devoted to introduce and summarize the stochastic integrations and stochastic differential
equations without proofs.

D.1.1t6 formula

Definition D.1 (Brownian motion). If a set of Random variable, B(t) = {B(t), t € R} satisfies the following
properties:

1. B(¢t) isa Gaussian system with E[B(¢)] = 0 forevery ¢,
2.B(0) =0,
3.E[(B(t) — B(s))*] = |t — 5|

itis called Brownian motion [21].
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The covariant matrix of the Brownian motion can be obtained as
1
['[s, t] = E[B(t)B(s)] = E(M + sl — [t — s]),

due to the definition.

Definition D.2 (It process and It6 formula). On following setups:

+ Functions:
1. x={x/}iz1,..q € C(RYfort >0,
2.V p = o) € C2(R).
+ Two stochastic processes:
1. N-independent Brownian motion: B(t) = {B*() i=1,... n-
2. stochastic processes: {A*(t)};—1.....4» where Vi, w, AL(0) =0 A AL(t) < oo,

where wis a index for sample paths. The index w will be often omitted.

It6 process is defined as random variables of { X} i=1,.--.d» t = 0, which follows:
4 ) t .
Xi = Xi+ f ol - dB(s) + Ai(t),
0

where o, (s) = {04(s) € L2} i—1....n> (L?isaset of square integrable functions). Then the It6 formula [45] is
introduced as;
Ay ;1 9%

- (X)) dA! + —————
axt T 2 9xiox
Here, integration with respect to dA{ must be understood as the Riemann-Stieltjes integration, and the
stochastic integration with respect to the Brownian motion o - dB(s) must be understand as the It6 integral,
thatis defined as;

(X)oi(s) - ol(s)ds.

) = 90 + [ %(Xs)ai(5)~d3(5)+ )

J o' - dBs) = lim 3 o) (Bet — B,

n—o0o k=0

where {s;};_1,... ,are thedissection0 = s; < --- < s, = t,and By = B(s;). Each By will be independent
Gaussian noise. The It integral is the martingale because o (s;) is only depends on the process [0, s¢]. Another
definition of the stochastic integration can be given as;

t n—1

U'i(S) o dB(s) = lim Z Ui(5k+1/2) [Bi+1 — By,

0 n—00 1
where sy 12 = (Sk11 + s¢) /2. Itisknown as the Stratonovich integral, which is not martingale, but sub-
martingale. We use the Itd convention as the stochastic integral in this work, unless otherwise stated. The It6
formula can be expressed as;

t ‘ ¢ , 2
PXO) = p(X0) + [ %(xu»a’(sydmsw[ﬁ %(X(s»ﬁl(swl ¢

2 axiaxj (X(S))O'I(S) : 0-](5):|d57

when the stochastic process A i(s) is written as;

A(r) — A(0) = j: Bi(s)ds.

This formula can be understood from a Taylor expansion of o with simple rules (It6 rules) as

dB(s) - dB(s) = Ids,

dB(s)(B'(s)ds) = 0,

(B'(s)ds) (B (s)ds) = 0,
where Iisa N X Nunit matrix. In other words, they are evaluated as dB(s) ~ Jds and dA(s) ~ ds in the
expansion and taken up to order ds such as;

Ao , 1 0% , -
X(1) = (X (1))dX' —— (X (1)dX(1)dX
dp (X (1)) axi( (0)dX'(t) + > S (£)dX*(0)dX7(t) +
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where

dXi(t) = dAi(t) + a'(t) - dB(t) = Bi(t)dt + o' (t) - dB(1),
dXi(t)dXi(t) = (oi(t) - dB(t))(c/(t) - dB(t)) = (o (t) - o/ (1))dt.

Then, the It6 formula follows from them. Above expressions must be understood as a shorthand for the
integration form, and a following remark for one and two random variables X '(f) can also be written as;

d(f»X'(1) = f(O)EX (1) + (df (t) /dD) X' (1)dt,
dXI(HXI (1) = XI()(dXI () + (@dX ()X (1) + @dX () (dXI (1)),

where f(f) € C’. Above formulae are referred as to the Stochastic Leibniz rule. Integration forms of above
expressions can be given as:

. ) t . t d .
FOX() — FOX(0) = j; F(s)dXi(s) + fo %Xl(s)ds,
:ft (5i(s) n mXi(s))ds n ft oi(s) - dB(s),
0 ds 0
XI0XI(t) — X'(0)X/(0) = f(: (X'(s)B(s) + XI(s) B (s))dt + fot X(s)a/(s) + XI(s)a'(s)) - dB(s)
n fo (o(t) - o(t))dt.

The second line is just a special case of the It formula with ¢(X(#)) = X i) X(0).
The stochastic integration of a function f(x) by the Brownian motion is given as;

) " F(s)dB(s) = B(t; oY), (70)

where B(t; 0?) is the Gaussian process with a variance of
t
o= [ ferds, (71)
0

and mean value of zero. One of an important property of the Gaussian distribution is a reproducing property,
which means the convolution of two Gaussian distributions make a Gaussian distribution.

D.2. Iterated stochastic integration

First, let us introduce an iterated classical (non-stochastic) integration of one-forms w;_, ... , along the
curvilinear path {y € I'} as defined in section 4.1. A pull of w; using the path 7 is expressed as y*w; = f,(t)dt,
and then, the iterative integration can be introduced as;

Lwl~'~ wn:fén Ve - Y, :fOT dtn(fn(tn) fot"dtn_l("(ﬁ(tz) fotzdtlﬁ(tl))-o-)),

using simplexes 6, definedas0 < #; < -+ < t, < T. A natural extension of this iterative integration to the
iterative stochastic integrations might be;

T t, ty
L = dB(tn)(fn(tn) ) dB(tnl)(-~-(f2<tz> ) dB(tl)fl(tl))-~-))-

The existence of this multiple integrations can be shown using approximation of f; being step functions [40]. Itis
known that the stochastic integration for the unit function can be represented by using the parameterized-
Hermite polynomials as follows [40];

T t, t
In({l})zfo dB(m(j; dB(tno(---(j; dB(tl))~--)):Hn<B<T) — B(0), T — 0),

where H,, can be expressed as;

(_t)n xZ dn x2
Hn » 1) = — -
) n! eXp(Zt)dx" exp( Zt)

One of interesting examples of the iterated stochastic integration is a stochastic area introduced by Levy [46]:
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Definition D.3 Stochastic Area.

_ Lt 2o LT 200 ([ n2 1
So(1) =2 [ 1dBL (o), dB3(e)] = 5{ I ( | d&(s))d&(t) | ( | dBu(S))dBw(f)},
- lfT (B\(t)dB2(t) — B2(1)dB\.(1))
2 0 w w w w >
where B,,(t) = (dB.(t), dB%(t)), with t > 0, is a 2-dimensional Brownian motion.

This quantity can be interpreted as the area surrounding by trajectory of B,, and straight line connecting
between initial and final points of the trajectory.

Appendix E. Stochastic differential equation

With the same setup as in appendix D, one can introduce the stochastic differential equations (SDE) as
dX(t)' = o'(t, X (1))dB(t) + B(t)(t, X(1))dt. (72)

Here, o and (3(t)" are referred to as diffusion and drift coefficients, respectively. Exact meaning of equation (72)
might be clear after cast it into a integration form. A definition of a solution of the SDE can be given as follows:

Definition E.1 (Solution of the SDE). Let us consider a stochastic process X defined on a probabilistic space
(9, .o, P), whichis assumed to be (.o7)-adaptive and measurable R¢-valued continuous stochastic process. The
solution of the SDE (72) is the random variables, X = {X(¢)} />, which satisfied following two conditions:

1.Foranyiand k, o} (t, X (t)) € L*(/(t)),and

T .
| 18w x@piar < oo,
forany T > 0 (a.s.).

2. X (t) satisfies a following relation including a stochastic integral:

X(1) = x + fol oi(t, X (1) dB(t) + fot B (t, X (1)) dt.

When the existence of the Brownian motion is assumed, it is referred to the strong solution.
Here, we will give two examples and their (strong) solutions.

Example E.2 (Linear SDE). The solution of the linear is SDE defined as;
dX (1) = (&(t) + BOX @) dt + () + X (1)dB(®),
where {&(t), 3(t), 7(t), 8(t)} are given integrable functions. The solution of this SDE can be written as;

X(t)zU(t){Xo+ [ " (@(s) — 3$)F() U () ds + [ t a(s)U*(s)dB(s)},

U(t) = exp [ j; t (B(s) _ %Sz(s))ds n fo t S(s)dB(s)].

Example E.3 (Pinned Brownian motion). One dimensional SDE of

AX () = dB(t) + ‘T—Xt(t)dt,

0 <t < l,and X(0) = 0iscalled a pinned Brownian motion.

It is easily confirmed that the solution of this SDE is

Xt)=at+ 1 —1) j: fB_(Sz = at + B(t) — tB(1)

The stochastic process X(#) is starting from the origin at t = 0 and arrived ata att = 1 with the mean
convergence. Itis easily understood that time-reversed process, X(1 — t), is the same process as original one,
because these two processes have the same mean value and variance.
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Appendix F. Functional of Brownian motion and white noise

Basic definitions and several remarks are given in this section without proofs. Detailed explanations can be
found in [40].

F.1. one-dimensional case

Let us consider distributions of stochastic processes in the sense of Schwartz. The real Hilbert-space of square
integrable functions is taken as a set of test functionsas E C H = L*(T € R). A space of distribution, E*,isa
dual space of E, which has a relation of

ECHCE*"
A standard bilinear form is written as (x, &), where { € E*, x € E.When¢ € H, thisis nothing butan inner
product of two vectors on the Hilbert space. A norm of two elements in the Hilbert space is denoted as
[lx[> = (x, x). A set of stochastic processes defined on some probabilistic space is considered to be parameterized
byx € Esuchas {X (x)|x € E}.For the probabilistic distribution (measure) i on E*, the characteristic
functional is defined as

Ce) = [ expli(6, x)p(de).

The characteristic functional must have following characteristics:

1. Cx is continuous on E,
2. Cx is positive definite,

3.C¢(0) = 1.

The measure p(d€) on E* is uniquely determined by the characteristic functional, thanks to the Bochner—
Minlon theorem.

Avector space of the standard bilinear form, (x, f), (f € L*(RY)) is considered. This vector space becomes
the Hilbert space with the inner product as the covariance integral and the subspace of L*(11). We denote this
Hilbert space as H{" and its dual space as H{ Y. A subscript 1 means the Hilbert space defined on a one-
parameter space. (£1) is put for future convenience. Isomorphism H{" =~ L?(R') can be obtained under the
isomorphic map f < (x, f). Thus the Gel’fand triple of H\" ¢ H C H/~ " is obtained.

Example F.1 (White noise). The measured space induced by the characteristic function of
2
C(x; 02) = exp (—% ||x||2)

is named White noise with a variance of o2, which denoted as B(t). Here ||+||is a Hilbertian norm.

The probabilistic distribution of white nose is the Gaussian distribution with mean value of zero and
variance o”. It is easily confirmed that the white noises with different variances are mutually disjoint.

Example F.2 (Second derivative of Brownian motion). The characteristic functional of
1
c'© = exp(-51¢P)
induces a process of second derivative of the Brownian motion, B (t) for —oco < t < o0.

The measure of this process, (', is defined on the same space as that of the original white noise, however
those are the mutually disjoint each other. If the support of the original measure is X, the measure 1’ gives

pX) =1= p'(X) =0,
and vice versa.

F.2. multi-dimensional case
The definition of Brownian motion and white noise can be extended to a multi-dimensional parameter space.

Definition F.3 (Brownian motion on the Multi-dimensional parameter space). If a set of Random variables,
B(x) = {B(x), x € R%} satisfies the following properties:
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1. B(x) is a Gaussian system,
2. E[B(x)] =0,

3. Covariant matrix is
1
['[x, y] = E[B(x)B(y)] = E(M + lyl = Ix =y,

it is called Brownian motion.

From the definition, B(o) = 0 can be obtained, whereo = (0,0, ---, 0) is the origin of the parameter space.
A proof of existence of multi-dimensional Brownian motions can be found in [21].

In order to define the multi-dimensional white noise, Hilbert space, its dual space and Gel’fand triple defined
in the previous subsection are extended to E; C Hy =~ L*(x € R?), Ef and E; C Hy C EJ.On the dual space
Ef,acompletely additive measure space (E;, %, 1) canbe constructed. According to notations for th one-
parameter case, we can denote the Gel’fand triple as

H{" c Hyc H{Y

Existence of the completely additive measure associated with the characteristic function of

C© = [, explitx, §)duto),

d
1 2)
=exp| —= R
p(-3 1

where ¢ € Ejand ||+||is a Hilbertian norm, is ensured by the Bochner—Minlos theorem.

Definition F.4 (Multi-dimensional white noise). A stochastic process induced by this characteristic function of
equation (73) is called multi-dimensional white noise. The white noise induced by the multi-dimensional
Brownian motion B(x) is denoted as B, , (x).

F.2.1. Polynomial of white noise. ~ Further extension of the white-noise space for polynomials of the white noise
is possible [21, 40]. At first, a n-dimensional white-noise functional space is introduced as

1. Test functional space H{g”): asymmetric (n + 1)/2 dimensional Sobolev space on R".

2. Hilbert space H,,: a symmetric tensor product of n square-integrable functions.

3. White-noise functional space H ;‘”): a dual space of the test functional space, which is an isomorphic with a

symmetric —(n + 1)/2 dimensional Sobolev space on R".

The Gel'fand triple can be obtained as H{" C H; C H} ™. Power functionals of the white noise are a element of
the dual space (B! € H !fl_“)).
A polynomial of the white-noise functional can be defined on the space ), ¢, H\ ™™ with the Gel’fand triple of

1
Q—H™ C (1») € @ c,H™,
n

Cn n

where c,, is a positive monotonically non-increasing series.

Appendix G. Path integral with Gaussian measure

Let us start from the Lagrangian (30) and defined a path integral with the Gaussian measure under the time-
slicing approximation [47] as follows: the setup defined in section 5 is used in the appendix.

Definition G.1 (Gaussian path-integral). From the Lagrangian (30), a transition amplitude from point y(0) to
~(T)is defined as
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i
v = [ o5 [ 200 )ugta

=GO [ Ceremp( 2020 toy(er ) - Ly — e

This path-integral is defined using the time-slicing approximation, which divides a time period from 0 to T'with
awidth e. Here C(¢) is an appropriate normalization constant as a function of eand ; = ~(7;). A relation
between the flat ‘measure’ and the Gaussian measure is given as

1
e (dyr) = eXPI:_T._z('YkJrl - Vk)z]d’)’k)

where a 0 is a variance of the Gaussian distribution with a dimension of length, which may be fixed by
characteristics the SMM-space. The ‘measure’ is flat when setting 02 — +o0. If the time-slicing width e is a real
number, the integration with the flat ‘meadure’ does not converge. In a standard method to evaluate the path
integral in the quantum field theory (see, for instance, Chapter 9 in a textbook [32]), the integration is treated
formally as € has a negatively finite imaginary-part. In contrast with the standard method, the Gaussian path-
integration converges with a real values of a time-slicing in the SMM-space.

Remark G.2 (Effect of Gaussian measure). The Gaussian measure gives the same transition amplitude as that
with the flat ‘measure’.

Proof. Let us pick up any one of the integrands, say a k’th time-slice, in infinite product of integrations, and
expand the potential and transition amplitude with respect to the small parameter v, — 7, _, according to [32],
one can get

P .
V(Tiy1: ) = C(f)f v eXP[—(Vk Vi 1)2(— - —2)][1 — Vo)t ]
€ mo 7
0 1 0?
X1+ (e — Ye)— + =k — N> — + - |V (7% : i),
[ (v — 1)8% 2(% Yk-1) o ]1/}( %t Th—1)
7 0?
o PRI —V(vk D [ me) + Oed),
2m3
where the normalization constant is set to be
m
C = .
€ 2Tieh

The integration is performed with a assumption that € is a real positive-number. The transition amplitude is
independent of a value of 0. O

Appendix H. Rotational invariance of white noise

A rotational group can be introduced on the multi-dimensional white-noise space defined above. A following
definition is based on Yoshizawa [48] and Hida [21].

Definition H.1 (Rotational group on E;). A rotational group, g, is defined as a continuous linear
homeomorphism acting on E,;, which satisfies
llgxll = I,

wherex € E,.

Itis obvious that a collection of g forms a group. Even though this group is named a rotational group by
Yoshizawa, it includes wider class of orthogonal groups in reality. Therefore, the group is denoted as O(E,)
hereafter. This group induces an adjoint transformation ¢* on the dual space E such as

(& gx) = (g6, x),

where x € Ezand £ € Ej. This group is denoted as O*(EJ). Following statements can easily confirmed:

+ OXEj)formsagroup.

+ ¢ isalsoacontinuous linear homeomorphism.
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+ OX(Ej)isisomorphic to O(E,).
Following theorem is essential for a application of the white noise analysis for physics applications.

Theorem H.2 (rotational invariance of the white-noise measure). The white noise measure (i is invariant under
the group operation g* € O*(EJ).

It can be proved by checking an invariance of the characteristic functional after applying an operation g" on
¢ € EJ.Notethatthis theorem is valid for the Lorentz transformation A on the SLM-space due to the fact
A€O(E,). Therefore, one can treat the VWN, B;(;’) (x) defined in section 5.2, as the local Lorentz-vector, since the
white-nose measure is invariant under A* € O*(EJ).
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