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Abstract

The investigation of macroscopic quantum phenomena is a current active area of research that offers
significant promise to advance the forefronts of both fundamental and applied quantum science.
Utilising the exquisite precision and control of quantum optics provides a powerful toolset for
generating such quantum states where the types and ‘size’ of the states that can be generated are set by
the experimental parameter regime available and the resourcefulness of the protocol applied. In this
work we present a new multistep scheme to ‘grow’ macroscopic superposition states of motion of a
mechanical oscillator via cavity quantum optomechanics. The scheme consists of a series of optical
pulses interacting with a mechanical mode via radiation-pressure followed by photon-counting
measurements. The multistep nature of our protocol allows macroscopic superposition states to be
prepared with a relaxed requirement for the single-photon optomechanical coupling strength. To
illustrate the experimental feasibility of our proposal, we quantify how initial mechanical thermal
occupation and mechanical decoherence affects the non-classicality and macroscopicity of the states
generated and show that our scheme is resilient to optical loss. The advantages of this protocol provide
a promising path to grow non-classical mechanical quantum states to a macroscopic scale under
realistic experimental conditions.

1. Introduction

Studying macroscopic quantum states has a myriad of motivations that range from quantum technology
development to deepening our understanding of the foundations of physics. Notably, observing the dynamics of
such states can put tighter bounds on potential models for wavefunction collapse [ 1-3], and provides a path to
test macroscopic quantum phenomena and quantum gravity on a table top [4—10]. Current experimental
platforms pursuing the preparation of macroscopic quantum states include molecule interferometry [11],
superconducting circuits [12, 13], ultracold atoms [14], and cavity quantum optomechanical systems [15].

The present work contributes to cavity quantum optomechanics, which utilises optical forces and the
quantum control of light to generate and study non-classical states of mechanical motion. The field has
diversified significantly over the last two decades and a number of quite different experimental platforms and
protocols are now being explored. Prominent deterministic protocols to generate non-classical mechanical
states include the generation of mechanics-field entanglement [4, 5, 16], and non-Gaussian state preparation via
optomechanical state-swap [17-20]. Utilising measurement provides a powerful non-deterministic approach
for state preparation with prominent examples including mechanical squeezing via measurement [21, 22],
superposition state preparation via position-squared measurements [23—25], phonon addition/subtraction
[26-28], and sequential measurement schemes [29, 30]. This line of research lays the foundation for the
development of optomechanical quantum technologies such as microwave-to-optical conversion [31-33], weak
force sensing [34, 35], and quantum information applications [36], by establishing and improving the quantum
coherence of mechanical motion.
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Figure 1. Multistep optomechanical scheme for macroscopic superposition state preparation. N optical pulses are sent through the
interferometer that heralds the generation of a mechanical Schrodinger cat state when a sequence of {0, 1}, or {1, 0}, click events are
registered at the output. Upper left: cartoon of a solid-state cavity quantum optomechanical system. Here, one of the end mirrors of a
Fabry—Pérot cavity is suspended and couples via radiation pressure to the intracavity optical field. Upper right: cartoon of a cavity
quantum optomechanical device using ultracold atoms. Here, the density excitations of a Bose—Einstein condensate act as the
mechanical oscillations and couple to the cavity field through the optomechanical interaction, equivalent to the solid-state system
shown on the left.

Here we introduce and theoretically develop a versatile new scheme for non-classical mechanical state
preparation via measurement that can ‘grow’ a mechanical superposition state with a sequence of optical pulsed
interactions and photon-counting measurements. Our scheme operates outside the resolved-sideband regime,
and builds upon the operation introduced in [37], where a single pulsed interaction and photon-counting
measurement causes the mechanical oscillator to undergo a superposition of the identity operation and a
momentum kick. For this operation, the momentum transfer is determined by the single-photon
optomechanical coupling strength. At present, this single-photon coupling strength is small for experimental
solid-state optomechanical systems, and hence our scheme provides a path to increase the momentum transfer
by utilising a sequence of many operations. As will be detailed below, this is achieved by appropriately choosing
the phases in a sequence to cancel all the possible momentum components apart from the two extrema. In this
way, we generate a quantum superposition of two well-separated mechanical momentum components, which
comprise two macroscopically distinguishable states often referred to as a Schrodinger cat state (SCS). In
contrast to existing schemes in the literature for superposition state generation, our approach has several
advantages: (i) the requirement for strong single-photon optomechanical coupling is relaxed and larger
superposition states can be generated by making more steps, (ii) only easily prepared optical inputs states, such
as coherent states and single photons, are required, (iii) the scheme is resilient to optical loss, and (iv) an avenue
is opened for further studies with multiple operations to generate a wide variety of superpositions in momenta as
well as throughout mechanical phase-space. In this work we focus on the preparation of mechanical SCSs, due to
their importance in many proposals for exploring the limits of standard quantum theory and for their utility in
sensing and quantum information applications. Using a range of parameter sets from recent experiments, we
quantify and illustrate the performance of our scheme by characterising the non-classicality and macroscopicity
of the mechanical states that can be generated. Even in the presence of mechanical thermal occupation and
decoherence, we find that strong non-classicality, as indicated by the minimum of the Wigner function and its
total negative volume [38], and large macroscopicity, as defined via [39] and the quantum Fisher information
(QFI) [40], can be readily generated. Furthermore, successful state preparation can be performed with an
experimentally reasonable heralding probability. Alongside this we also propose parameter sets for improved
performance and explore the behaviour of the states produced in near-future realisations of our multistep
scheme.

2. Multistep protocol

2.1. Growing mechanical superposition states with a sequence of operations

Our optomechanical protocol for non-classical mechanical state preparation can be applied to a wide range of
systems. In particular, the two platforms we consider in detail for the present work are engineered solid-state
mechanical systems [15], and ultracold atom implementations [41, 42], where a cloud of atoms ‘sloshes’ within a
trapping potential. Our setup, see figure 1, allows for the implementation of a multistep protocol, in which each
step involves an optical pulse interacting with the mechanical mode of interest via radiation-pressure. The end of
each step is affirmed by a photon-number measurement on the optical field, which heralds a nonlinear
operation applied to the mechanical oscillator. In this section we will first describe how a single step of this
protocol creates a superposition of mechanical momentum states. After this we will then describe how multiple
steps may be used to enhance the separation in momentum and therefore ‘grow’ mechanical superposition

2



10P Publishing

Quantum Sci. Technol. 4(2019) 014003 ] Clarke and M R Vanner

states. Before the protocol is outlined, it is convenient to introduce some of our notation. Firstly,

X = (b + b")/~/2 is the mechanical position operator in units of the zero-point motion of the mechanics
Xo = /2 /(mw), where wis the mechanical frequency and m is the effective mechanical mass. Secondly,
P = —i(b — b") /+/2 is the mechanical momentum operator in units of the zero-point momentum,

Py = ~7Zimw.When X and Pare defined in this way we have [X, P] = i.

Each step of our protocol is initiated by the injection of a pulse of light in the quantum state |)) into a Mach—
Zehnder interferometer via a 50:50 beam splitter. For this scheme, this optical pulse is taken to be either a weak
coherent state | /2 o) or a single photon | 1). We will describe both cases here and show that, apart from the
heralding probability, both of these optical input states result in the same non-unitary operation, which
generates the mechanical superposition of momenta. At the first beam splitter, the optical pulse is mixed with
vacuum on the unused port through U'a,U = (a; + ;) //2 and Ua, U = (a) — a,) /~/2, where a, , are the
annihilation operators for the two optical modes of the interferometer. In the lower arm, a phase ¢; is imprinted
onto the optical field, where j indexes the step number. While in the upper arm the optical pulse and mechanical
mode couple via the interaction Hamiltonian

Hip = —7ga; ai(b + b'), (1)

where g is the optomechanical coupling rate. Provided that the interaction time is much shorter than the
mechanical period, we model the optomechanical interaction with the unitary operation elta mX a5 has been
employed in [21]. Here, 1 is the dimensionless optomechanical coupling strength, which quantifies the
momentum transfer during the interaction in units of zero-point momentum. For a single-sided optomecha-
nical cavity p1 = 3g,/+/2 ki, where & is the cavity amplitude decay rate. The numerical prefactor in y originates
from the assumed temporal shape of the optical pulse, /& exp(— k|t]), which matches the spectrum of the cavity
[21], and a derivation of 1 in this case is given in appendix A. For the case of the coherent input, this temporal
envelope may be engineered from a continuous laser by amplitude modulation. Whereas for single photons, this
pulse shape is often created naturally in the process of cavity-enhanced non-degenerate parametric down-
conversion [43]. After this optomechanical interaction, the two optical modes then interfere on a second 50:50
beam splitter and photon-number measurements are made at the beam-splitter outputs, which provides the
event-ready signal for the end of the step. Temporal mode matching of these two optical pulses may be ensured
by placing a cavity, with an identical response function to that of the optomechanical cavity, in the bottom arm
of the interferometer. An {m;, ;} click event corresponds to detecting m photons in the detector at the output of
mode 1, and n photons at the output of mode 2 at the end of the j " step.

Registering an {1, n;} click event for a single step of the protocol corresponds to a measurement operator
that maps the initial state of the mechanical mode p;, to the output state o< Tf,{’,))nj o p,,. Forbrevity we use
the circle notation for quantum operations, i.e. T o p = TpYT. Here, the superscript j on the measurement
operator highlights the dependence on the choice of phase at the j™ step, while the subscripts run over the

complete set to which the measurement operator Tf?{]) »; elongs. This measurement operator is given by

D = (mj|(nj| UelnalaXeidaia ,where Uis the beam splitter operation defined above. More
o, | (nj| UeiralaXeidaay]4)) |0), where Uis the beam splitter operation defined above. M
explicitly, we have

e—lal oMt

O X g eiym(en — el for [4) = [VZa)
TG m;ln;! (N2)mitmn Q)

mj,nj
1. . . y
5[(6””( + €91 G100 + (€% — €91) 8y 00,11 for [40) = [1).

It is thus seen that this operation applies a combination of displacement operators "X and phase shifts e'%1 to
the mechanical state dependent on the choice of phase and the measurement outcome.

Multiple steps can be used to enhance the separation size of these superposition states and, in this way, grow
the quantum state to a macroscopic scale. To ensure that the protocol grows the superposition state along the
momentum axis of phase space, the pulses are applied either one after another rapidly, in a time much less than
the mechanical period, or once every mechanical period. In the following discussions, we will assume that the
latter approach is adopted and in later sections compute the decoherence between steps. After N steps of this
state preparation protocol the mechanical density operator is described by

pN = L(T%\]N),n;q Tgﬁz,nz’r%?,nlopin)‘ (3)
Py
Here, the probability to obtain a particular series of N output click events is given
by PN = tr(TSTIl\I{J)»"N Tflimz’r%{m ° pin)‘

For the particular case of a series of {0, 1} click events, every measurement operator in equation (3) takes the
form Tg{ ) o (e*X — ei9), which is a superposition of a momentum displacement operator and a phase shift.
In this case, the multistep protocol then maps the initial state p;, of the mechanics to the final state
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N

py < [T [DGp/V2) — e91] o p,,. (4)
j=1

The multistep protocol therefore produces a final mechanical state consisting of N + 1 copies of the initial state

along the momentum axis of phase space, each separated by pi. Controlling the value of ¢; at each step of the

protocol allows for the preparation of a variety of mechanical momentum superposition states. An especially

noteworthy choice of phase is ¢; = 27j/N, which leads to cancellation of all the cross terms in equation (4),

leaving

py < [DGNp/2) = 1] o py, ©

Equation (5) shows that the final state of the mechanics comprises a SCS along the momentum axis of phase
space consisting of a superposition of the initial state at P = 0 and P = Nyu. When this particular choice of phase
is utilised the multistep protocol therefore leads to an enhancement in the phase-space separation of momentum
components by a factor N. Growing the superposition state in this way will lead to more prominent non-
classicality and macroscopicity features. As stated earlier, the SCS is frequently discussed in theoretical proposals
that study quantum mechanical phenomena such as wavefunction collapse and the interface between quantum
mechanics and gravity, and hence we focus on this class of state for the rest of this work.

For further calculations, it is convenient to express and visualise these states in a phase space formed by
position and momentum operators, X and P, using the Wigner quasiprobability distribution. Assuming that the
mechanical mode starts off in an initial thermal state with a mean thermal occupation 7, i.e.

p; = (ri)! f d23e~151/3| 3 ) (8], where the dummy variable 3is a coherent amplitude, the final state of the
mechanical mode after the multistep protocol given by equation (5) is described by the Wigner distribution

Wsces (X, P) = /\/SCS {expl:_xz _ P2:| N eXp[_xZ —(P— N/J)z]

(1 + 271) 1 + 27 1+ 27

_ Y2 _ _ 2
X2 — (P — Nu/2) ]} ©

2cos(N,uX)exp[ D)
+ 27

Here, 1/2Nscs = 1 — exp[—N2u?(1 + 21i) /4] ensures normalisation. The first and second terms inside the
curly brackets of equation (6) are the population components of the SCS, while the last term corresponds to the
quantum interference between them.

This type of mechanical superposition state may also be obtained by observing a series of { 1, 0} click events
instead of a series of {0, 1}. With ¢; = 27j/N, registering a series of { 1,0} clicks leads to the generation of the
final state pg\] = N'[D@Gp/N2)N — (=DN1 o Pi,- The mechanical mode is therefore in an even cat state or an
odd cat state if Nis odd or even, respectively. At small values of Ny the total measurement operator for the
protocol is proportional to the identity operator when Nis odd, i.e. D (iz1/~/2)N + 1 a 21. While for even N, at
these small values of N the measurement operator is proportional to the position operator, i.e.

D(iu/~2)N — I =~ iNuX.Itis therefore apparent that a protocol which produces odd cat states for all Nis
preferred, as it leads to the production of mechanical states which differ significantly from the initial mechanical
state, even for small pi. Crucially, these odd cat states possess more prominent non-classicality and
macroscopicity features as will be discussed in sections 3.1 and 3.2. Therefore, to obtain these more interesting
states for a series of { 1,0} click events at any N, and recover equation (5), the phase is chosen as ¢; = 27j/N + .
In summary, the multistep protocol for growing a mechanical SCS consists of recording a series of {0, 1} or {1,
0} click events and choosing the phases to be ¢; = 27j/Nor¢; = 27j/N + m, respectively. Figure 2 shows how
the mechanical SCS grows in phase-space during a five step process.

2.2. Heralding probability and optical loss

For no optical loss, the heralding probability Py for the multistep state-preparation protocol may be calculated
by setting the trace of equation (3) equal to one. To model detector inefficiency and optical loss, we insert
fictitious beam splitters of intensity transmission 7 after the cavities in the upper and lower arms of the
interferometer in figure 1. If there is an asymmetry between the optical loss in the upper and lower arms of the
interferometer this may be compensated for by changing the transmission coefficient of the first beam splitter to
balance the amplitudes at the final beam splitter. On these fictitious beam splitters, the optical modes of the
interferometer then interact with the environment, which at optical frequencies is well described by the vacuum
state, and a trace over the output environmental states is performed to account for the loss of optical
information. For a single photon input state, optical losses only act to reduce the heralding probability for the
multistep state-preparation protocol and do not affect the final mechanical state. This is because, when single
photons are chosen as the input states, optical loss always prevents the click event which heralds the next step of
the protocol and so that experimental run is discarded as explained below. Optical loss also has negligible effect
on the final mechanical state when the input state is a weak coherent state, provided that (1 — 7)|a> < 1.
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Figure 2. Growing mechanical Schrodinger cat states in a multistep process. Here, the Wigner distribution is plotted at each step of a
five-step protocol for ;1 = 1and 71 = 0.1. Between each plot the measurement operator Tg{ ) is applied to the previous mechanical
state. The phases applied on the first, second, third, fourth and fifth steps are ¢; = 0, ¢, = 27/5, ¢35 = 47/5, p4 = 67/5and

¢s = 8m/5, respectively. The final plot of this figure is the SCS, consisting of two population terms centred at P = 0 and P = 5, with

interference between these two terms centred at P = 2.5.

When optical loss is significant, such that (1 — n)|a]* < 1 cannot be satisfied, the loss of photons to the
environment leads to mechanical decoherence, which reduces the mechanical non-classicality. A more detailed
treatment of optical loss is given in appendix B. Henceforth, in the main text we will assume that single photons
or weak coherent states, satisfying the condition (1 — 7)|c|?, are used as the optical input states. These
conditions ensure that optical-loss-induced mechanical decoherence is avoided and loss only acts to decrease the
heralding probability for state preparation.

For an initial thermal state p;, = p;, and using ¢; = 2mj/N, m; = 0,and n; = 1 forall j, we then have

B {21N62N’7|”|27]N|a|2N{1 — exp[—N2u2(1 + 271) /4]}  for |¢) = [V2a)
N =

7
2-NpN {1 — exp[~N22(1 + 27) /4]) for [1)) = |1). @

The case where [1)) = |1) shows more favourable scaling in the heralding probability. This improved
performance occurs for all coherent amplitudes, as can been seen explicitly if the first heralding probability in (7)
is maximised with respect to /7 |a to obtain /7 [a|max = 1 / V2, which maximises the probability for {0, 1}
and {1, 0} measurements, although smaller values of || may be needed to satisfy (1 — n)|a* < 1atrealistic
detector efficiencies, as discussed in appendix B. This difference in heralding probability is easily explained by
photon number conservation, which demands that for a single photon input, and with no optical loss, the only
possible output clicks are {0, 1} and {1, 0}, which are optimal for the protocol described above. On the other
hand, whereas the coherent input pulse permits #2;and #; to take on any integer value greater than or equal to
zero. We will now discuss realistic photon counting schemes for our two optical inputs.

For [¢)) = |1),low-dark-count avalanche-photodiodes (APDs) may be employed. This is because, in the
absence ofloss, only {0, 1} or {1, 0} click events are possible, which are readily detected using APDs, and
photon-number resolution is not required. In the presence ofloss {0, 0} click events are possible, which leads to
aloss of mechanical non-classicality and therefore runs of the experiment where these events occur are
discarded. In this way, the protocol is made resilient to detector inefficiency and optical loss by selecting a
successful run of the experiment at the cost of a reduced success probability. Dark counts present a second
unavoidable deleterious effect as they introduce false positive measurement outcomes. To minimise the
frequency of these events, the detection time window may be gated to the pulse arrival time.

When |¢)) = | J2 ), the protocol calls for high efficiency, low-noise, photon-number resolving detectors.
As the number of steps in the protocol increases past N = 2 then, depending on the experimental parameter
regime, the total probability of obtaining the SCS may become smaller than the probability of observing a {0, 2},
{2,0} or {1, 1} atany particular step throughout the state preparation protocol. Therefore, in certain parameter
regimes—such as . < 1and coherentamplitudes || ~ 1—if the detectors are not capable of photon-number
resolution we cannot be confident that a true sequence of {0, 1} or {1, 0} events has been recorded and that
optical loss has not led to a misidentification in the string of events, which would reduce the mechanical non-
classicality. However, if we satisfy the above demands on detector performance—in particular that optical loss is
low—then we may include {0, 0} click events within the string of click events and therefore boost the heralding
probability for state generation. This is because the measurement operator for a {0, 0} event is proportional to
identity and so leaves the mechanical mode unchanged when mechanical decoherence can be neglected.

Following our discussions of the heralding probability for state preparation, we may now offer an
approximate timescale over which the experiment may be carried out. Suppose that input pulses are applied
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every period and the mechanics is allowed to relax during a time T, between each run of the experiment, where a
run involves N steps of the protocol. Here, T, = min{1/7, 2 x 10?7 /w}, meaning that we let the mechanical
mode return to the initial state over the inverse of the intrinsic mechanical decay rate 7. Or, if the quality factor of
the mechanical mode Q is too high for this too be practical, we assume that the mechanical mode can be brought
back to the initial state over 10> mechanical periods, e.g. via active-feedback. Furthermore, in order to obtain
sufficient experimental statistical data, many runs of the experiment will need to be completed. Supposing that
one thousand runs of the experiment will be sufficient, it will take a total time of approximately

Tt = 10°27N/w + T;) /Pw. ®)

Note that this expression can be used for both of the optical inputs considered in this work by appropriate choice
of Py

Furthermore, it is desirable that the decoherence time of the mechanics 1/T" is much greater than the time
taken to perform a run of the experiment 27 N/w in order to limit the effects of decoherence in the state
preparation. Here I' = (27, + 1)y and 7, is the occupation of the thermal bath, which is not necessarily in
thermal equilibrium with the mechanical mode. This leads to the condition Q/(27i, + 1) > 27N, which s
easily met in most ultracold atom implementations and solid-state optomechanical systems operating at
cryogenic temperatures. Proposed complete parameter sets will be discussed in section 3.3.

Itis constructive to compare the heralding probabilities of the protocol introduced here with the multi-
photon counting scheme introduced in [37]. There, mechanical state generation is achieved via the interaction
with a coherent state of light | /2 «), followed by a projection of the optical mode onto a NOON state. If Npisthe
size of multi-port implemented in this scheme, then the heralding probability for state generation is given by
Py, = ZNI;NPe‘2|‘”|Z|a|2NP {1 — (=)™ exp[—N; pi(1 + 27) /4] cos(N, ¢)}. By choosing ¢ = 7, we may
therefore rewrite this heralding probability—along with the two heralding probabilities from equation (7)—as a
scaling S multiplied by {1 — exp[—N"2*(1 + 21) /4]}, where N’ = N or N,,. Optimising these scalings over
coherent amplitudes, and assuming thatn = 1,leads to

S(i) = 2172N37N, (961)
Say = 21N, (9b)
Sgiiy = 2! " Me M, (9¢)

where (i) and (ii) refer to the scalings for 1)) = |</2 @) and |¢/) = |1)in our multistep scheme, respectively,
while (iii) is the optimal scaling from [37]. Comparison of S, with S;;) indicates that the heralding probability
scales more favourably with multi-port size than with step number for the case of a coherent input |+/2 c).
However, equation (9b) shows that the multistep protocol with a single photon input gives the best heralding
probability.

With the above probabilities in mind, we would like to further note that the multi-photon counting scheme
in [37] and the multistep protocol we introduce here may be combined. In such a scheme, the momentum
transfer to the mechanics per step would increase to N1, where N, > 2, and thus coherent states would be
required as the optical input states.

2.3.Model for decoherence

The fidelity between the final state and the desired output state of the protocol will be limited by interactions
with the thermal environment. Here, we model the decoherence of the mechanical mode through the semigroup
mapping [44, 45]

o = ()™ [ @ e 190D (B)p,, D), (10)

which describes an admixture of thermal phonons to the input state p;,,. In this thermalisation process 7y, can be
thought of as the mean number of phonons added to the mechanics by the thermal environment between each
step. By expanding equation (10) using 7y, — fig, + Ofig,, to first order in &7iy,, we see that the thermalisation
process is equivalent to the standard single-phonon master equation that describes the evolution of a state in
contact with a high temperature bath. In other words, in this limit, the single-phonon master equation may be
integrated over the mechanical period to obtain equation (10), where 7y, is then the mean number of thermal
phonons added to the state during this time. Mathematically, the requirement for a high temperature bath is

fi, > 1, which remains an appropriate limit for many mechanical quantum systems even at cryogenic
temperatures.

Asin section 2.1 we assume that the mechanical mode is initially in the thermal state p, and we apply the

measurement operator Tg{ ) at each step. Equation (10) is now used to model the decoherence during the

mechanical period between each step. This may be computed analytically, and the Wigner distribution after N
iterations of this step-thermalisation process is
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where &; = Z;:l(lj — m;j) pand N ensures normalisation. For 7ig, = 0, this Wigner distribution returns to
equation (6) so we may identify the 71y, dependent terms in equation (11) as a damping and shifting of the
interference features of the Wigner distribution. This decoherence effect leads to an imperfect cancellation of the
N population terms in the mechanical cat state. Given that the decoherence timescale 1/T" is the time taken for
the thermal environment to introduce half a phonon to the mechanical mode, the number of phonons added
between each step may be approximated as

figh ~ (ZW/WM)F/Z = ’/T(zf_lb + 1)/Q (12)

3. Discussion and results

In this section we discuss the non-classicality and macroscopicity of the states produced by this protocol. We
then demonstrate that significant non-classicality and macroscopicity for realistic experimental scenarios can be
generated. The non-classicality measures we investigate are based on the negativity of the Wigner distribution,
while the macroscopicity measures we study are the phase-space measure Z [39] and a measure based on the
QFI [46]. Definitions and descriptions of these non-classicality and macroscopicity measures will be given
below.

3.1. Non-classicality

The complementarity between the canonical quadrature operators is manifest in the mathematical properties of
the Wigner quasiprobability distribution. Specifically, Wigner distributions may become negative, in stark
contrast to classical joint probability distributions, and hence negativity in the Wigner distribution is a signature
of non-classicality. Therefore, we present two measures of non-classicality based on the Wigner distribution—
its minimum value (min W) and its total negative volume 6 [38].

The absolute minimum value any properly normalised Wigner distribution may take is —1/7. When the
multistep protocol is applied to an initial thermal state, and decoherence is ignored between steps, the final
mechanical state is given by equation (6). In this case, the minimum value of Wscg occursat X = 0, P = Np,/2
and is given by

1 {1 — exp[—N?u?/4(1 + 2a)]}

. (13)
7(1 + 27) {1 — exp [-N*u?(1 + 271) /4]}

min WSCS = —

For this state, in the limit of large momentum separation, the minimum of the Wigner distribution becomes
—1/7(1 + 21i), and therefore the states produced in our multistep protocol approach the absolute minimum
value for min Win thelimit7 — 0.

The total negative volume of the Wigner distribution ¢ [38] is calculated using

5= %(ffwv(x, P)|dXdP — 1), (14)

which is strictly greater than or equal to zero. Furthermore, in appendix C we show that for SCSs this measure is
always less than 1 /7. This upper bound is reached for Ny >> 1 even in the case where the mechanical mode
supports an initial non-zero mean thermal occupation. However, the introduction of mechanical decoherence
(fig, = 0) between steps causes the value of 6 to reduce and drop below this maximal value, as will be discussed in
the results section below.

3.2. Macroscopicity
The phase-space measure of macroscopicity for a single-mode Wigner distribution introduced by Lee and Jeong
in [39] is defined as
T +o00 +o0
7= _Ef f W (X, P)(V2 + 2)W (X, P)dXdP, (15)

where V? is the Laplacian in phase space. Z quantifies the size of the superposition by measuring the degree to
which the sharp features, caused by interference effects, extend in phase space. Lee and Jeong show that pure
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SCSsbelong to a class of states that saturate the upper bound that can be reached by Z, namely the expectation
value of the number operator.

As asecond method to quantify macroscopicity we use a measure based on QFI F. QFI s typically used as a
tool in parameter estimation [47], however, more recently QFI has been used as a genuine measure of
macroscopic quantum effects in spin ensembles [48] and in photonic systems [49]. The macroscopicity of a state
p can be quantified by its sensitivity to translations in phase space. First note that the translated state is given by
p, = e ™0 pel™i with Xy = (ae 1 + afel?) //2. The QFL, F., of these translated states is then calculated for
each 6, and finally a maximisation over all f is performed. Therefore the authors of [49] propose that for a single
mode of a bosonic system the ‘effective size’ of the state p, and the appropriate measure of macroscopicity, is
givenby N (p) = %m‘;ax F;. Encouragingly, QFI has been shown to satisfy a set of conditions for measures of

macroscopic coherence in [50]. Therefore we will now present a measure based on QFI as an alternative measure
of macroscopicity. We will also present Z in the results section to allow for comparison with other macroscopic
state generation schemes, e.g. [30].

The measure N.g (p) is difficult to calculate for mixed states, as diagonalization of the density matrix—or,
equivalently, a maximisation over all POVMS—is required to obtain the QFI. Whereas for pure states no such
diagonlization or maximisation is required. In particular, for the pure SCS, with 7i = 7y, = 0,

Fr =2+ N}32/[1 — exp(—=N*u?/4)] — N*u? cos? 6, which is maximum at § = 7/2. To alleviate the
difficulty of maximising over all possible POVMS when the state is mixed, we restrict ourselves to the set of
POVMsgivenby E(X)) = |X,) (X, |, where 0 < A < 7, which corresponds to quadrature measurements at an
angle ) from the position axis. In this work we therefore use a macroscopicity measure M that satisfies

M < Neg(p). As detailed in appendix D, the above restriction on the set of all POVMS leads to a simple
expression for the macroscopicity measure M, given by M = %m/\ax Fy,.Here, Fy, is the classical Fisher

information (CFI) with respect to the quadrature X . Furthermore, the states which are produced in our
multistep protocol contain interference terms that oscillate along the X axis of phase space, and hence the
maximisation is achieved at A = 0. Further note that the CFI of the SCS, with 7i = 0 and 7iy, = 0, is given by

Fx =2/ + 1) + N?u?/(1 — exp[—N?*>(27 + 1) /4]). So, in the case of a pure SCS, 7 = iy, = 0, itis
clear that a quadrature measurement along X is in fact the optimal POVM measurement, which provides further
motivation for restricting the class of POVMs to quadrature measurements.

3.3.Results

In this multistep protocol, the non-classicality and macroscopicity of the final state depends on Ny and the
initial thermal occupation of the mechanical mode. As an example, consider the ideal case 7 = 71y, = 0, where
the RMS width of the initial Gaussian stateis / (X?) = 1 / J2.For Nu < 1/+/2, the final state of the
mechanical mode resembles a single-phonon Fock state. This can be seen by taking the limit Ny — 01in
equation (5), which gives [D (iNu/~/2) — 1]]0) ~ iNuX|0) o |1). Varying the value of Ny in the range

Np < 1/+/2 has verylittle effect on the non-classicality and macroscopicity measures of these states. For
example, when Ny is increased from 10~ * to 0.1, § remains approximately 0.2131, this equalling the value of §
for a single-phonon Fock state 61y = 2> — 1 =~ 0.2131. The macroscopicity measure M also remains
clamped in this interval at 3—this being equal to the value of M for the state | 1). When Ny is increased above
the width of the initial Gaussian state the state becomes more macroscopic. For example, when Ny = 2, the
non-classicality measure § remains saturated at the value of the single-phonon Fock state, whereas M has
increased rapidly to 4.16. The phase-space distribution now resembles a ‘kitten’ state—a SCS with a small
separation between population terms As Ny is increased even further, such that Ny > 4/+/2, the non-
classicality and macroscopicity measures increase more dramatically. At Ny = 4, d reaches 0.2462 and M
increases to 9.15. When Ny > 4/+/2, the separation of the two Gaussian population terms is greater than four
times the RMS width of the ground state, such that the diameter of the interference fringes—given by twice the
RMS width of the ground state—does not overlap with the width of the population components. Moreover,
when Nyt > 4//2 the mechanical mode is a SCS as the overlap between the two Gaussian population terms is
negligible (less than 1.83%).

In the impure case, initial thermal occupation, or thermal decoherence, leads to a smearing of the population
terms and a reduction in the quantum interference fringe visibility. The decoherence process modelled by
equation (10) reduces the non-classicality and macroscopicity of the state in a non-trivial way as the state grows,
such that at a certain step number the non-classicality and macroscopicity of the may begin to decrease as the
multistep protocol proceeds. This is discussed in more detail below and computed numerically. Figure 3
illustrates the three different regimes of states generated in the protocol depending upon the value of Ny In
particular, the side-view of this figure shows how the two peaks from the Gaussian population terms in the
phase-space distribution begin to become resolvable when Ny increases past 1,/+/2,, before becoming fully
distinct when Ny > 4/4/2.
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Figure 3. Wigner distributions of the single-phonon Fock-like state, kitten state, and Schrodinger cat state that can be generated by
our scheme. This figure shows how the ratio of Ny and the initial width of the mechanical mode determines the nature of the final state
produced in the multistep protocol. Here, 7i = 0, iy, = 0 and Ny increases from left to right as 0.1, 2 and 4. White-dashed circles of
radius ~/2 —twice the RMS width of the ground state—are placed around each of the Gaussian population terms. When Ny > 4/~/2
these circles do not overlap and the mechanical mode is in a cat state. Side-views of the Wigner distributions parallel to the position
axis are also plotted to highlight the difference between the three different regimes of states.

Table 1. Present-day experimental and proposed parameter sets. Here, one thousand runs of the multistep protocol have been considered
using single photons as the optical input states. Each run consists of N = 3 steps with 10% optical loss at each step. All ultracold atom setups
are assumed to be operating at 7i = 0 and at alow bath occupancy, while we assume that the solid-state setups are operatingat 71 = 0.1ina
thermal bath which has been cooled to 100 mK. Parameter set (i) is a currently realisable proposal for generating macroscopic SCSs in
ultracold atoms, while parameter sets (ii), (iii) are proposals for generating macroscopic states in near-future solid-state systems.

References m w/2m (Hz) Q fith Tiot (5) min W 6 T M

Ultracold atom systems

[41] 17.8 37 x 10° 581 541 x 1077 14.1 —0.047 0.115 1.71 11.6
[42] 15.4 50 x 10° 314 7.14 x 107° 5.82 —0.046 0.116 1.28 9.06
() 15.0 50 x 10° 785 4.00 x 10°° 14.0 —0.049 0.142 2.05 13.7

Solid-state systems

[51] 9.64 x 107> 430 x 10°  7.54 x 10°  4.05x 107 510 x 10’  —0.172  0.117 0.323 1.91
[52] 844 x 107> 374 x 10° 374 x 10* 940 x 1072 7.65 x 10> —0.023  0.010  —0.032 0.512
(ii) 0.10 1.00 x 10°  6.28 x 10°  2.09 x 10> 207 —0.178  0.122 0.351 2.09
(iii) 1.00 1.00 x 10° 628 x 10°  2.09 x 10 5.90 —0.230  0.165 0.886 4.39

Table 1 lists a range of parameter sets taken from recent experiments that implement ultracold atom or
solid-state realisations of optomechanical systems. In order to expose the mechanical quantum features, which
lie beneath any thermal fluctuations, the mechanical system must be cooled close to its ground state. Therefore,
in this table for the solid state devices it is assumed that the mechanical resonator is pre-cooled to 7 = 0.1and
the bath temperature is 100 mK. This can be done using a combination of cryogenics, back-action cooling and
active-feedback cooling methods [15]. The table also includes a range of proposed parameter sets that enable
improved performance with our protocol. We consider the case where the optical input state is a single-photon
pulse, the step number is N = 3, and one thousand runs of the multistep protocol have been completed atan
optical efficiency of 90%, such that ) = 0.9. Therefore, the column headed T, indicates the approximate total
time taken to complete an experiment where one thousand statistical data points are obtained. If a weak
coherent pulse is chosen as the input state then the protocol takes approximately one hundred times longer
when N = 3. The final four columns show the values of the non-classicality and macroscopicity measures
calculated using equation (11) and the definition of these measures from sections 3.1 and 3.2.

We would like to highlight that the generation of true macroscopic SCS is currently achievable using
ultracold implementations of optomechanical devices over realistic timescales. The proposed parameter set (i) is
currently realisable and serve as a suggestion for slight improvements that can be made to individual parameters
for an even better performance of the scheme. The solid state systems in [51, 52], as well as proposal (ii), operate
in the regime where Ny < 1/+/2. The protocol is successful in generating macroscopic states for the parameters
from [] and (ii), as macroscopicity values much larger than that of the initial thermal state are generated. For
reference, the macroscopicity of a thermal state is given by M = 1/(27 + 1), which equals 0.83 for 7 = 0.1.




I0OP Publishing Quantum Sci. Technol. 4(2019) 014003 J Clarke and M R Vanner

= -5 = -3 = -2
Nth = 10 Niy = 10 Nth = 10
e e S i S S S—— [ " NS SN S —— S———— S——— [ Sp————— el
A e | == | =01
E J— l P —— ——— g = ST T el T L 1 L
= us
’ E 0 o — T T T ——— T T T = —— T T T
I I | e == | nu=1
J— l R e T — i = T T i T 1 1 1 1
™ 1 2345670123456 701234567
n=0— n=01l— n=1——
Figure 4. Minimum of the Wigner distribution min W plotted as a function of step number N for a range of /1, 17, , and 7. In the ideal
case, i = fiy, = 0, this non-classicality measure saturates at the minimum possible value of —1 /7 irrespective of the value of .
Although the Wigner distribution has greater negativity for ¢ = 1 and for small decoherence (fig, = 10~°), the lower value of 1t
produces a state with a min Wmore resilient to the thermal decoherence as N increases.

However, in this regime true SCSs cannot be generated as we require Ny > 4,/+/2. Given the current rate of
experimental advances, it is encouraging that yt need only be increased by a factor of one hundred to allow for the
generation of SCSs in solid-state devices when N = 3. Importantly, this requirement on the improvement of y¢ is
relaxed even further when Nis increased. Proposal (iii) illustrates the success of the protocol in preparing
macroscopic SCSs when this requirement on Ny > 4/+/2 is met.

The parameter set from [52] generates little non-classicality and macroscopicity despite the relatively large
value of pi. This is due to the rapid thermalisation of the mechanical mode in between steps, which is a
consequence of the low quality factor. The performance of the protocol rapidly diminishes as 77y, is increased in
magnitude past 10, and note that the value of /i, depends upon the quality factor and the temperature of the
thermal bath.

Values for the mean number of phonons added to the mechanical mode were calculated using equation (12).
The values of the measures of non-classicality and macroscopicity reached in this multistep protocol are
sensitive to the value of iy, in fact, for a given value of 1 and 7iy,, there may be a point where increasing the step
number past a certain value leads to a reduction in the non-classicality and macroscopicity of the state. The plots
below illustrate this point and demonstrate that for a given parameter set an optimal step number can be chosen
by considering the total time required and calculating the measures from equation (11). We now turn our
attention to study the non-classicality and macroscopicity of the mechanical states in more detail.

The plots in figures 4 through 7 consider the dependence of the non-classicality and macroscopicity
measures on step number for g, = {1075, 1073, 1072}, 7 = {0, 0.1, 1},and u = {0.1,1}. As expected, the
introduction of decoherence between steps filters out the high-frequency contributions to the Wigner
distribution, which leads to a decrease in the non-classicality and macroscopicity values. We consider step
numbers ranging from zero through to seven and note that the case where 7, = 107> performs as well as the
ideal case, with 71y, = 0, to within five percent by the end of the seventh step for all measures. Therefore, if
optomechanical devices could be produced with sufficiently high quality factors operating at millikelvin
temperatures, such that iy, &~ 107>, then equation (6) would serve as an accurate tool for analysis up to at least
seven steps. We also consider the cases where i3, = 1072, which was considered in table 1, and 7y, = 1072,
which represents a situation where thermal interactions are much stronger. Furthermore, we assume that either
single photons or weak coherent states, satisfying (1 — 1)|a/* < 1, are used as input states such that the
presence of optical loss has no effect on the phase distribution of the final mechanical state.

The non-classicality measures plotted in figures 4 and 5 are very sensitive to initial thermal occupation,
which reduces the prominence of any non-classical features of the final mechanical state. The amount of thermal
occupation, and therefore the reduction in ‘phase-space sharpness’, is further increased by the decoherence
process modelled in between steps of the protocol. Generally speaking, figures 4 and 5 show that states with the
highest values of Ny, and therefore the sharpest phase-space features, are more susceptible to thermal
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Figure 5. Total negative volume in phase space ¢ plotted as a function of step number N for a range of 11, 7y, , and 7. States produced in
the large Ny regime with 7ig, = 0 saturate the maximum value of this non-classicality measure for a SCS state, 6 = 1/7,
independent of the value of 7i. The plots also show that for 7 = 0, iy, ~ 0,and Ny < 4/+/(2) the value of § is equal to that of the
single-phonon Fock state as discussed above in the main text. The states with lower phase-space separation are better at retaining their
dvalues as N increases when decoherence effects are considered.
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Figure 6. The phase-space macroscopicity measure Z plotted as a function of step number N for a range of y, 1y, , and 7. With the set
of parameters denoted in the figure, the plots demonstrate the regime where the multistep protocol is successful in growing
macroscopicity—as measured by Z —with step number N. The plots also identify the regime where 7 decreases with step number
when decoherence effects begin to dominate.

decoherence effects. This is the conventional quantum-to-classical transition in action. Note that, even after
seven steps of our multistep protocol the states with ;4 = 1 experiencing heavy thermalisation, 71y, = 1072, still
retain significant non-classicality—approximately one-fifth of the maximal values for each non-classicality
measure.

The macroscopicity measures are plotted in figures 6 and 7 and by comparing these plots we see that these
two measures scale in a similar way with N. This is because both Z and M measure macroscopicity via the
degree to which sharp features extend in phase space. Z measures this sharpness by averaging over the whole of
phase space, while M selects an optimal direction in phase space. The multistep protocol discussed above is
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Figure 7. The quantum Fisher information based macroscopicity measure M plotted as a function of step number N for a range of 1,
#ih »and 71. M scales similarly to 7, reflecting the similarity of the two measures, and the same general results discussed in the caption
of figure 6 apply here too. However, as compared to figure 6, the increase in macroscopicity with step number N is just visible when
= 0.1and ig, = 107>,

deemed successful if it can grow mechanical superposition states towards macroscopic values even in the
presence of thermal occupation and decoherence. For the chosen parameter range, figures 6 and 7 show that this
goal is possible for ;1 = 0.1 only for small 7zy,. The plots for i = 0.1 and 7ig, = 1073, 10~ show a decreasein Z
and M with step number. While the corresponding plotat iy, = 107 produces an increase in these measures
with step number—this increase is slight and not visible in figure 6. But perhaps more interestingly, for 4 = 1,
the macroscopicity of the decohered states increases as the state grows for N < 5 even in the case of heavy
thermalisation, iy, = 1072, This demonstrates that our protocol is capable of generating significant
macroscopicity even when decoherence and initial thermal occupation of the mechanical mode are accounted
for. It must however be noted that past N = 5 the protocol leads to a decrease in macroscopicity, meaning that 5
steps is the optimal step number for 1 = 1and 71y, = 10~2. For a given coupling strength and decoherence rate
this result indicates that by analysing equation (11) an optimal step number can be established.

4. Conclusion

In this work, we have proposed a measurement-based multistep protocol for macroscopic quantum state
preparation of mechanical motion via cavity quantum optomechanics. Our protocol not only allows for the
increase in non-classicality and macroscopicity with step number, but also relaxes the requirement on the
optomechanical coupling strength needed to prepare well-separated mechanical superposition states. We have
focused primarily on the preparation of mechanical SCSs, which consist of a superposition of two distinct
momentum states. This is achieved by setting the phase within an optical interferometer, at each step of the N-
step protocol, to be the N'! root of unity. We would also like to highlight that by varying the phase ¢;jintroduced
at each step, our scheme opens up the possibility of preparing a broad range of non-classical mechanical states.

Our protocol may be implemented with readily-available optical inputs: single photons or weak coherent
states. Both inputs provide resilience to optical loss, where a more favourable heralding probability is obtained
with single photons. Using parameters from recent experiments we have studied the effect that initial thermal
occupation and mechanical decoherence has on the heralded mechanical state. We have shown that our scheme
may be used to grow macroscopic SCSs in present-day ultracold atom implementations of cavity
optomechanical systems. Furthermore, we have also shown that our scheme provides an experimentally feasible
route to grow macroscopic mechanical superposition states in solid-states devices using present-day, and
expected near-future, experimental parameters.

This work provides a new path towards the longstanding goal of quantum state generation at a truly
macroscopic scale, which would allow for the study of wavefunction collapse and the interface between
quantum mechanics and gravity to be explored. We would also like to note that this protocol can be readily
adapted to be employed in systems which interact via a spin-phonon coupling, e.g. of the form Hj,; = %Z)o, X.
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Prominent examples of such systems include mechanical oscillators with nitrogen-vacancy centres [53, 54] and
superconducting electromechanical platforms [45, 55].
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Appendix A. Pulsed optomechanical interactions

In the multistep pulsed protocol we have introduced, we require operation well outside of the resolved sideband
regime so that the mechanical free evolution may be neglected during the interaction, i.e. we require x >> w.
Furthermore, for any reasonable mechanical oscillator, with a quality factor much greater than one, this means
that the damping and noise on the mechanical mode can be also ignored during the light—matter interaction.
Under these conditions, for a resonant pulsed drive, in a frame rotating at the cavity frequency, the Langevin
equations for the system are

da

i (iV2Xg, — K)a + 2k ain, (A.1)
t

v .

5 ig,a'a, (A.2)

where we only consider the interaction between a single intracavity field, described by operator a, and a single
mechanical mode, described by b. Here, a;, is the operator for the input field, which obeys the input—output
boundary condition ao, = +2ka — aj,. As X is approximately constant during the interaction, we integrate
equation (A.1), which leads to

. t 5 !
a(t) = Varel B [ g (i)l By (A3)
— 00

By rewriting the Langevin equations for the mechanical mode in terms of X and P we arrive at
dx

—_— =0, A4
” (A.4)

dp
— = 2g.aa. A5
& & (A.5)

Equations (A.4) and (A.5) are then readily solved to obtain
X' =X, (A.6)
+o0

P — P = 2g, f da(t)dt. (A7)

Here, the prime indicates the state of the system after the pulsed interaction and the limits of integration are valid
if the pulse duration is much shorter than the mechanical period. Immediately, we see that on this short time
scale, defined by the temporal envelope of the pulse, the position of the mechanical mode stays constant, while
the field imparts a momentum kick to the mechanics.

Now we assume that the input pulse contains a single photon with temporal envelope f (%),

+00
W) = [ df@aiwlo), A8)
— 00
with f i dt|f (t)> = 1. We may write the momentum exchange during the interactionas P/ — P = un’,
which introduces the optomechanical coupling strength. This form of the interaction is evident from the
optomechanical unitary e!#X"’ from section 2.1, however we are now more careful to distinguish between the
number operator integrated over the pulsed-optomechanical interaction 7', and the time dependent intracavity
field operators a(f). Equation (A.3) may be inserted into (A.7) to obtain another expression for the momentum
exchange

+00
P —pP= ﬁgof ala(t)dt = pn’
— 00
+00
— 00

t t H ! H "
=8¢,k f dte= 2t f dt’ f el 2Xe) e =2 X0 g (1) (7). (A9)
) —00 — 00
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To find an expression for p we take the expectation value of the above equation in the total state of the system,
which will be a joint state of the external light, the intracavity light, and the mechanical mode. This gives

+00
(P = P)=2g, [ (aa(0)dt = (i)
—00
+00 t t P
= Jggonf dte*Z’“f dt’f dt"er'e " (al (t")ai (t")). (A.10)
—00 —00 —00

Where we have used the fact that (X) = 0. The optomechanical interaction between the intracavity field and the
mechanics will generate correlations between the light and mechanical motion, however as the interaction

preserves the mechanical position, when the expectation value over the whole system is taken we retain (X) = 0.
The average over the input field operators is given by

(af, (N an(") = (Y] af,(tan("Y) = FFEf "), (A.11)
and the expectation value of the number operator is (n') = 1for asingle photon pulse. Finally, the equation for
(4 may be written as

+00 t t P
= Bk f dre2t f dr’ f de"eRt et PR (¢ (1), (A.12)
Choosing the pulse shape f (t) = /K exp(—«][t|), which matches the cavity spectrum, and carrying out the final
integral over the entire duration of the pulseleads to ;1 = 3g, /N2 k.

Appendix B. Optical loss

B.1. General input state

In our multistep protocol, optical losses and detector inefficiencies are modelled by beam splitters of intensity
transmission 7 placed after the cavities in the upper and lower arms of the interferometer path, see figure B1. We
introduce the field operators a; and a4, which support the environmental modes impinging on these beam
splitters in the upper and lower arms of the interferometer, respectively. At optical frequencies the input
environmental states are well described by the vacuum state and therefore the measurement operator
corresponding to losing k photons in the upper arm and / photons in the lower arm, at any step in the protocol, is

Tt = (m|(n](k|(I] U UpyUjseiaiaXeivaiay|4)]0)]0) [0). (B.1)

Here, the step index j from the main text has been dropped for convenience. Subscripts have been included on
the beam splitter unitaries to indicate the modes on which they act. U}, operates on the interferometer modes as
outlined in section 2.1, while U, 3 and U,, act according to

USaUis = yar + (T — 1 )as, (B.2)
UhaUss = JTay + (Y1 — 1 )au. (B.3)

To account for the loss of information to the environment a trace operation must be performed over the output
environmental states, so that after an {m, n} click event the state of the mechanical mode is given by

Zk le,n,k,l °op
o= : . (B.4)
tr(Zk) le,n,k,l o ,0)

Here, p is the state of the mechanical mode before the optomechanical interaction.

trace

n
trace

Figure B1. Beam-splitter model for optical loss at any given step in the multistep protocol. Beam splitters of intensity transmission 1
are placed in the interferometer path after the cavities to model loss to the optical environment. The input environmental modes
interact with the interferometer modes on these beam splitters. A trace operation is then performed over the output environmental
modes that leads to loss of optical information, which induces mechanical decoherence. At = 1, these beam splitters are fully
transmissive and the protocol operates at perfect optical efficiency.
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B.2. Single photon input
For a single photon input the measurement operator becomes

1 . y 1 . .
Yokl = Eﬁ(elﬁx + €*°1) 0, 101,00k,001,0 + Eﬁ(el“x — €'1) 611,001,10k,001,0

+ /1 ; n €% 8,,,00,00k, 10,0 + 1 ; n €1216,,,00,,,00k.001,1- (B.5)

Byinspection of Y, ,, ., itis clear that fora {0, 1} or {1, 0} click event the only effect of optical loss is to reduce
the heralding probability at each step by a factor of . Importantly, the heralded mechanical state is not affected
and in this way the protocol is resilient to optical loss and detector inefficiencies.

B.3. Coherent state input
When the input optical state is a coherent state | /2 o) the measurement operator takes the form

el (e tIT=mal
N o T (J2)m+n

x (elX | eldlym(einX _ eioq)neikuXeild] (B.6)

By considering the role of this operator in the map described by equation (B.4), we observe that the terms
depending on the index / have no operational effect on the mechanical mode and may be summed separately to
give

i Ki‘/l_”m'zl — o=mlal, (B.7)

The k-dependent terms affect the mechanical mode via

0o — 2k
S Ki‘flk'”)a' eikiX y ek (B.8)
k=0

which in the limit (1 — 7)|a|?> < 1leaves the mechanical mode unchanged. In this regime, carrying out the
trace operation leads to an effective measurement operator, for a {m, n} photodetection event, given by

B e*77|04|2 (ﬁa)ern
B Jmln! (J2)mtn

which is identical to equation (2) aside from the transformation o — /7 av. In this regime the heralding
probability is given by equation (7).
When (1 — n)|al* < 1cannot be satisfied then the measurement operator takes the form

Tm,n,k = Tm,ne)k) (B.10)

where ©, = C; D(iku/~/2), with G, = [(\/1 — n)a]k/\/ﬁ. Note that because Oy is a function of X, it
commutes with all other operatorsin Y, ,,. As such, in the multistep protocol the effect of optical loss may be
computed by commuting all of the O operators to left, which modifies equation (5) to

oo

Pn X Y. OOk, ... OIDINL/V2) — 1op,,. (B.11)

ki ko, ... kn=0

Tm,n (ei;LX + eiq‘)ﬂ)m(eiu)( _ ei@ﬂ)n’ (B.9)

In the case of a coherent input state and in the presence of optical loss, the Wigner distribution of the mechanical
mode after N steps of the protocol is therefore

M] 00

WX, P) = ———— ICiul*|Cry 1P - ICil?
! 77(1 + 2”) k],kz,Z,:kN:O N N
2 2
X2 - (P—qu\ilk,) X2 (P—Nu—uzf_lki)
X 4 exp + exp —
1+ 27 1+ 27
2
~x2 = (P = Nu/2 = 30} k)
— 2cos(NuX)exp R (B.12)
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n=1 n = 0.75 n = 0.75
lal=1/v/10 |al=1/v/10 |a|=
6

—1
2 0 2 2 0 2 T
X

min W = —0.318 min W = —0.295 min W = —0.164

§=0.219 5 = 0.203 §=0.116

T =139 T =126 T =0.728

M =6.03 M = 6.03 M =6.03

Tiot = 817 x 10% s Tt = 1.55 X 10% s Tiot = 478 s

Figure B2. The effect of optical loss and detector inefficiencies on the final mechanical state. In this figure we consider how optical loss
affects the performance of a multistep protocol consisting of N = 3 steps with a coherent state chosen as the optical input. We quantify this
performance in terms of the non-classicality measures, the macroscopicity measures, and the total time taken to complete an experiment
where one thousand statistical data points are obtained. We take the parameters from proposal (iii) of table 1, but ignore any thermal effects
so that the effect of loss is isolated (11 = 1, 7 = 0). The phase-space plotatn = 1and |o| = 1/+/10 (left) illustrates the case when the
protocol operates at perfect optical efficiency. Conversely, the phase-space plot at 7 = 0.75and || = 1/+/10 (middle) shows the effect that
optical loss has in a regime where (1 — 1) |a> < 1. Here, the main effect of loss is to decrease T, while the phase-space measures are not
changed significantly. The final plot illustrates a regime where optical loss leads to significant mechanical decoherence (right).

where the normalisation is given by

o0

1/2N,= 3 1CuPICk [ . ICKP {1 — exp [-N22(1 + 271) /4] (B.13)
kik, ..., kn=0

W, (X, P) describes a mechanical state consisting of a statistical mixture of SCSs described by the Wigner
distribution Wscs(X, P) from equation (6). Hence, we may write W,(X, P) as

MI - 2 2 2 al
S CPICk P - ICK? Wees| X, P — 1> ki |- (B.14)
SCS ky,ky,...,kn=0 i=1

Wy (X, P) =

The first term in this sum represents the mechanical state in the absence ofloss, while higher order terms in

(1 — n)|a)? represent states displaced from this by integer multiples of i along the momentum axis. This
incoherent mixing of states in the mechanical phase-space distribution is the manifestation of mechanical
decoherence induced by optical loss. For an arbitrary o and 7, the full heralding probability for state preparation
in the presence of optical loss is given by

o0
Py = Z |CkN|2|CkN,1|2 |Ck1|221—Ne—ZanalZ,r]NlalZN
kiky, ... ky=0
x {1 — exp [-N*u*(1 + 27m) /41}, (B.15)

which reduces the formula given in equation (7) in the limit (1 — 7)|a]* < 1.

The presence of optical loss also reduces the non-classicality and macroscopicity of the final mechanical state,
however these changes can be made negligible for a given value of 7 by reducing the amplitude of the input coherent
state such that (1 — n)|a|? < 1issatisfied. In figure B2 we illustrate the effect of optical loss on the phase-space
distribution of the heralded mechanical state. The asymmetry about P = 0 in the final phase-space plot is explained
by the interpretation of W,(X, P) as a statistical mixture of SCSs, each displaced by integer multiples of ;: along the
momentum axis. In this way we see that positive and negative areas of phase-space will combine in order to produce
regions of reduced visibility as in the final phase-space plot of figure B2. Interestingly, figure B2 shows that the
macroscopicity measure M is unaffected by optical loss. This is because this measure depends entirely on the
position probability marginal p(X), and by integrating equation (B.14) we find that p, (X) = pgcg(X).
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We would like to reiterate that the deleterious effects of optical loss to the mechanical state are avoided by
choosing single photons or weak coherent states as the input states, as is considered in the main text.

Appendix C. § of a SCS

The negativity in Wscs is due to the oscillating cosine term in equation (6). For well-separated SCSs where
Ny > 1, such that the overlap of the interference term with the population terms can be ignored, to calculate
the value of dscs it is sufficient to consider only this term. From equation (6) it is clear that any overlap of the
interference term with the population terms will lead to a reduction in §scs. The quantity

~X2— (P — Nu/Z)Z)
1+ 2a

+o00 +o00
E= 2&‘[ dXchos(NuX)exp( (C.1)

Ta + 2w o
gives total volume introduced by the interference term. Note that E < 0 because the minimum of the
interference term occurs at X = 0, P = Ny/2 and away from this point the Wigner function is modulated by a
decaying Gaussian envelope. E may be decomposed as E = 6 — §gcs. Here, § is the total positive volume and
bscs 1s the non-classicality measure of interest in the limit Ny >> 1. We may also consider the quantity J

Niscs X2 — (P — Nu/z)l)

+o0o +o0 _
J=2 j:oc f;oo dXdPp| cos(N,uX)lexp( ey

C.2
(1+2a)7 ©2)

which we may rewriteas I = 6§ + 85cs. This therefore leads to the expression dscg = %( ] — E).Eisreadily
calculated using basic Gaussian integration, and hence we obtain
E = —exp[—N2u2(1 + 27) /4] /{1 — exp[—N?u>(1 + 2i1) /4]}. However, the absolute sign in
equation (C.2) makes the evaluation of ] more involved.
Introducing the change of variable A = 1/[N2u?(1 + 27)]and x = NuX allows us to write

jo— HMes (C.3)

NuJ(d + 2w

with

+o00 5
I= f e ™| cos(x)|dx
— 00
(o)

(n+1)m 5
S f_ e Mosldx. (C.4)

n=—0o0

By introducing the change of variables t = x — nm, Ibecomes

& T
I= > fo e AT’ cos (1) |dt

n=-—00
o0

/2 T
> [f e~ M cog(1)dt — f e’\(”"”)zcos(t)dt]. (C.5)
0 /2

n=-—00

Then in the second integral of equation (C.5) welet t — t — 7, which allows I to be written as

ks 2
I= > fﬂ/ (e A+ 4 o= M+ DT=0%) cos(t)dt. (C.6)
n=—o00 0
The Poisson summation formula which relates the infinite sum over inverse Fourier components,
n=00 k=00
Yooamy =Y, ak), (C.7)
n=-—00 k=—00
may be used by assigning
m/2
a(n) = f (e~ AHmm? o= M+ DT=0%) co5(1)dt. (C.8)
0

d(k) is then calculated by Fourier transform
+o00 .
ack) = f e 2miksg (5)ds
— 00
/2 +o00 . ) 5
— f f e—2ﬂ1k5(e—)\(t+nrr) + e—)\((n+1)7r—t) )COS(t) dtds
0 —00

_ 2 ep_ (D (C.9)

NOYS 1+ (—Dk2k’
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By putting equations (C.6)—(C.9) together, the value of Iis found to be

Izkfo 2D (C.10)
PNV O v 1+ (—Dk2k

The total negative volume of the Wigner function dscs in the limit Nyt > 1 is then given by

k= N2 =
dscs = 1) tMscs ZOO e RN (A+2) (=D* + ¢ naems . (C.11)
2 T 1+ (—l)ka [1— e—N2/12(1+2ﬁ)/4]

k=—o

As Ny — o0, equation (C.11) tends to 1 /7 even in the case that the mechanical mode has a non-zero initial
thermal occupation. Hence, by dropping the requirement that Ny >> 1, wearrive at theresult 0 < dscs < 1/7
valid for all finite N, p and 7i. Numerical results show that the introduction of thermal decoherence at each step
in the protocol leads to a depletion in § that cannot be compensated for by an increase in cat state separation.

Appendix D. The macroscopicity measure M

The macroscopicity measure in bosonic systems for the quadrature degrees of freedom as introduced by Oudot
etalin [49]is N (p) = % max E.,where

0,POVMs
1 (0p.(0Y
E = |dx —/1. D.1

f pT(x)( or ) (B

Here, p_(x) = tr[p, E(x)] for POVM element E(x), p, = e~ pei™, and Xy = (ae™ + afel’) /2. As
discussed in the main text, the difficult part in the calculation of N.¢ (p) for a general state p is the maximisation
over all possible POVMs. Hence we only consider a maximisation over the complete set of quadrature
measurements E (X)) = |X,) (X, |, where 0 < \ < 7. The macroscopicity measure we use in this work is
therefore, M = %max E.

0,2
This expression can be simplified by rewriting the state p, in the Glauber—Sudarshan P representation
pr — efiTXﬁpeiTXg
+o00 +00 X .
= f f Py(X, P)e™™]y) (] ei™r d?y
—00 —00
+o00 +o00
= [ [ repimn ey (D2)
— 00 e

with coherent amplitude v = (X + iP)/+/2. Here P(X, P) is the P function of the state p,, while Py(X, P) is the
Pfunction of state p. Considering the action of the displacement operators on the coherent states |y) allows one
toseethat B.(X, P) = Py(X — 7sinf, P + 7 cos ), and consequently
W, (X, P) = Wo(X — 7sinf, P + 7 cosf). The Radon transformation

+00
p,(Xy) = f W, (X cos A — Psin A\, X sin A + P cos \)dP (D.3)

may then be employed to show that p_(X,) = p,[X\ — 7sin(f + MA)]. Inserting this into equation (D.1) and
making the substitution X{ = X, — 7sin(f + \)leads to the expression E, = sin*(f + \)F x,- Here

o0 1 apo(X)\) :
Fx, = dX; , D.4
v Apoow( 0X, ) oy

is the CFI of the quadrature X, which is much easier to calculate than F. as no explicit reference is made to the

phase-space translations which we use to test the sensitivity of the state p. Hence the macroscopicity measure we

employ is given by M = %max {sin?(0 + A)Fx,}, which is clearly maximum when the phase-space translations
.1

are parallel to the quadrature X »0 + A = £ 7/2. Finally we arrive at

1
M = —maxFXA. (DS)
2 A
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