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Abstract
The Bessel beam belongs to a typical class of non-diffractive optical fields that are characterized
by their invariant transverse profiles with the beam propagation. The extended and uniformed
intensity profile in the axial direction is of great interest in many applications. However, ideal
Bessel beams only rigorously exist in theory; the Bessel beams generated in the experiment are
always quasi-Bessel beams with finite focal extensions and varying intensity profiles along the
propagation axis. The ability to shape the on-axis intensity profile to meet specific needs is
essential for many applications. Here, we demonstrate an iterative optimization based approach
to engineer the on-axis intensity of Bessel beams through design and fine-tune processes.
Starting with a standard axicon phase mask, the design process uses the computed on-axis beam
profile as a feedback in the iterative optimization process, which searches for the optimal radial
phase distribution that can generate a so-called generalized Bessel beam with the desired on-axis
intensity profile. The fine-tune process repeats the optimization processing by using the adjusted
target on-axis profile according to the measured one. Our proposed method has been
demonstrated in engineering several quasi-Bessel beams with customized on-axis profiles. The
high accuracy and high energy throughput merit its use in many applications. This method is also
suitable to engineer higher-order Bessel beams by adding appropriate vortex phases into the
designed phase mask.

Keywords: Bessel beam, on-axis intensity, iterative optimization, feedback

(Some figures may appear in colour only in the online journal)

1. Introduction

First introduced by Durnin [1, 2], the Bessel beam is a type of
nondiffracting beams whose lateral beam profiles do not
change with the propagation. For example, the zeroth-order
Bessel beam has a lateral profile with a central lobe sur-
rounded by an infinite number of concentric rings; this profile

stays unchanged even when the beam propagates with an
infinitely long distance. Given this unique property, the
Bessel beam has been widely used in applications, such as
optical trapping [3, 4], optical coherence tomography [5], fast
volumetric imaging [6–10], and light sheet microscopy
[11–14]. Multiple Bessel beams can interfere with each other
to form more complicated beams such as the self-imaging
bottle beam (SIBB), which has been of great interest in var-
ious applications [15–17]. Nonetheless, ideal Bessel beams
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are only valid mathematically; the lab-generated Bessel
beams are all quasi-Bessel beams existing in a limited space.
In general, a quasi-Bessel beam is generated by passing a
Gaussian beam through either a refractive or diffractive axi-
con; the refractive axicon is typically a conical lens fabricated
by a special polishing process, while the diffractive axicon is
implemented either by a phase control device such as a spatial
light modulator (SLM) or a Fresnel lens based component
[18]. One prominent feature of the quasi-Bessel beam is that
its axial intensity profile varies with the beam propagation due
to effects such as the limited beam diameter and imperfection
in fabricating axicons [19, 20]. This feature hampers appli-
cations such as light sheet microscopy [11–14] and volu-
metric imaging [6–10], where the non-diffractive properties
of the Bessel beam are expected. On the other hand, appli-
cations such as optical trapping [3, 4] require specific on-axis
beam profiles to trap particles at certain locations. In both
cases, the ability to modify the on-axis beam profile according
to a certain distribution function is essential to an application.
It has been demonstrated that the on-axis beam profile can be
shaped to an arbitrary distribution, while the central lobe still
maintains the invariant lateral profile within a limited region
as in the case of the classical quasi-Bessel beam. However, as
it does not necessarily maintain its side lobe profile invariant
along the beam propagation, the newly generated beam falls
into a category called the generalized Bessel beam, which
exists both theoretically and experimentally [21–24].

Several approaches have been reported to engineer such
generalized Bessel beams to obtain specific on-axis intensity
distribution. The first approach is to design generalized axi-
cons together with passive optical apodization components to
flatten the on-axis intensity profile and to reduce the oscilla-
tion [21, 25, 26]. It was demonstrated that the on-axis
intensity distribution could be determined by phase retarda-
tion function in radial direction [21]; the logarithmic axicon
was then designed using the geometric optics principle. This
approach was also used to design other types of generalized
axicons to generate arbitrary on-axial intensity distribution.
However, geometric optics cannot treat the diffraction effect;
for example, the intensity oscillation caused by the edge
blocking of a beam [19] cannot be evaluated during the
design process. Anna Thaning [27] made an improvement by
using stationary-phase method to design axicons with the
inclusion of the oscillation property; the on-axis intensity
oscillations were smoothed via the beam apodization. Gen-
eralized axicons were also designed for partially coherent
source or oblique illumination for different applications [27].
However, the apodization needs an amplitude modulation and
its capability for smooth the oscillations may be limited. Bi-
Zhen Dong [28] presented an iterative method to design
generalized axicon phases using Yang–Gu iterative algorithm.
The on-axis intensity of Bessel beam was able to be pro-
grammed through controlling wavefront in multiple-output
planes. However, the accuracy of on-axis intensity was lim-
ited by the number of output planes. The second approach,
demonstrated by Zamboni-Rached [29, 30], superposes mul-
tiple Bessel beams with different spatial frequencies to enable
the arbitrary control of the on-axis intensity. With this

approach, Vieira and Dorrah [31–33] generated frozen waves
in the experiment by superposing multiple modes of Bessel
beams. However, the number of superposed Bessel beams
was limited and thereby the freedom of arbitrary control of
on-axis intensity was limited. The method utilized the concept
of the spatial frequency of Bessel beams was introduced by
Čižmár and Dholakia [34]. The on-axis intensity profile was
customized by the spatial spectrum found by using a modified
Gechberg–Saxton algorithm. Ouadghiri [35] has used this
approach to shape the axial amplitude arbitrarily with a single
phase only hologram. Though high quality axial intensity
profiles were generated, the total energy throughputs were
only around 10% [35] when the designed on-axis profile was
realized experimentally. The low energy throughput reported
in [34, 35] was mostly due to the holographic generation of
the complex field; modulation of both phase and amplitude of
the light field with the first diffraction order of the SLM led to
poor utilization of energy.

In this report, we will first describe the mathematical
relation between the phase retardation function of the axicon
and its corresponding on-axis intensity distribution. Then we
propose a new strategy to design a generalized Bessel beam
according to a given on-axis intensity profile. During the
design stage, a feedback optimization algorithm such as
genetic algorithm (GA) [36–38] is used to search the optimal
radial phase retardation that can generate Bessel beams with a
desired on-axis intensity profile. The search starts with a
standard axicon phase which is continuously modified by the
algorithm. With each modified axicon phase, the on-axis
intensity profile is computed and fed into a feedback tuning
loop to approach the optimal design. During experimental
implementation stage, a fine-tune process uses the experi-
mentally acquired data to correct the design so that the con-
sistency between the realized and the target on-axis intensity
distribution is improved. Since this is a direct modulation
method to generate Bessel beams, the energy throughput is
significantly higher than the hologram based method, which
renders its practical use in applications. This method can be
also used to customize high-order Bessel beams with given
longitude intensity distribution by superimposing appropriate
vortex phases on the designed phase mask for zeroth-order
Bessel beams. Diffraction at the cut off of the axicon is taken
into consideration in the axicon design process, thus, more
complex and smooth design results are gotten.

2. Methods

2.1. Formation of the on-axis field of generalized Bessel beams

With scalar diffraction theory and the paraxial approxima-
tions, the two-dimensional Fourier transform can be used to
decompose a transverse field U(x, y) into frequency compo-
nents of plane waves [34]. Each frequency component is
defined by the wave-vector k=[kx, ky, kz]. If an SLM to
generate Bessel beams is located at the zero of the z-axis (the
propagation direction), the spatial frequency to form the
transverse field at the position of the SLM can be expressed
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after the SLM when a plane wave with an amplitude A0(x, y)
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Accordingly, the Fourier transform is replaced by the Hankel
transform and we rewrite equation (1) in the following form:
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where J0 is the zeroth-order Bessel function of the first kind.
The inverse transform of equation (2) is given by:
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The physical interpretation of equation (3) is that any
azimuthal independent field, such as a Bessel beam, can be
viewed as a composition of ideal zeroth-order Bessel beams
with different kr [34]. Each of these ideal Bessel beams
propagates in the free space with a field ( )J k r e ,r

ik z
0 z where z

is the distance of propagation and kz is the axial wave-vector

component with = -k k k .z r
2 2 The on-axis field is formed

by the combination of those Bessel beams along the axis:
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Equations (2) and (4) link the on-axis intensity distribu-
tion |Uaxis|

2 with the modulation field USLM. If |Uaxis|
2 is

defined, USLM can be found by solving equations (2) and (4)
numerically using algorithms such as iterative optimization
methods. Essentially, it is the phase mask, j(r), that needs to
be determined according to a user-defined target field.

2.2. Design the phase mask to generate a targeted Bessel
beam with iterative optimization

A classical axicon is a phase control element whose phase
retardation decreases linearly only in the radial direction.
Modifying the phase retardation distribution radially would
result in a generalized axicon phase that yields a generalized
Bessel beam with a different on-axis profile, as discussed in
2.1 and illustrated in figure 1(a). The modification can be
continuously made by an iterative optimization process while
the on-axis intensity profile is calculated and compared with a
targeted field. The iterative optimization process starts with a
phase mask j(r), which transforms the incident plane wave
A0(r) into a conic wave which forms a Bessel beam in the
interference region. Then the calculated on-axis intensity is
fed into the iterative optimization loop to search for optimum
solutions for desired on-axis profiles. For simplicity of calc-
ulation, the incident light is a plane wave with uniform
amplitude. We divide the radial phase retardation j(r) into N
number of phase rings. Before optimization, these N variables

hold the same phase values to form a classical axicon. In our
case, the axicon phase mask was defined by an image of
600×600 pixels. Here, the iterative optimization is per-
formed by GA, as shown in figure 1(b).

The genetic algorithm is chosen to optimize the N vari-
ables until a generalized axicon phase mask is found to form
the desired intensity profile within a predefined error. GA is
an iterative optimization algorithm inspired by species evol-
ution and well suited for large-scale optimization problems
[38]. Previous studies in the wavefront shaping [39] have
shown that GA is an efficient and robust method that can
optimize many phase segments in parallel and maintain a high
stability in the noisy environment. The flowchart of GA is
shown in figure 1(b). Here, independent N local retardation
phases of the phase mask make up an individual. GA starts
with an initial population ofM phase masks. Each phase mask
is the same original classical axicon with liner radial phase
retardation as shown in figure 1(a). The difference between
the computed on-axis intensity and the target profile is used as
the cost function, which is calculated by summing all the
absolute differences between the two intensity profiles at
every axial position. Phase masks are ranked based on their
cost functions with less difference ranked higher. Phase
masks with higher ranks are more likely selected for evolution
while the others are eliminated. Operations, known as elite,
crossover, and mutation, are used to modify the selected
phase masks to form a new generation for the next round in
the iterative optimization. This process repeats until a pre-
defined criterion is met. The termination criterion can be a
single or multiple of the following conditions that are satis-
fied: reaching a predefined number of generations, reaching a
specified running time, reaching a predefined value for the
cost function, or when the reduction of the cost function is
slowed down to a predefined speed. In our program, we ter-
minated the GA process when the average relative change of
the cost function was smaller than 0.1% over 50 generations
of optimization.

The GA function in Global Optimization Toolbox of
Matlab (MathWorks, USA) was used to perform all the
optimization processes in this article. The parameters of GA
were chosen in balance of the computing cost and the fineness
of the searching process. A large population size ensures the
diversity of individuals and guarantees the optimization effi-
ciency of GA; however, this causes increased time cost of
computing in each generation. The population size M was
chosen to 40 as a good balance according to our experience.
The elite count specifies the number of individuals that sur-
vive to the next generation and was set to 10 in our program.
The elite count ensures the robust convergence of GA while
too many elites will slow down the convergence rate of GA.
The mutation makes small random changes of individuals in
forming a new generation, i.e. the mutation represents the step
size of searching the optimized phase. These changes should
be kept small enough especially in the later stage of the
optimization, otherwise the optimization may return with a
bad or failed result. We chose a Gaussian mutation with a
variance of 5 over the total depth of 256 gray levels, which
were corresponding to the phase value from 0 to 2π. The
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operation of crossover was disabled to preserve the precision
in the phase mask design.

2.3. Experimental setup to implement the designed beam
profile

Experimental set up for generation of Bessel beams and the
beam profile measurement is shown in figure 2. A horizontal
polarized 632.8 nm He–Ne laser beam is spatially filtered and

expanded by a Galilean telescope which is composed of a
25× microscope objective, a 25 μm pinhole performs as a
spatial filter, and a 150 mm lens (L1). The collimated beam is
reflected by a beam splitter (BS) and is incident onto an SLM
(PLUTO NIR-II, Holoeye Photonics AG, Germany). For the
ease of detection, the Bessel beam generated by SLM is
reduced 5 times by an imaging system constructed by a
200 mm lens (L2) and a 5× microscope objective (NA 0.15).
Thus the engineered Bessel beam can be directly detected by

Figure 1. The principle of the iterative optimization process for shaping the on-axis intensity profile. (a) Effects of the phase retardation on the
axial intensity. (b) Flowchart of the iterative optimization process implemented with the genetic algorithm.

Figure 2. Experimental setup for measuring the three-dimensional intensity distribution of Bessel beams.
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a CCD camera (DCU224M, Thorlabs Inc., USA). To detect
on-axis intensity distribution, the CCD camera is moved
along the axis by a translation stage (MTS50/M-Z8, Thorlabs
Inc., USA). The Bessel beam intensity was reconstructed by
recording sequentially images along the propagation distance
z. Because of the unideal performance of the SLM, there is a
prominent zero-frequency which creates an additional back-
ground. A blazed grating is superimposed to the phase mask
applied on the SLM for shifting the non-diffracted component
off the imaging path.

2.4. Fine-tune in the experimental implementation

A small deviation was often found between the experimental
and the simulation results. A trial-and-error approach was
used to adjust the applied phase mask to reduce the deviation.
Here we use the flat top on-axis Bessel beam as an example to
illustrate the general concept of this fine-tune step. As shown
in figure 3, the target on-axis intensity profile is in a flat top
shape (in blue) while the experimental result (in green), which
is generated by using the found phase mask from the GA
optimization and the simulation, has oscillations and gradu-
ally drops its intensity along the beam propagation direction.
To compensate the deviation, one approach we have been
used is to fabricate a new target (in red) shown in figure 3 to
feed the optimization loop. The new target is created by
‘flipping’ the experimental profile (in green) with respect to
the original target (in blue) so that the weaker part is now
stronger in the new target in hope of compensating the loss in
the experiment. The new target is then entered into the GA
optimization process going on to adjust the pre-founded phase
mask and find the improved one. This procedure can be
repeated multiple times to reach an acceptable improvement.
As shown later in figure 5, after the fine-tuning process, the
experimental result matches the ‘flat top’ target better than the
green line does in figure 3. All the experimental results in this
paper have undergone such a fine-tuning procedure. The total
calculation time depends on the number of iterations. A
complex target profile will take longer time due to more
iterations needed in the optimization process. The amount of
time spent on one design can have a large variation, spanning
from tens of minutes to several hours. For time-sensitive
applications, such as optical trapping and imaging, general-
ized axicon phases can be designed beforehand.

3. Results

We first wrote a simulation module to calculate the on-axis
intensity of a generalized Bessel beam with a given phase
mask according to the principle described in section 2.1. The
simulation and experimental results of classical axicon phase
mask are shown in figure 4. In the simulation, we calculated
the transverse intensity fields every 0.08 mm to cover an axial
distance of 40 mm. The data yield a 500-points on-axis
intensity profile, which is plotted in figure 4(b). In the
experiment, the on-axis intensity profile was obtained from
500 images taken at every 0.08 mm by the CCD camera. As
seen in figure 4, the simulation and experimental results
exhibit well-matched patterns of oscillations and peaks,
although they both are obviously not uniform as an ideal
Bessel beam is. This has demonstrated that the simulation
module can successfully calculate the on-axis intensity profile
according to a specific phase mask.

Then a GA based optimization program was imple-
mented with the simulation module, which was used to design
several phase masks that shaped quasi-Bessel beams accord-
ing to the targeted on-axis intensity profiles, including linear
increase, flat top, linear decrease, and sinusoidal fluctuation.
The designed phase retardation, simulation outcomes, and
experimental implementations are shown in figure 5. The
experimental results present good resemblance to the targeted
profiles. These results have demonstrated that the proposed
iterative optimization method is effective to fabricate gen-
eralized Bessel beams whose on-axis intensity profiles need to
be in desired shapes. These profiles can be useful in various
applications. For example, the flat top Bessel beam can be
used to increase the imaging field of view in light sheet
microscopy; the linear increase can be used to compensate
part of power loss when the Bessel beam propagates in
absorption or scattering media [40]. The energy throughput of
this method is much higher than the hologram based method,
because the SLM performs like an axicon and used for phase
only modulation. In our experiments, the reflectivity of SLM
was about 75% and the first-order diffraction efficiency of the
SLM was over 80% as specified by Holoeye [41]. Thus, the
total efficiency of the Bessel beam generation by the SLM
was estimated about 60%.

We further tested our method in engineering more
complicated quasi-Bessel beams, including a high frequency,
high contrast sinusoid, and a doublet-axicon-generated field.
The high frequency and high contrast sinusoidal modulation
may find its use in structured illumination microscopy, pro-
viding an illumination modulation in the axial direction.
Formed by two axicons with different apex angles, a doublet
axicon generates two co-propagating Bessel beams, which
interfere with each other to form a so-called SIBB. The SIBB
was used as optical tractor beams in the optical trapping
application [4]. In both cases, the amplitude of the modulation
varies with the beam propagation, which may affect their
usefulness in applications. Using our proposed method, we
have demonstrated that the amplitude of the modulation can
be made uniform. The results are shown in figures 6(a) and
(b), respectively.

Figure 3. Illustration of the fine-tune step for generating flat top on-
axis intensity distribution in experimental implementation.
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Figure 4. Simulation and experimental results of the on-axis intensity distribution of a classical axicon phase without optimization. (a) Phase
mask; (b) the corresponding on-axis intensity of (a).

Figure 5. Simulation and experimental results of the designed phase masks and their corresponding on-axis intensity distributions. Left
column: the designed phase retardation. Center column: the corresponding on-axis intensity of (a) line increase, (b) flat top, (c) line decrease
and (d) sinusoidal distribution of simulation (Sim) and experiment (Exp) results. Right columns: the corresponding generalized Bessel beams
detected in experiment.
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We have also demonstrated that the shape of the on-axis
intensity profile can be an arbitrary shape defined digitally by
users. We used a typical waveform acquired in electro-
cardiography to modulate the on-axis intensity. As seen in
figure 6(c), the distinct features of P, Q, R, S, and T waves
can be successfully encoded to a Bessel beam.

4. Discussion

‘Generalized axicon’ first mentioned in [21] was used to
describe axicon-like lenses which could generate arbitrary on-
axis intensity profiles. As we have seen in section 2.1, an
azimuthally independent field can be generated by composi-
tion of different classical zeroth-order Bessel beams; from
another point of view, the phases to generate each individual
Bessel beam are also superimposed to form an ultimate,
complex axicon-like phase mask—a generalized axicon
phase. Thus, we call the corresponding quasi-Bessel beam
‘the generalized Bessel beam’. Similar to the quasi-Bessel
beam, although its center lobe preserves the beam diameter
within a certain range, its side lobes present more complicated
distribution patterns than those of the classical Bessel beam.
The 3D distribution of flat top Bessel beam is shown in
figure 7(a) as an example. The transverse intensity at
z=6 mm and z=10 mm are shown in figures 7(b) and (c).

The intensity profile at 6 mm is a composition of different
Bessel functions while that of 10 mm is more like a Bessel
function. The diameter of the central lobe is well maintained
within the designed region, as shown in figure 7(c), which is
similar to the so-called ‘non-diffractive’ property in the case
of the quasi-Bessel beam. We believe the generalized Bessel
beam also have self-reconstruction property if we see it as a
bunch of co-propagating Bessel beams though further studies
are needed. As central lobes of such beams are useful in most
applications, the intensity distributions of side lobes are not of
concern.

We have demonstrated above that the iterative optim-
ization method is a powerful tool to shape the on-axis
intensity profile of zeroth-order quasi-Bessel beams to vir-
tually any given functions. This method can be also used to
shape the intensity profile of side lobes of higher-order Bessel
beams, which have zero fields on the axis. Here, we use the
first-order Bessel beam and its first non-zero lobe as an
example to describe the general concept. We first used the
zeroth-order Bessel beam as a ‘substrate’ to find the phase
mask for engineering the on-axis intensity profile to a given
shape, and we then superimposed a vortex phase on the found
phase mask to transform the Bessel beam to the first-order
one. The design was fine-tuned according to the intensity
measurement on the side lobe. As shown in figure 8, using

Figure 6. Simulation and experiment results of the designed phase masks and their corresponding on-axis intensity distributions. Left column:
the designed phase retardation. Center column: the corresponding on-axis intensity with (a) high frequency, high contrast sinusoidal
modulation, (b) flat top self-imaging bottle beam distribution, and (c) electrocardiogram waveform of simulation (Sim) and experiment (Exp)
results. Right columns: the corresponding generalized Bessel beams detected in experiment.
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this strategy, we have successfully flattened the intensity
profile of the side lobe of the first-order Bessel beam.

For simplicity of the design and implementation, we used
plane waves with uniform intensity as incident beams. This is

the reason we still see small oscillations in the profile. It is
known that the transverse intensity distribution of the incident
beam actually affects the on-axis intensity distribution [42].
To study this effect, we computed on-axis intensity profiles of

Figure 7. Simulation results of flat top Bessel beam. (a) 3D distribution of a flat top Bessel beam; (b) transverse intensity distribution at
z=6 mm and z=10 mm; (c) intensity profile of dashed line in (b).

Figure 8. Simulation and experimental results of the flat top longitudinal intensity distribution of a first-order axicon phase. (a) Phase mask;
(b) the corresponding on-axis intensity of (a); (c) distribution of generalized Bessel beam.

Figure 9. Simulation results of incident beams with different transverse intensity profiles and their corresponding intensity distributions along
the propagation axis. (a) The apodization functions of circular aperture, Gaussian profile and super-Gaussian profile; (b) the corresponding
on-axis intensity profiles. S-G represents super-Gaussian.
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Bessel beams generated by three functions: circular aperture,
Gaussian, and super-Gaussian. The on-axis intensity of
corresponding generated Bessel beams are shown in figure 9.
By using Gaussian and super-Gaussian apodization, the edge
effect can be suppressed, and thus the axial oscillations are
reduced, but with the expense of shortened axial field length.

Then, we investigated if we could further flatten the on-
axis intensity and reduce the oscillation by using our iterative
method to optimize the phase mask design with a super-
Gaussian incident beam. The optimized phase mask and the
on-axis intensity are shown in figure 10. The oscillation is
much smaller than that generated by plane waves (shown in
figure 5(b)). Adding an intensity modulation on the top of the
phase mask is certainly a good idea to yield an even higher
quality on-axis intensity profile though an additional mod-
ulation device to control the amplitude is required in the
experiment. It is an interesting idea that is worth investigating
in the future study.

Finally, the design for partially coherent source and
oblique illumination introduced in the thesis [27] were of
interest in applications using Bessel beams. It might be worth
further investigating the use of the GA iterative design pro-
cess under those conditions.

5. Conclusion

Being able to accurately control the axial intensity of quasi-
Bessel beams is of great interest in applications that either
intend to use the unique properties of Bessel beams or require
specific axial intensity profiles. Here we propose an iterative
optimization based method to shape on-axis intensity profiles
of quasi-Bessel beams arbitrarily. We have experimentally
demonstrated that the proposed method can successfully
generate zeroth-order Bessel beams with on-axis intensities
customized to desired shapes. The same method is potentially
applicable to shape the longitudinal intensity of higher-order
Bessel beams. Our simulation studies have demonstrated that
simultaneous optimization of the phase mask and the apodi-
zation function can reduce the intensity oscillation so that the
quality of the on-axis intensity profile can be improved even
further.
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