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Abstract

Let R be a ring with identity and let T be a unitary left Module over R. In this
paper, we give some cases when a direct sum of hollow Modules is semihollow-lifting,
Also; we give a condition under which a direct sum of two Modules is semihollow-lifting,

Keywords: Semhollow lifting Modules, projective Modules.

1. Introduction

A Submodule S of an R-Module T is small Submodule of T (S « T) if for every
Submodule D of T such that T =S+ D implies D = T[1]. A Submodule H of an R-
Module T is semismall of T (H «<g T) if H=0 or H/F « T/F for all nonzero Submodule F
of H[2]. Let T be an R-Module and H, F be Submodules of T suchthat Fc H c T. F is

called semicoessential Submodule of Hin T (F S¢.. HinT) if% Kg %[3]. An R-Module

T is semihollow-lifting if for every Submodule H of T with E hollow, there exists
a Submodule F of T such that T=F@®F and F S, Hin T[4].

Let T, and T, be R-Modules, recall that T; is said to be T,-projective if for every

2

Submodule F of T, any homomorphism g: T; — T? can be lifted to a homomorphism w:

Ty » Ty ie. if mT, - T—FZ is the natural epimorphism, then there exists an

homomorphism w: T; = T, such that me w = g[5].

T
w_ .’
7 g
‘/
2 T
[ F

Ty and T, are relatively projective if Ty is To-projective and T, is Ti-projective.
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Examplel[5] Consider T; = Z as Z-Module and T, = Zy as Z-Module, thus Ty is
relatively T,-projective.

Now, we prove the following proposition.

Proposition2 If T is a semihollow-lifting R-Module and for every decomposition
T=U®V, Uand V are relatively projective. Then for every Submodules X and Y of T with

% hollow and T =X+Y, there exists an idempotent e € End(T), such that e(T) € X, (I-
e)(T) € Y and (I-e)(X) <K (I-e)(T).

Proof: Let X and Y be Submodules of T such that T =X+Y and ; hollow. Since T is

semihollow-lifting, thus there exists a Submodule E of X such that T = E@V, for some
VCTand XNV K V. By modular law, X=XNT =Xn( E®V) =EB(X N V), hence
T=X+Y =E+X N V)+Y. But XNV < V < T, therefore T = E+Y. By our assumption V is
E-projective, thus by [6, Lemma 5], there exists D € Y such that T = D@E. Now, consider
the projection map m: T — E and the inclusion map i:E — T with respect to
decomposition T=D@®E. Letp = iom: T — T. Clearly p € End(T) is an idempotent and
p(T) < X. Claim that (I-p)(T) =D, lett € T thust=h+d, where h € E and d € D, (I-
p)(t) =1(t) - p(t) = t - (i om)(t) = h+d - m(h+d) = h+d-h =d € D. Thus (I-p)(T) € D. Let
d € D this implies that p(d) = 0. Then, (I-p)(d) =d - p(d) =d, and hence d € (I-p)(T).
Then D € (I-p)(T).But D €'Y, therefore (I-p)(T) € Y. Claim that (I-p)(X) =X n(I-p)(T)
=X ND. To see that. Letd € (I-p)(X), thus there is m € X such that d = (I-p)(m) =m -
p(m). Then d € X and d € (I-p)(T). So d € X N(I-p)(T). Hence, (I-p)(X) < X N(I-p)(T).
Let u e XN (I-p)(T), thusu € X and u € (I-p)(T). There is q € T such that u =(I-
p)(q) = q-p(q).Then u+p(q) =q € X, thus u e (I-p)(X). It is easy to show that
XND=XNV.But XNV K V=D, therefore (I-p)(X) <s(I-p)(T).

Note: Direct sum of two semihollow-lifting Modules need not be a semihollow-lifting
Module[4,Examples3].

Let T, and T, be R-Modules, T is semismall T,-projective (nearly T,-projective) if
for every homomorphism g:T; — %, where A is a Submodule of T; and Im g < %

(Img # % ), can be lifted to a homomorphism h: T;— To.

e Tl
h .-~
g
‘/
T, > E >0
T A

Recall that a decomposition T = @;¢T; is complement direct summands if for
every direct summand F of T there exists a subset ] € I such that T = F®(D;gT)I[7,
p.125].

The following proposition gives a condition under which a direct sum of
semihollow-lifting Modules is semihollow-lifting.
2
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Proposition3 Let T = T1@T, such that T; and T, are semihollow-lifting Modules. if T;
and T, are relatively projective, thus T is semihollow-lifting.

Proof: Let S be a Submodule of T such that T/S is hollow. Thus T = T1+S or T = T+ S.
Assume that T = T1+S (In case T = T»+S being analogous). Thus T1/SN T; is hollow. But
T, is T1-projective, there exists a Direct summand of T contained in S such that T = T, @
D[8, 41.14]. Thus S = (T; N S) €@ D. But T; is semihollow-lifting, there exists a direct
summand W of Ty such that W <S N Ty and SN T1/W<K Ti/W. Then W @ D is a direct
summand of Tand W @ D < (S N T1)&@D. Assume U be a Submodule of T with W é@ D
< U and (SN T;)®D/WE@D + U/WPD = T/WPD. Thus (SN T;) + D + U =T. So
(SNTy) + U = T. SNT/WKL T/W thus U = T. Then W @D is a semicoessential
submodule of (SN T1)@D =SinT.

Now, the following propositions give some cases when a direct sum of semihollow
Modules is semihollow-lifting.

Proposition4 Assume T = @, T;, where all T; are hollow and &;¢;T; complement direct
summands. If T is semihollow-lifting, thus &;.;T; is nearly Tj-projective.

Proof: Let W any proper Submodule of Tj and the homomorphism g: ®;,;T; - 3—\’, with

Img # T—V; and the natural epimorphism t: T; — % Define V={a+b|a € @;4T; ,b € T;j
and g(a) = - (b)}. We claim that T =V+T;. Clearly V+T; € T. Let t € T, thus t = a+b,
where a € @i, T; and b € Tj. Therefore, g(a) € % Since  is onto, there exists b'€ T;
such that m(b’) =g(a), therefore g(a) = -m(-b").Then t = a+b = a+ b’- b +b, where

a+b’e Vand -b"+b € Tj, then t € V+Tjand T € V+T;. Then T = V+T;, W € V. Now, +
= ﬂ, thus by second isomorphism theorem V"Tix B Since T; is hollow, thus i

\ v VNT; VN T;
is hollow and then % is hollow. Since T is semihollow-lifting, so there is a direct

summand F of T such that F S, V in T. Then by[3,Proposition7], % is hollow. But the
decomposition of T complement direct summands, so there is a subset ] € I such that
T = F®(BiqT;).Since TF is hollow, thus % is indecomposable. Hence T =F@ Ty , for

some k € I. Now, % = @: BF + %. Since F S,V in T, thus T =T;j + F.Claim that

k =j. If k # j thus g is an epimorphism, to see that, let x; +W € ‘T/—\’I . Since m is onto then
there exists x; € Tj such that mt(x;) = x; +W. Then x; € T, and x;= d+my,where d € F, my €
Tv.But F < V therefore d € V.Then d = a+b, where a €®;.;T; , b € Tj and g(a) = - m(b)
and hence xj =a+b+my. S0 xj - b =x+my. Since k # j thus Ty S @;,T; and hence x; -
b =x+my € @;4;T; N Tj= 0. Then x;=Db. Since g(a) = - m(b), thus g(-a) = m(b) and hence
g(-a) = m(x;) = x; +W. Thus g is an epimorphism, which is a contradiction. Thus we get k
=jand hence T =F®T;. Now, let B: F@®T; — T; be the projection map, thus m o
Bl&ix;Ti) = g, to see that:
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Dix;Ti

e
4

,B|(@l¢]Tl) //,/
g
‘/
B Tj
DT, — > T} ——> L ——>

T w

Let z € @;4T; thus z € F@T; and hence z = d+m;, where d € F, m; €T;. Since F < V thus
d € V and hence d = a+b, where a € ®;4;T;, b € T;. Thus we have m o B|@;;Ti)(z)=T o
Bl(ix;Ti)(d+my) = m(my). But z = d+m; = a+b+m;, where a € ®;.;T;, y € Tjand g(a) = -
(b), Therefore z-a=b+m; € @;4T; NT; = 0. Then z=a and m;=-b. Now, T o
B@®ix Ti)(z) =m(my) =n(-b) = -m(b) =g(a) =g(z). Hence m o B|@D;Ti) =g. Then
@i Ti is nearly Tj-projective.

Proposition5 Let T = ;¢ F; be a direct sum of hollow Modules F; such that the
decomposition @;¢;F;is complement direct summands. If there is no epimorphism
between F; and F; (i # j) and T is semihollow-lifting, then &;.;F; is F;-projective for each
i €L

Proof: Assume W be a proper Submodule of T with T=W+F;. Now, by second
. . T _ +F; ~ F; - i . 1 -
isomorphism theorem, wow S waE Since F; is hollow for all i€ I, thus w 1S
hollow. But T is semihollow-lifting, so there is a direct summand X of T such that

X S¢ce Win T. Then by[3,Proposition7], ; is hollow. Now, % = % = g + Fi;X . This

implies that T =X+F;. Since the decomposition @;c;F; complement direct summands,
thus there exists a subset J of I such that T = X&@(®;¢;F; ). But % is hollow, so % is

indecomposable. Then T = X@®F,, for some kel Claim that i=k. If i#k, let
m: X@F, — Fy be an epimorphism thus m|Fi: H; — Fy is an epimorphism. To see that, let
fx € Fy, thus fy € T, hence fy = x + f;, where x € X and f; € F;. Thus m(fy) = m(x)+ m(f;)
and hence m(fy) =m(f;). This implies that m(f;) =fi. Then there is an epimorphism
between F; and Fy with (i # k) which is a contradiction. Therefore i = k, hence T =X®F;.
Then by[6, Lemma 5], @;.;F; is F;-projective foreachi € I.

Let Ty and T, be R-Modules, T; is h-semismall T,-projective if every homomorphism
g.T1— T—v;,(where W is a submodule of T, T—V\"; is hollow and Im g <« %) can be lifted to
a homomorphism ¢: T; — To.
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Ty
P
g
A’, T
T, » 12,0
T w

Remark6 Let T; and T, be two R-Modules then we have the implication:

T,is T, - I:> T, is nearly 7, I:> T, is semismall ::> 7, is h-semismall
projective - projective T, - projective T, - projective.
Proof: Clear.

Example7 Consider T, = Z as Z-Module and T, = Z, as Z-Module, then T is h-semismall
T,-projective.

The following lemma gives a characterization of h-semismall projectivity.
Lemma8 Let Ty and T, be Modules and T = Ty @T,. If Ty is h-semismall T,- projective

then for every Submodule E of T such that TE is hollow and T # T+E, there exists
a Submodule E" of E suchthat T=E~ @ To.

Proof: Clear.

The following proposition gives conditions under which a direct sum of two
Modules is semihollow-lifting.

Proposition9 Assume T =T;@T, such that T, is h-semismall T,-projective and T, is
semihollow-lifting. If for every Submodule E of T such that % is hollow, T # Ty+E. Then
T is semihollow-lifting.

Proof: Let E be a Submodule of T such that % is hollow. Thus by our assumption
T#T1+E. Now, TE = Tl?z = Tl;E + TZ;E. But E is hollow, therefore E S . (T1+E) in T.

Then T = T,+E. Since T; is h-semismall T,-projective, thus by Lemma8, there exists

a Submodule E” of E such that T = E~ @T,. By second isomorphism theorem, TE SRU-LALYY
T2 Then —2- is hollow. But T, is semihollow-lifting, thus there is a direct summand U
ENT, ENT,

of T, suchthat U S, (E N T,) in T,. Since U € T, and T, is a direct summand of T, then
U is a direct summand of T. By modular law, E = ENT=E N(E'®T,) = E @®(E N Ty).
Since US ENT,andUNE= 0, thus UBE S (EN T,)®E" and hence UBE S E. It is
easy to show that UBE is a direct summand of T. We want to show that UBE" S E in

T.Let XS T and —— + —— = —— Then E+X =T and hence E'®(E N T,)+X = T. But
UDE* UBE* UDE*
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E'C X, therefore (E N To)+X =T. Now T_ (EHTSHX _ E“UTZ +X Since U c . (ENTY)

in Ty, thus U S, (ENTy) in T. Hence % % This implies that T =X and hence UBE"
C.ce EINnT. Then T is semihollow-lifting.

An R-Module T is said to have the (finite) exchange property if for any(finite) index
set I, whenever T @ N = @ Ai, for Modules N and Ai, then T @ N = TP ( ;¢ Bi)
for Submodules Bi < Ai[9].

Now, we consider some conditions for a Module T; to be h-semismall T,-projective,
when T = T1@T, is semihollow-lifting.

Proposition10 Let T=T;®T, be a semihollow-lifting Module. If T; has the finite
exchange property and T, is hollow, thus T; is h-semismall T,- projective.

Proof: Let W be a Submodule of T such that % is hollow and T # T1 +W. Since T is
semihollow-lifting, thus there is a direct summand E of T such thatE S,.. W in T. Since

% is hollow, thus by[3,Proposition7], % hollow. Now, % = % = T1E+K + T =Ty+E.

Assume T = E @E’, for some E" € T. Since T; has the finite exchange property, thus
T:® T, = T:® XBY, for some XS E and YC E. It is Clear that T = T;+E+Y and

YNE=BNENE=0 S0 — ===+ Since E Sy (Ty+E) in T, thus T = YOE.
T _E®E* _ E+T,

ButT=E®E andYCS E so, E=Y. SrnceE nTl—YnTl—O thus s S
1 1
E*®T,

By the second isomorphism theorem =T, thus — is hollow. But T # T1+E

therefore T1 Sece (E+T1) in Tand hence T=E” EBTl Srnce K'= Y Thus by[10, lemma3.2],
we get E has the finite exchange property. But T = EQE = T:@®Ts,, so there exists Q S T

+

and F € T, such that T=E@®Q®F. It is Clear that T = E+T; + F. Now, TE = %+ %
T FOE

Since E Sg¢ (T1 +E) in T thus T = F@E. Also, since F n T; = 0, thus we have T o
FOT;

oL + 2 Since Ty Cyee (E+T1) in T, thus T=F@T:. But T=T; ®T, and FC T,
1
therefore F =T, and hence T =T, @ E. Then T; is h-semismall T,- projective.

Let T = @;¢T; be a direct sum of Submodules T;. Recall that the decomposition

T = @i T; is called exchange decomposition (or exchangeable) if for any direct
summand N of T we have T = N @(®;Ni) with N; € T;[11].

By [7, p.125], we have:
Remarkll Let T = @;T; be a direct sum of Submodules T;, then we have the

implication:

TISCZTFE]Li?ne(;];d”eCt } :> [ T is exchangeable

We end this section by the following Proposition.

Proposition12 If T is a semihollow-lifting Module with exchange decomposition T =
T1@T,and T, is a hollow Module. Then T; is h-semismall T,- projective.

6



The First International Conference of Pure and Engineering Sciences (ICPES2020) IOP Publishing
IOP Conf. Series: Materials Science and Engineering 871 (2020) 012050 doi:10.1088/1757-899X/871/1/012050

Proof: Assume T is a semihollow-lifting Module with exchange decomposition T =

T1®T,. Suppose E be a Submodule of T such that 3 is hollow and T # T;+E. Now, Z =

Tl@Tz T1E+E T2*E Gince T# T, +E and — s hollow Thus E Cgee (T1 +E) in T and

hence T=T+E.ButTis semlhollow-llftlng, so there exists a dlrect summand D of T such

that D S5 E inT. Since = = is hollow thus by[3,Proposition7], = |s hollow. Clearly T #

T, +D. But, I LOT: _TutD T2+D , therefore D S, (T1+ D) in T and hence T = T,+D.
D D

It is enough to prove that T —TZEBD Since the decomposition T=T; @ T, is
exchangeable and D is a direct summand of T, thus we have T= D@ T, @ T, for
Submodules Ty € T;and T, € T, . Hence T =D+T; +T, and T, n Ty = 0. Since T

=T.:@T;, thus by the second isomorphism theorem, TT—1 = T,. But T, is hollow, thus Tl is

1

+

D+T1 +T5 D+T T5@T .
hollow. But — 2 = D¢y 29T therefore Ty (D+Ty) in T and hence T =
T, T1 T, T, sce

T, ® Ty Since T = T1®T,, thus T, =T, . But T=D@® T, ®T,,s0oT=DOT; ®T,
Since T = T,+D. Thus T = D@ T, Then T; is h-semismall T,- projective.
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