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Abstract.

The purpose of this article is to investigate pure gamma subacts of multiplication gamma
acts and some related concepts. Some characterizations of pure gamma subacts are given . For
this reason, we introduce the concept of idempotent gamma subacts and study some of its
properties .Also, we discussed the relation among the pure , multiplication and idempotent
gamma acts. Moreover , some result of pure gamma subacts of multiplication gamma acts are
considered. Finally, we prove that the product of two pure gamma subacts is also pure.

Introduction

Let R be a commutative ring and M an left R-module. Ribenboim [1] called the
submodule N a pure submodule of M if rM N N =rN for each r € R. Anderson and Fuller [2]
defined N to be pure in M if IN = N N IM for every ideal | of R. After that ,in 1988 Z. A. El-
Bast and P. F. Smith [3], introduced the concept of multiplication modules(Let M be an R-
module. Then M is a multiplication provided for each submodule N of M, there exists an ideal
| of R such that N = IM) and they studied various properties about it. The concept of gamma

semigroup was introduced by M.K. Sen [4] ,as a generalization of semigroup and they studied
several notions of semigroups have been extended to gamma semigroups. Recently, M.S.
Abbas and Abdulgader Faris [5], introduced the notion of gamma act over I'-semigroup and
they studied some of their basic properties.

Our work is to introduce pure gamma subacts of multiplication gamma acts. In Section
2, We review some basic notions and properties of gamma semigroup , and gamma acts . Also
, We give some results and properties of such gamma subacts which are need in our work . In
Section 3, the concepts of idempotent and pure gamma subacts was introduced . Also, we
give some characterizations and properties of such gamma subacts. For example we prove
that if the gamma subact and gamma ideal are idempotent then so is their product . The
relation between gamma subact and its residual is studied . Several results about this concepts
are studied . Throughout this paper, our definition of gamma purity will be as a generalization
to Anderson and Fuller [2] ,and S will be denote a commutative gamma semigroup with
identity .

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
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Basic Conceptes

In this section we review some basic definitions and notions of gamma semigroup and gamma

act which are need in our work.

Definition 2.1. [4] Let S and I' be nonempty sets, S is called a gamma semigroup (denoted by I'-
semigroup )if there is a mapping: S x I' x S — S written by (S;, «, S2) —s S1aS; which is satisfying
the condition (s;0s,)Bss = S1a(soPs3) for all sq, Sy, S3 € Sand a, B € T'. A T'-semigroup S, is called

commutative if sat=tas for all s,t €S and a€rl.

Definition 2.2.[4] Let S be a I'-semigroup. An element a in S is said to be left (right )identity of if

aas =s (soa=s) for all s € S and a € I'. An element a of a I'-semigroup S is said to be a identity if it is
both a left and right identity of S. A T'-semigroup S with identity is called a I'-monoid. The identity of
a I'-semigroup (if exists) is denoted by 1.

Definition 2.3.[4] Let S be a I'-semigroup. A nonempty subset A of Siscalled Left (right) I'-ideal if
ST'A € N (AI'S € N) such that STA := {soca|a € A,a €I and s € S}, where I'-ideal means Left
and right I'-ideal.

Definition 2.4.[4] An I'-ideal A of a I'-semigroup S is said to be a maximal I'-ideal if A is a proper I'-

ideal of S and is not properly contained in any proper I'-ideal of S.

Definition 2.5.[4] Let S be a I'-semigroup .An element s in S is called a-idempotent if sas = s for
some a € I'. If all elements of S are a —idempotent, then S is said to be an idempotent. An element s in
S is called an idempotent if sas = s for all a € T. If all elements of S are idempotent, then S is said to
be a strongly idempotent. A I'-ideal A of a I'-semigroup S is said to be globally idempotent (gl-
idempotent for short) if AT'A = A.

Proposition 2.6.[6]Let S be a I'-semigroup . If A and B are globally idempotent I"-ideals of S, then
AT'B is gl-idempotent I'-ideal .
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We introduce the following definition
Definition 2.7.A T'-semigroup S, is said to be completely gl-idempotent if every I'-ideal of S, is gl-
idempotent .

The concepts of acts over semigroups is generalized to the following in [2].

Definition 2.8.[5] Let S be I"-semigroup. A nonempty set M is called left gamma act over S (denoted
by Sr-act) if there is a mapping S xI'x M — M written (s, o, m) by sam, such that the following
condition is satisfied(s;as;)pm = s;a(s,pm) foralls;, S, €S, a, p € T'and m € M. Similarity one can
define a right gamma acts. From now on " Sy-act”" means ”left Sp-act”. An Sp-act M is called unitary if

S is a I'-monoid and 1am =m forallm € M and ae€ T.

Definition 2.9.[5] Let M be an Sr-act. An element 6 € M is called a zero of M if sa® =0 foralls €
Sand a € I'. If S is a ['-semigroup with zero then Oom= 6.

Definition 2.10.[5] Let M be an Sr-act, A nonempty subset N of M is called Sy-subact if SITN € N,
Where SI'N={son|s€S,a €I and n € N }. For Sy-subact N of M, [N : M] is defined as : [N:M] =
{s €S |som€ N forall a €' and m € M}.

Let { N; |i € I} be an arbitrary collection of Sr-subacts of M .Then , U;¢; N; is Sr-subact of M
,and if N;¢; N; is nonempty, then N ;¢ N; is Sp-subact of M .Also, if N and L are Sp-subacts of M
and A , B are nonempty subsets of M. Then,
1.if Ac B impliesthat [N: B]S [ N:A].
2.[NNL:A]=[N:AJN[N:AT]. [5]

For Sr-subact N of Sp-act M, it’s clear to show that [N:M] is a I'-ideal of a I'-semigroup S.

Definition 2.11.[5] Let M be an Sr-act. Then M is a simple Sr-act, if it contain no gamma subact
other than M . A T-semigroup S is said to be simple if S is Sy-act .

Definition 2.12.[5] Let M and N be two Sr-acts. A mapping f : M — N is called Sr-homomorphism
if f(sam) = saf(m). foralls €S, 0 €' and m € M.



The First International Conference of Pure and Engineering Sciences (ICPES2020) IOP Publishing
IOP Conf. Series: Materials Science and Engineering 871 (2020) 012038 doi:10.1088/1757-899X/871/1/012038

Definition 2.13.[7] An Sr-act M is called a multiplication if for every Sr-subact N of M , there exists a
I'-ideal A of S ,such that N = AT'M. T'-ideal A of S, is multiplication if A is Sr-subact of Sr-act S.
Clearly, M is multiplication Sr-act if and only if N=[N:M]I'M for every Sr -subact N of M.

Examples and Remarks 2.14.

i. AT-monoid S, is called multiplication if all its T'-ideals are multiplication.

ii. If Sisacompletely gl-idempotent I"-semigroup, then is a multiplication .

iii. Cyclic Sy -acts are multiplication . [7]

iv. The nonempty intersection of two multiplication Sr-acts is multiplication. [7]

v. A union of two multiplication Sr —acts not necessary that being multiplication Sy —act.[7]

In [7],if M isa Sr-act and P a maximal I'-ideal of S, then we define :
Tp(M) = {m €M : m=pam for some p € P and a €I'}. Clearly T,(M) is an Sy-subact of M..
We say that M is P-cyclic provided there exist g € S\P such that gT'M < ST'm , for all m € M. As
generalization of T,(M) , we can define ,Tp(M) ={meM : mepI'm ,for some p € P }, it's clear that
To(M) Tp(M). We proved that, if S is a I'-monoid ,then M is a multiplication Sy-act if and only if for
every maximal I'- ideal P of S, either M = T, (M) or M is P-cyclic. Thus, we have the following

corollary.

Corollary 2.15.[7] Let S be I"-monoid. Then, M is a multiplication Sr-act if and only if ATM is a
multiplication Sp-act for all multiplication I'-ideal A of S.

Recall that an Sr-act M is faithful(globally faithful (gl-faithful for short) ) ,if the equality sam =
tam, (S'm=tI'm) implies that s =t forallm € M and a € T . It's clear that every gl- faithful Sr-act M
is faithful.[7]

Theorem 2.16.[7] Let S be a I'-monoid and M a faithful Sr-act. Then M is a multiplication if and only
if:
i. Nie (A; TM)=(N;erA;) T'M for any nonempty collection of T-ideals A; ,(i € I) of S, with
(NierAy) # @ ,and

ii. For any Sr-subact N of M and T'-ideal A of S such that N < AT'M there exists an I'-ideal B
withBc Aand Nc BT'M.
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Now, we give some Lemmas which are need in our work.

Lemma 2.17. Let S be a I'-monoid and K, N Sr-subacts of Sr-act M. If [KNN:M]=S ,then
([K:MININ:-MDT'([K:M] N [N:M])=([K:M]T[K: MDN ([N:M]T[N:M)).

Proof. Let aeb € ([K:M] N [N:M]DI([K:M] N [N:M]) where a,b € [KM] N [N:M]anda € T
.Thus, aab € [K:M]T'[K: M] and aab € [N:M]I'[N:M] and hence , aabe [K:M]T'[K: M]N
[N:M]T[N: M]. For the other inclusion,

([K:M]T[K: M) N([N:M]T[N:M]) < [K:M]N[N: M]
= ([K:M]N[N: MDT'S
= ([K:M]N[N: MDI'([KNN:M])

= [K:M]N[N:M]DL(K:M] N [N:M] .
Therefore, ([K:M]N[N:MDI([K:M]N[N:M])=([K:M]T[K: M) N([N:M]T'[N:M]).

Lemma 2.18. Let S be a I'-semigroup and A, B are I'-ideals of S . If ATM =BI'M , then AKT'M
=B*T'M for positive integer k. Where Ax= A-T-A-T-...-T-A, (k times).

Proof: We will prove by induction on k. If, k=1,then it's cleat . Suppose it's true when k =n, and
we show that for n = k + 1. Thus, A™'I'M = A"T'(AT'M) = A"T'(BI'M) = BI'(A"I'M) = BI'(B"I'M)
= B"I'(BI'M) = B"*1I'M.

Lemma 2.19. Let A be a T'-ideal of T'-monoid S ,and M an Sp-act .If M is faithful multiplication
,then A=[ATM:M] .

Proof: Leta € A .Then, aam € ATM for all @ € Tand m € M .So, aI'M c AT'M. Hence, a €
[ATM:M]. Conversely, suppose s € [AT'M:M] then sTM < AI'M. By faithfulness of M, s € A.
Therefore, A=[AI'M:M].

The proof of the following two Lemmas are immediate

Lemma 2.20. Let { N;, i € I} be a nonempty collection of S—subacts of an Sy -act M ,and A be aT'-
ideal of S. Then AF(UielNi)= UiEI(AFNi) .
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Lemma 2.21. Let S be a I'-semigroup ,and A be I'-ideal of S. Then for any collection of I'-ideals { B;:
i€ 1} of S, we have;

L [A: UierBil = Nies[A: By

2. [Nier BirA]= Nyt Bi:A] .

Lemma 2.22. Let S be aI'-monoid and M an Sr-act. Then K is a multiplication Sy-subact of M if and
only if NNK =[N : K]I'K for every Sr-subact N of M.

Proof. (=) Let x € N N K, then x € K, since K is a multiplication Sr-subact of M, there is an I"-ideal
A in S such that, STx= ATK < N. It follows that A < [N:K] and hence AT'K < [N:K]I'K . Therefore ,
x € [N : K]JI'K. Now , we show the other inclusion. Let y € [N:K]I'K .Then y= sak for some s
€[N:K], aeI'" and k€ K. So, sTK < N thus y = sak € N. Also, since [N:K]'K c STK c Ktheny €
K. We conclude that y € NNK. Hence , NNK= [N:K]T'K.

(<) Let L be a Sp-subact of K . Then by hypothesis , L=LNK=[L:K]T'K .

Idempotent and Pure Gamma Subacts of Multiplication Gamma Acts.

In this section we introduce the definitions of idempotent and pure gamma subacts and

we give several characterizations and properties of such gamma subacts.

Definition 3.1. An Sr-subact N of an Sr-act M is said to be idempotent if N = [N:M]I'N.
It's clear that the trivial Sr-subacts are idempotent .For M=S=I'=Z and N=2Z. Then,
[N:M]= 2Z. So, [N : M]I'N =2Z=N.

Now , we study some properties of idempotent gamma subacts.

Proposition 3.2.Let A be an I'-ideal of a I'-semigroup S and K ,N Sr-subacts of Sr-act M.
(1) If Kand N are idempotent then, so is K U N.

(2) Let M be a faithful multiplication and K, N idempotent in M. If S=[KNN:M] then KN
N is idempotent in M.

(3) If K is idempotent in N and N is idempotent in M then K is idempotent in M.

(4) Let M be a faithful multiplication Sr-act. Then [N:M] is gl-idempotent I'-ideal of S if and

only if N is idempotent.
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Proof.(1)By Lemma 2.20, we have [K U N: M]T'(K U N) =([K U N: M]ITK)U([K U N:
M]I'N ) 2 ([K: M]JI'K) U ([N: MJI'N) =K U N. Also, [K U N: M]I'(K U N) c K U N.
Hence, K U N is idempotent in M.
(2) By Theorem 2.16 ,and Lemma2.17 we have,
[K N N: MIT'(K N N) = ([K: M] N [N:-MDI(K N N)
= ([K:M] N [N:M])T([K:M]TM N [N:M]M)
=([K:M] N [N:MDI([K:M] N[N:M]DI'M
= [([K:M] N [N:MDI([K:M] N [N:M])]TM
= [([K:M]T'[K: M]) N ((N:M]T[N:M])]ITM
= [K:M]T'([K: M]TM) N [N:M]T([N:M]'M)
= [K:M]TK N[N:M]JTN =K N N.

(3) By hypothesis, K =[K:N]JI'K and N =[N:M]I'N. It follows that [K:N]I'N= [K:N]T'([N:M]
I'N)C [K:M]I'N < [K:N]I'N. Thus, [K:N]JI'N= [K:-M]I'N. Also, K =[K:N]I'K < [K:N]I'N =
[KiM]I'N c [K:M]I'M c K. So, K= [K:M]I'M. Hence, [K:N]I'N = [K:M]I'N c [K:-M]I'M=
K. Therefore , K= [K:N]I'N=[K:M]I'N. Finally, K =[K:NJK=[K:N]T['([K:M]I'N)

= ([K:M] T'K:NDI'N=[K:M]T'([K:N] I'N) =[K:M]T'K .

(4) (=)If [N:M] is an gl-idempotent I"-ideal of S, then N =[N : M]I'M =([N : M]I'[N: M])
I'M =[N : MII['(IN:-M]I'M)= [N:M]I'N, and hence N is idempotent in M.

(&)By hypothesis ,[N : M]I'M =N=[N : M]I'N. Thus, [N :M]JI'M=[N : M]I'N= [N : M]
['(IN:M] IT'M) = ([N:M] I'IN:-M])I'M. By faithfulness of M, we have [N : M] =[N : M]T"
[N:M] . Therefore, [N:M] is a gl-idempotent.

Proposition 3.3. Let M be a multiplication Sr-act .If A is gl-idempotent I'-ideal of S and N is
idempotent Sp-subact of M ,then AT'N is an idempotent Sr-subact of M.

Proof: Since M is a multiplication. Then ATN=[AI'N:M]I'M .Also, AI'N= AT'([N:-M]JI'M) =
(AT [N:M)DI'M .By assumptions, ATN=(AT'A)['([N : M]I'N) = (AT'[N : M])['AI'N =

(AT[N : M]T[ATN:M])I'M =[ATN:M]T'(AT'N).
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Corollary 3.4. Let M be a multiplication Sr-act. If A is gl-idempotent I'-ideal of S, then AT'M
is an idempotent Sp-subact of M. The converse is true if M is faithful Sp-act .

Proof: It's clear by Proposition 3.3 .Conversely, since AI'M is an idempotent then by Lemma
2.19, ATM= [ATM:M]['(AI'M) = AT[M:M][(ATM) =(AT'S)[(ATM)= (ATA)[(STM) =
(ATA)I'M. By faithfulness of M, A=AT'A.

Proposition 3.5. Let M be a multiplication Sy act and {N;, i€l } a nonempty collection of Sp-
subacts of M such that M= U;¢N; .Then N; is idempotent for all i € 1.

Proof : Leti € I ,by Lemma 2.20 we get N;= [N;:M]I'M= [N;:M]I"(U;¢N;) =

[Ni:MIT(N; U (U;N;)=([N;:M]IN ) U([N;:M]T'(U;4;N;) .Since M is multiplication then
[N;:MIT(Ui£iNj)=[N;:MIT([U;2jN;:MITM)=[U;N;: M]T([N;:M]ITM)= [U;;N;:M]IN;
N;. It follows that [N;:M]I'(U;jN;) = N; N(U;N;)= 0. We have N;=[N;:M]I'N; and hence

N; is idempotent.

Now, we introduce the definition of pure gamma subact and we discussed some of

basic properties .

Definition 3.6. An Sr-subact N of Sr-act M is called pure ,if AN =N N AI'M for each I'-
ideal A of S. A T'-ideal A of S, is pure if A is Sr-subact of Sr-act S.
Example 3.7. LetS={x ,y, z }.={ a, B, y} and M=S .Define a binary operation in M as

shown in the following table:

: X |y | z
X X | x | x
y | x | x | x
z | x |y | z

Then M is an Sr-act under the mapping S xI'x M — M which defined by xay = xy for all
x,y € M. Here, N;={x , y} and N,={x , z} are Sr-subacts of M . Clearly, N, is a pure Sr-

subact ,but N, is not pure Sr-subact of M.
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Proposition 3.8. Pure Sr-subacts of multiplication Sp-act are multiplication and idempotent.
Proof. Let N be a pure Sr-subact of multiplication Sp-act M, and K an Sr-subact of N. Thus K
= AT'M for some I'-ideal A of S. But N is pure, so we have K=K N N=AI'M N N=AI'N.
Hence, N is a multiplication .Now, we show that N is idempotent. Since N=[N:M]I'M, and N
is pure then [N:M]I'N=NN[N:M]I'M=N. Therefore, N=[N:M]I'N, hence N is idempotent in
M.

Proposition 3.9. If each of K and N are pure Sr-subact of M then so is K U N.

Proof: Let A be an I'-ideal of S. Since K and N are pure in M, then ATK = KN AI'M and
AI'N=N N AI'M. So, by Lemma 2.20,  KUN) NATM=(KNATM)U (NN AI'M) =
AT'K U AI'N= AI'(K U N), and hence K U N is pure Sr-subact of M.

Proposition 3.10. Let S be a I'-semigroup ,and K, N Sr-subacts of Sr-act M . If K is pure Sr-
subact of N and N is pure of M ,then K is pure of M.

Proof: Let A be aI'-ideal of S. By hypothesis ATK=K N AIN=K N (NNAI'M)=K N
AI'M. Therefore, K is pure.

An Sr-act M is said to be pure-multiplication if for each pure Sr-subact N of M there
exist, a I'-ideal A of S such that N=AT'M. An Sr-act M is said pure-simple, if it contain no
pure Sr—subact other than M . An Sr-act M is said to regular if all its Sr-subacts are pure. AT-
semigroups is called regular if a S is regular Sr-act.

It's clear that every pure-simple Sr-act is pure multiplication. But the convers is not true

in general as the following example:

Example 3.11. Let S={i, 0, -i} and S=T = M. Then M is Sr-act under the multiplication
over complex numbers. Here N;={0} and N,=M ,are the only Sr—subacts of M. It's clear that
N;, i=1,2 are pure Sr-subacts of M, and there is I'-ideal A of S, such that N; =AT'M for i=1,2 .

Therefore , M is pure multiplication Sr-act but not simple. Also, M is regular.
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Proposition 3.12. Let M be an Sr —act and {N;, i € I} a nonempty collection of Sr—subacts of
M. If M = U;N; ,then N; is a pure Sp-subacts of M for all i € 1.

Proof: Let A be aI'-ideal of S. By Lemma 2.20, AT'M=AT"(U;¢N;)= U;1(ATN;). Now, let
j € then, ATM N N;= U (ATN) N N; = (ATN;NN;) U (Ujzjes ATN;NN;)= AI'N;U 0 =
AD'N; . Hence, N; is a pure Sr-subacts of M forall i € 1.

In the following Theorem we give a relation between pure gamma subacts, multiplication

gamma acts and idempotent gamma subacts.

Theorem 3.13.Let S be a I'-monoid and N a Srp-subact of faithful multiplication Sr-act M.
The following statement are equivalent

i. N isapure Sp-subact of M.

ii. N is multiplication and idempotent in M.

iii. AI'[N:M]=A N [N:M] for every I'-ideal A of S.
Proof. (i)=(ii) It's clear by Proposition 3.8 .
(ii)=(iii) Let K be a Sr-subact of M .Then [K:N]IN=[K:N][([N:-M]I'N) =([K:N][N:M]
)I'N € [K: M]I'N .Since [K: M]I'N € [K:N]I'N. So, [K:N]I'N = [K:M]I'N .Since N is
multiplication , then by Lemmas 2.22 and 2.19,for every I'-ideal A of S, ATMNN=
[ATM:N]I'N = [ATM:M]I'N =AT'N. Thus, ATN=AT'MNN.So, (AT[N:-M])['M
=AI'N=AT'MNN =AT'MN[N:M]I'M . Therefore, ATMN[N:M]I'M = (AT'[N:M])I'M and by
Theorem 2.16, (A N [N:M]DI'M = (AT'[N:M])I'M .By faithfulness of M, AI'[N:M]
=AN[N:M].
(iii) = (i) Let A be an I'-ideal of S. By Theorem 2.16, and hypothesis N N AT'M =[N:-M]I'M
N AI'M = ([N:M] N A)'M=([N:M][A)I'M =(AT[N:M]) I'M =AT[N:-M][M)= AT'N
.Therefore, N is a pure Sr-subact of M.

As a special case of Theorem 3.13,the following corollary gives a characterization of

pure I'-ideal in I'-monoids .
Corollary 3.14.1f S is a faithful and A T'-ideal of S. Then the following statement are
equivalent:

i. AisapureTI-ideal of S.
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ii. Ais multiplication and gl-idempotent in S.
iii. BITA:S]=B N [A:S] for every I'-ideal B of S.
Corollary 3.15. Let S be a I'-monoid and M a gl-faithful multiplication Sr-act .

i. If N (resp. A) is a pure Sr-subact (resp. I'-ideal) of M(resp. S) then AI'N is a pure
Sr-subact of M.

ii. The nonempty intersection of two pure Sr-subacts of M is pure Sp-subact of M.

Proof. (i) Let N (A) be a pure Sr-subact (I'-ideal) of M (S). Then by Theorem 3.13, N and (A)
is a multiplication and idempotent (gl-idempotent). By Corollary 2.15, and Proposition 3.3,
AT'N is multiplication an idempotent. By Theorem 3.13, AT'N is pure Sr-subact of M.

(ii) Let N; and N, be a pure Sr-subacts of M, with N; NN, # @ . We will show that N; NN, is
an idempotent. Let x € N;N N, ,then x € N;and x € N, .By Theorem 3.13, N;and N, are
idempotent Sr-subacts, then N; = [N;: M]I'N; and N, = [N,: M]I'N, .Thus, there is y; €
[N;:M] and y, € [N,: M] such that x=y; ax ,and x=y,Bx for some a ,8 € I'. Also, since

y1 € [Ni:M] and y, € [Ny: M] then y; Ty, S [Ny: M]I'[Ny: M] < [Ny: M]N[Ny: M]=

[(N;NN3): M]. Now, x=y,a(y,£x) = (y,ay,)Bx € [(N;NN,): M][T'(N;NN,) .Thus, N; NN, is
idempotent and by Remark 1.19 (1), N; N N, is a multiplication. So, by Theorem 3.13, N; NN, is

apure Sr-subact of M .

Proposition 3.16.Let S be a I'-monoid and N a pure Sr-subact of gl-faithful multiplication Sr-
act M. Then every Sr-subact of N is pure.

Proof: By Theorem 3.13, N is idempotent, and multiplication. Let K be a Sy-subact of N .Then
K = [K :N]JI'N. By Corollary3.15 , K is a pure Sr-subact of M.

Theorem 3.17. Let S be a '-monoid and M a gl-faithful multiplication Sr-act. Then :
I. An Sr-subact N of M is pure if and only if [N : M] is a pure I'-ideal of S .

Ii. AnT-ideal A of S is pure if and only if AI'M is a pure Sr-subact of M.

11
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Proof: (i) (=) Let A be aT'-ideal of S, and N be a pure Sr-subact of M .Then ,by
Theorem3.13, AI'[N:M]=A N [N:M] . It follows that, [N:M] is pure I"-ideal of S.

(&) Let N be an Sr-subact of M such that [N : M] is a pure I'-ideal of S. Then, corollary 3.14
implies that [N : M] is multiplication and gl-idempotent. Since, N =[N : M]I'M ,then N is
multiplication and by Proposition 3.2(4), N is idempotent. Hence, N is pure.

(ii) (=) Let B be a I'-ideal of S .Then, by Theorem 2.16, ATM N BITM=(A N B)I'M=
(AI'B)I'M=AT'(BI'M)= BI'(AI'M). Hence , AI'M is a pure Sr-subact of M.

(&) Let A be an I'-ideal of S ,such that AT'M is a pure Sr-subact of M. By Lemma 2.19,

A =[ATM:M], by (1) Aisapure I'-ideal of S.

In following Proposition, we give a characterization of completely gl-idempotent I'-

monoids in terms of pure I'-ideals.

Corollary 3.18 Let S be a I'-monoid. Then S is completely gl-idempotent if and only if S'is
regular.

Proof: (=)Let A be aT-ideal of S. Then A is gl-idempotent and A is multiplication. Hence ,
by Corollary 3.14, A is pure .

(&) Let B be a pure I'-ideal of S. By Theorem 3.13, B is gl-idempotent. Hence , S is
completely gl-idempotent.

An Sr-subact N of Sr-act M is said to be meet principal if ATNNK= (AN[K:N]DI'N ,for
all I'-ideal A of S and Sr-subact K of M.

Theorem 3.19.[6] Let S be a I'-monoid. If M is meet principal Sr-act then M is a
multiplication. The converse is true, if M is faithful.

It's easy to show that if A and B are I'-ideals of S, then so is AI'B.

Corollary 3.20.[6] Let S be a I'-monoid . If A and B are faithful multiplication I'-ideals of S
,then AI'B is a multiplication I"-ideal of S.
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Proposition 3.21.If S is a faithful and A and B are pure I'-ideals of S ,then AI'B is a pure I'-
ideal of S.

Proof: By Corollary 3.20, and Proposition 2.6, AI'B is multiplication and gl-idempotent I'-
ideal of S. So, by Corollary 3.14, AI'B is pure.

Recall that [6], If N, , N, are Sp-subacts of a multiplication Sp-act M such that N;= AT'M
and N, =BI'M for some I'-ideals A and B of S, then the product of N; and N, is denoted by
N, * N, is defined by N; * N,=(AI'B)I'M. Where, N, * N, is an Sr-subact of M .

Proposition 3.22. Let S be a I'-monoid and M a multiplication Sr-act. If N; and N, are pure
Sr-subacts of M ,then N; * N, is a pure Sr-subact of M.
Proof. Without loss the generality every I'-ideals of S is a faithful. Let N;and N, be a pure
Sr-subacts of M. Since M is multiplication then there is I'-ideals A and B of S, such that
N;=AI'M and N,=BI'M. By Theorem3.17, A and B are pure I"-ideals and by Proposition 3.21,
ATI'B is pure I'-ideal. Thus, (AI'B)I'M is pure Sr-subact of M (By Theorem3.17). Hence,
N, * N, isa pure.
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