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Abstract. In this paper, the vibration suppression strategy for a cantilevered rectangular
piezoelectric laminated composite plate is proposed by using the piezoelectric patches, which
are attached to the upper and lower surfaces of the plate as the actuators and sensors,
respectively. The main contributions of this study is as follows: Firstly, Based on classical
laminated plate theory and considering the action of piezoelectric loadings, the dynamics
equation of a piezoelectric laminated composite plate subjected to hygrothermal loads is
derived by using Hamilton's principle. The partial differential equations of the piezoelectric
laminated composite plate are discretized to a two-degree-of-freedom control equation by
using Galerkin method. Secondly, According to the discrete nominal model, a robust controller
for the uncertain systems is proposed. Based on the state space equation, the output feedback
controller for the system is designed. In the constructed full-dimensional state observer, the
estimated state feedback is introduced to construct a closed-loop feedback system. Using the
Lyapunov Matrix Inequality (LMI) method and Lyapunov Stability Theory, the feedback gain
matrix and observation gain matrix for the system are designed to make the closed-loop system
asymptotically stable. Finally, the accuracy and effectiveness of the controller are verified by
numerical simulation.

1. Introduction

Recently, piezoelectric materials as a new smart material have been widely used as actuators and
sensors embedded in engineering structures to form a piezoelectric composite structure to improve the
controllability. Piezoelectric composite structure is widely used in spacecraft, large space station and
other engineering fields [1-4]. Therefore, it is of great theoretical and engineering application value to
study the vibration suppression of piezoelectric laminated composite plate subjected to hygrothermal
loads.

Vibration of composite structures subjected to the hygrothermal loads has raised a large interest.
Some scholars solved the vibration problem under hygrothermal stress by the way of the finite element
formula. The core idea of Sreehari et al. [5] is to analyze the buckling analysis of laminated composite
plate the subjected to the in-plane thermal and moisture loads by using code in the Matlab
environment. Ram et al. [6] modified on the traditional finite element method and proposed the effect
of temperature and humidity on the free vibration of laminated composite plate Radic et al. [7]
established an equation to study the vibrational behaviour of the nano-plates embedded with grapheme
patches under the in-plane hygrothermal loads and the analysis of the critical buckling load was
presented under the seven different boundary systems.
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Some scholars assumed the material parameter as a function of the temperature and moisture in
the case of the hygrothermal stress problem of the functionally graded plates. Malekzadeh et al. [8]
investigated the free vibration of a functionally graded straight-sided quadrilateral plate in a thermal
environment and the material properties of the plate depend on the temperature. Mahapatraa et al. [9]
considered that the material properties are the function about the temperature and moisture
concentration. The nonlinear free vibrational natural frequency of the laminated composite spherical
shell panel subjected to the in-plane thermal and humidity loading is studied. Rath et al. [10] analyzed
the free vibration of composite laminates in different temperatures and moisture concentration by
conducted experimental and numerical studies. Shenas et al. [11] studied the effects of thermal
environment and geometric parameters to the free vibrational behaviour of functionally graded (FG)
quadrilateral micro-plates. Ye et al. [12] studied the hygrothermal vibration behaviour of multi-layered
cylindrical shells by the way of the 3-D elasticity theory under general boundary conditions.

Vibration usually causes damage to the engineering structure. Thus, it is essential to study the
vibration suppression. Phung-Van et al. [13] proposed the vibration suppression and the control of the
static deflection for the isotropic Mindlin plates via the displacement and velocity feedback controller.
And the cell-based smoothed discrete shear gap method (CS-FEM-DSG3) was used to analyse the free
vibration behaviour. He et al. [14] proposed a finite element formula for vibration suppression of
functionally graded material structure based on classical laminate theory and designed the constant
velocity feedback controller to damp out the vibration behaviour of the FGM plates. Song et al. [15]
designed a controller by the way of velocity feedback control strategy and studied the influence of the
location of the piezoelectric patches on the vibration control of the carbon nanotube (CNT) reinforced
functionally graded plates.

Most of the previous investigations of vibration suppression are about simply supported
composite laminates. Moreover, few researchers have conducted the active vibration suppression of
composite cantilever plates in the hygrothermal environment. In this paper, the free vibrational
response and vibration suppression for a cantilevered rectangular piezoelectric laminated composite
plate under the hygrothermal loading are proposed. Governing equation is formulated by Classical
Laminated Plate Theory, Hamilton's principle and Galerkin method. A robust controller for the
uncertain systems is presented via the discrete nominal model. The influences of the temperature and
moisture concentration on free vibration behaviour of the cantilevered rectangular piezoelectric
laminated composite plate are calculated. In addition, the effectiveness and accuracy of the vibration
controller are proposed.

2. Establishment of dynamics Equation

The mechanical model of the piezoelectric composite cantilever laminated plate is shown in Figure 1.
The length of the plate is a, the width is b, the plate is placed in a hygrothermal environment. A
coordinate system Oxyz is placed in the mid-plane of the piezoelectric laminated composite
rectangular cantilever plate. In addition, the thickness of the plate is average and equal to /, the
number of layer is &, the layer angle is @. Piezoelectric actuators and sensors with the same thickness
t, are placed on top and bottom of the laminate, respectively.

In view of the classical laminated plate theory [16, 17], the displacement fields are described as
follows

u(xayat)zuo(xayat)_z% (1'3)
Ox

v(xayat)zvo(xayat)_zéwo (l_b)
oy

W(xayat)zwo(x’y’t) (1_0)

where u,,v,and w, are the displacements components of any point along the coordinate x, y and z
direction on the mid-plane. The Geometric equation can be described as
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Figure 1. The model of cantilevered piezoelectric laminated composite plate and the coordinate
system

Considering the temperature change and moisture environment, the constitutive equation of the .-
th orthotropic lamina in the principal material coordinate direction is

o, (k) 0, 0, O (k) & —aAT - fC "
o, =10, O@» O & — AT - f,C 3)
O 0 0 O Vs
where ¢, a, are the coefficient of thermal expansion along x, andx,, f, and g, are the moisture
expansion coefficient along x, and x, , AT=T-T, is the temperature increment for an orthotropic

composite single layer without external load, CZV is the concentration of water absorbed by

orthotropic laminated composite plate in a moisture environment, and the coefficients
0,(i,j =1,2,6) are the engineering elastic constants of the -tk layer and are described by
El _ Ez , le _ Q21: UZIEI _ UIZEI

1_012021 1_012021 1_Ulezl

O, 21— » Og =G “4)
—UpU;y,

Since the laminates are composed of some orthotropic layers, which the materials are oriented

randomly with respect to the plate coordinates. Thus, the stress-strain relations of each layer must use

the unified coordinate system Oxyz , that is [18, 19]

’ 22

(k)

XX

5 A o @ (k)
Q11 Q12 Q16 Sxx—axxAT—ﬂxxC

| =|Qn 9n O &, -a,AT-p.C ®)]
O-’W Q16 Q26 Q66 }/xy _axyAT_ﬂxyC

where Q/ (1,7 =1,2,6) is the transformation matrix of stiffness matrix Q of the principal material

coordinate direction, &, . and a,, are the thermal coefficients of expansion which has been

xx > yy
transformed, and the transformation relations are written as

a, =a,cos’ O+a,sin’ 0, a, =aq sin’ 0+a,cos’ 0, a,, =2(a, —a,)sinfcosd (6a)
where g, , B, and B, are the moisture expansion coefficient under the x-y coordinate system, and
the transformation relations are written as

B.. =B cos’ O+ B,sin’ 0, B, =8 sin® @+ f3,cos’ 0, B, =2(B - p,)sinfcos b (6b)

Using the Hamilton principle, the governing equations can be obtained as follows [16]
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[ (5K -8U)dt + [ " SWdt =0 (7)

where 0K , 06U and OW represents the kinetic energy, the strain energy and the virtual work
respectively.

The virtual work is generated by the piezoelectric actuator at the input voltage V, (x, y,t) due to
the ignored of effects of damping and is given by [20]

SW = [V, (x.y.008DY (x, y.t)dxdy (8)

where D;”(x,y,t) is the electro-displacement field along the z-axis for actuator patch.
Here, the composite laminates are alternated composed of orthotropic single-layer plates with the

angle between the principal material direction and the coordinate axis being 0" and 90°.
Using equations (7) and (8), the kinetic equation is obtained by using the variational method.

Also, the 0D and 6D;” (in the Ju,, Sv,, ow, equation) are replaced by using the electric
displacement fields D;¥ and D;”. Thus, the vibration differential equation of the laminated composite
thin plate with piezoelectric actuator and sensor express as follows [5, 9, 21]

ou,
.. ow, s OU o’y o’u, 0%,
10%—116—;—(/111 +2AT) L — (4, + 247 ) _A"’f’(a 2+ 6x6())/)
_|_2 h3al2 (azuo a vO) h31 aV ('x yat) (9)
" ox” OxOy 2 ox
ov,
.. ow, - O U, s 07V, 62v0
Iovo _[15_(1412 +2A12 oo _(Azz +2A22 8 2 Ass( 0)62 )
a? 2 2 a
h3‘11 (a VZO + a Uy _h_ilaVa(-x,yJ):O (10)
Oy 0x0dy 4 oy
ow,:
o'w, o'w, 0w, o*w, W 0w . 0'w W 0w
I, + D, —*+2D,, 25 2602 D,, 6y40 +4D,, o 2602 +D 6x40 +2D% o 2602 + DY 6y40
o &0 o Oyt (h;’fz h;fz)(é“wo 0'w, +64w0) he (az +62Vﬂ)
ooxt 2 ox ay2 2 oyt B a 205 I @t oxt oy
2
~(NT +NT)( WO o W°)+AT((AT + A" +Af)aa;j° +(B + B, + B, ‘ZVSO
2
+4(D[; + DI, +D6) "))+C((A1C1+Af;+A]i)aa +(BS + B, + B, ¢ + D5, + D) g};))
:[26142}0"'[26“2}0_ 1%_[1% (11)
ox oy Ox Oy
where,
ul 7 —k ..
(4;,B,,D,)=>"[" 0,(1,2,2°)dz (i, j =1,2,6) (12)
k=1 " k1
N —
(4. B].D) =3[ O, (ak.al.al )z (1, =1.2.6) (13)
k=1" "k
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N z; —k k L.
(47,8, D)) =2 [ 0(BL By BNz (i, =1,2,6) (14)
=1 * Fk
NT=- j E,(1-v,)" a,ATdz (15)
V=[] B0, g aTe: 1)

Also, I, =1IZ' (i=0,1,2), (4”,B”

i ij 2D

Dyy=["ClLz.2) dz (1, =1.2) . (K kY= j " hy(1,2) dz

31,>j

h31(1,z) dz

ap_J'z Pﬁ33 dz , (Avp B;p’Dvp) J':j_t le(l,z,zz)dz (i,j=1,2) ,

N
E VE, ;
where, C/ =CJ, :ﬁ , ChH=Cl = - L Ch=Ch =0, h,=h,, h, =0 and B, = /3, . Further,
P P

E,, vy, hy;(j=12,6), Dy, DY, ﬂ3’3 (i=a,s) and «, are the modulus of elasticity, Poisson's ratio,

piezoelectric constant, the electric displacement field of the actuator, the electric displacement field of
the sensor, the impermittivity constants, and the piezoelectric material’s coefficient of thermal
expansion (see Table 2). The superscripts ap and sp represent actuators and sensors made of
piezoelectric patches, respectively.

Table 1. Typical data for Graphite/Epoxy [10, 18].

Parameter Value Unit
E, 185 GPa
E, 10.5 GPa
a, -0.3%x10°° K
a, 28.1x10°° K™
ﬂl 0 -
B, 0.44 --
G, 7.3 GPa
v, 0.28 --
P 1600 kg-m™

Table 2. Physical properties of the piezoelectric actuator/sensor (for G_1195N [14, 24, 25])

Parameter Value Unit

E, 63x10° N-m~
P, 7600 kg-m™
v, 0.3 -

dy, =ds, 254x107" m-V™'
ds 0 m-V'

hy, = hy, -39.37x10° V-m™
B 6.667 x10’ m-F'
a, 12x107* K™
k, 0.17 W - (mk)™
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3. Galerkin’s method
This paper mainly studies the transversal vibration for the piezoelectric laminated composite
rectangular cantilever plate, ignoring the in-plane vibration (in u, andv, directions) and the coupling

term in the dynamic equation. Here, the variables and parameters are introduced as follows:

» YA
- w, - x =y - 0 E oy — (ab) a h  — (ab)
wW=— , X=— , ==, t=tn " (——)"? , i‘ . =, =, Bi‘: Bi' N
? PRI A o) i A p o P B B
oo_tab) - A= wy4-7(w%y-7;w%T
j Eh4 [/ i—(ab)( '/ i Eh2 i Eh2 i ij EhZ ij
= (ab)"” s(wY.g——<w% — (ab)"
D =g D P =T D Ne =T N N =T N (n

The first two modes of the transverse displacement w, of the laminated composite cantilever

rectangular plate are considered, we choose the appropriate mode function. Therefore, the transverse
displacement w, with the first two modes is expressed as follows: [22-23]

wy =W ()X ()Y () +w, (D X, ()Y, () (18)
where,
X, (x)—smﬁx smh/11 x+0:1(cosh/11 x— cosﬁx) (18a)
a a
X (x)—smﬁx s1nhﬂ'2 x+0[2(COShAZ x— coséx) (18b)
a a
Yl(y)=sin%y+sinh%y—ﬂ](cosh%y+cosﬁy) (18¢)
Y(y)—sm’L; y+s1nh%y ﬂz(cosh’L:y+cos ¥) (18d)
where A, u;, &;, B; (i,j=1,2) can be obtained from the following equations
cosLacos fa+1=0, cosubeosp;b—1=0 (19a)
_ sinh Aa+sinAa _ sinh ;b —sin ;b (195)
" coshAa+cosda’ '’ cosh ;b —cos ;b

where w,(¢) andw,(¢) represents the amplitude for the first two-order modes.

The ordinary differential equation is obtained, and the Equation (11) is discretized by the
Galerkin method and the following equation is obtained

[M][w]+[K][w]=[F]V, (20)

ol et el e

where, [M ] and [K ] are the mass and stiffness matrices, [F ] is the force matrix.

where,

Defining the state vector X =[w1 w, W wz]T and the elements in X are the displacement

and the velocity of the mode, and the state equation (20) can be transformed into the follows
X =[A1X +[BV, () (22)

[A]{_ 2} [’]],[B]{ 4 }
k) o)) P ey 1

where,
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The dynamic equation of the piezoelectric sensor is as follows [20]

_hy aWo 0
il j j( A7) dxdy (23)

thus,
=[C]Xx +[D]V,(®) (24)

where D=0, [C]=[C, C, [0]].

4. Designing of control method

In this part, the design of vibration controller for a laminated composite cantilever plate with
piezoelectric patches is concerned. By considering the parameter uncertainties of dynamic model,
Equation (22) and (24) can be described as

X =[A+AA]X +[B+ ABYV,(¢) (25)
=[C]x (26)

where,
[44 AB]=MF|[E, E,] (27)

Here, M, E, and E, are the known constant matrix of suitable dimensions, and F(¢) is time-
varying matrix function and satisfies the conditions
FoO'Fo<I (28)
To overcome the parameter uncertainty, a robust controller is designed. By assuming that the
state vector X(?) is measurable, the state feedback controller is as follows.
V() =-K"X(®) (29)

where K“ is the feedback gain matrix of the robust controller (for detail calculation, see Theorem 1).

In Section 2, the piezoelectric sensor attached to the laminated composite cantilever plate, only
actuator’s tip displacement is measurable. This problem limits the use of the current controller [20]. In
order to effectively overcome this problem, we add a full-dimensional state observer to the close loop
system, which can estimate the value of X(#) . The full-dimensional state observer is given by

X =[A]X@’ +[L][Y -CX@ | +[B]V, (1) (30)

where, X(?)° is the state vector which has been observed, L is the observer gain matrix. Thus, the
input of the control system is transformed as

V() =-K"X(@®* (1)

There, we define the state observation error e = X(#) — X(#)° and using formula (31) and (25), the

closed-loop system can be written as
X(#)=[A+A4A—(B+ AB)K“1X(¢) +[B+ AB]K“e (32)
=[A-LC+ABK"le+[4A- ABK" ] X(1) (33)
As a result, the formula (32)-(33) are equivalent with that of formula (25)-(31).

Lemma 1 For a constant matrix of appropriate dimensions X, ¥, for any £ >0, the following inequality
is established [26]

XTY+YTX£5XTX+1YTY (34)
€
Theorem 1 If the matrices M, (i=1,2,3), N, (i=1,2,3), N, T, and positive scalars ¢, (i=1,2,...5)
which satisfied the following matrix inequality existed, the designed closed loop control system above
is asymptotic stability
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Ml M2 M3
1
M! (- V4 0 <0 (35)
& + &s
)
L & +€2
Nl N2 N3
NI —(g+e&)'1 0 <0 (36)
1
NI 0 (——1
L & +é&
where,
N=KP', M,=AP"'+P'A" ~-BN-N"B" +¢,BB" , M, =M , M,=P'E/ -N"E] (37)
T=QL, N,=0A+A'Q-TC-C'T" +5,'K”" K", N,=QM , N,=K“"E] (38)

Let S=P"', K= NS and use Linear Matrix Inequality (LMI) to obtain P and the feedback gain
matrix K“ in equation (35). Substituting P and K“ obtained by inequality (35) into inequality (36),
and L= Q'lT , then, the observation gain matrix L is obtained.

The proof process of Theorem 1 is given by
Proof 1 Considering the asymptotic stability of closed-loop systems, the Lyapunov’s Direct Method is
used, the scalar function is constructed as follows

V=e"Qe+ X" PX (39)
where, P and Q are the symmetric positive definite matrix. In the case of e(¢) =0 and X(¢£) =0,V <0,

and the asymptotic stability for the system is guaranteed [20].
Substituting equations (32)-(33) into (39), we obtained inequality for the V-time derivative as

V=¢"Qe+e" Q¢+ X"PX + X" PX <0 (40)
Using the Equations (27), (28), (32), (33), (40) and Lemma 1, the results are got as follows

: 0 0][X

V=[x" eT]{O J}L}O (41)
where,
0=P(A-BK“)+(A-BK“)" P+ P((&,+&)MM" +£,BB")P
+(e, " +e ' )E, - E,K*) (E, - E,K*)<0 (42)
J=Q(A-LC)+(A-LC)" Q+0(¢, +&)MM'Q

+e ' +e, )VKEJE, K +&,' K" K“<0 (43)

Pre and post Multiplication of Equation (42) with P' and use N =K“P~' and Schur
complement, inequality (42) is described as follows

Ml M2 M3
1
M) (- ) 0 <0
83 + 85
1
Mm! 0 (——1
| & té&
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where, M, =AP" +P'A" ~-BN-N"B" +5,BB" , M,=M , M,=P'E/ -N"E] .
In the same way, we can obtained the result as follows

Nl N2 N3
N —(g+&) ' 0 <0
1
NI 0 (———1
& +é& |

where, T=QL, N,=0QA+A"Q-TC-C'T" +&,'K“"K°, N,=0M , N,=K"E, .
This completes the proof.

5. Numerical results

5.1. Analysis of free vibration for piezoelectric laminated composite rectangular cantilever plate

In this section, the dynamic behaviour of piezoelectric laminated composite rectangular cantilever
plate is described. The width and thickness are »=1m and 4 =5mm for the composite laminate. The

thickness of actuator and sensor is #, =2mm . The free vibration of the composite laminate with

piezoelectric actuator and sensor in hygrothermal environment is calculated.

0 30 60 90 120 150 0 30 60 90 120 150
AT (K) AT (K)

Figure 2. (a)-(b): The influence of temperature (AT(k)) on the vibrational natural frequencies of
laminated rectangular cantilever composite plate with K=5

o,(Hz)

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
C(%) C(%)

Figure 3. (a)-(b): The influence of moisture (C) on the vibrational natural frequencies of laminated
rectangular cantilever composite plate with K=5
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Figure 2 and Figure 3 show the influence of temperature rise (A7) and moisture concentration
rise (C) on the dimensionless natural frequencies under five different dimensionless aspect ratio A. It
can be seen from these figures that the rises of temperature and humidity concentration lead to a
decrease of the first-order and second-order natural frequency. Also, the temperature has a greater
effect on frequency than moisture, as shown in Figure 2. The result is consistent with the paper from
Ram et.al [6] who used the finite element formulation to calculate the dynamic behaviour of various
boundary conditions for laminated composite plate subjected to hygrothermal loading. Further, when
b =1m, the first-order and second-order natural frequency increase with the increase in aspect ratio A.
Also, the variations are approximately linear with the rises of temperature (A7) and moisture (C), as
shown in Figure 2 and Figure 3.

5.2. Vibration Suppression Analysis of the Piezoelectric Composite Rectangular Cantilever Plate
To verify the efficiency analysis and accuracy of robust controller, the mechanical model of instance is
given in figure 1, here, the thickness of piezoelectric patches and host plate is 7, =2mm and 4 =5mm

respectively. We assume

g =6=6=¢6=&=1 (44)
1 000 0.1 1 000
01 00 0.2 01 00
El = ’ E2 = s M = (45)
0 010 0.2 0 010
0 0 01 0.1 0 0 01
Using equation (44) and (45) and the Theorem 1, the feedback gain matrix is as follows
K =[-0.52441 -9.16542 7.39912 18.80072] (46)

The uncontrolled and controlled time history curves of the laminated composite rectangular
cantilever plate with piezoelectric sensors and actuators are shown in Figure 4. It is seen from these
figures that the first-order and second-order transversal displacements is suppressed to be convergent
after the control strategy is applied.

0.03 : : : : 0.02
0.01
0.02
o.01f
0.01
0.005
J ]
S\ 0 N S'f\x
2 2
-0.005
0.01}-
-0.011}
-0.02}
-0.015!;
i i
003 10 20 30 40 50 60 70 0:0% 10 20 30 40 50 60 70
1(s) t(s)

- Uncontrolled Controlled

Figure 4. Uncontrolled and controlled first-order and second-order time history curves of the
laminated composite rectangular cantilever plate with the initial temperature and
moisture change is AT = 25K and C=0.25 respectively.

Considering the change of the temperature (A7) and moisture concentration (C), the uncontrolled
and controlled first-order and second-order time history curves of the plate are simulated, the results
are shown in Figure 5 and Figure 6.The results illustrate that the control strategy have a good
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suppression for the free vibrational behaviour of the laminated composite rectangular cantilever plate
under different hygrothermal environment. Thus, the results show that the present vibration control
method is effective and accurate.

0.04 0.025

0.02¢ :

0.015}
o.o1f:

0.01
0 0.005

w )
w0

-0.01f -0-005¢

-0.011:
-0.02f

-0.01

-0.03f
-0.0

H

~0:045 10 20 30 40 50 60 70 "0:025; 10 20 3
t(s)

it

0 20 50 60 70
1(s)

- Uncontrolled Controlled

Figure 5. Uncontrolled and controlled first-order and second-order time history curves of the
laminated composite rectangular cantilever plate with the initial temperature and
moisture change is AT =100K and C=0.25 respectively.

0.04 0.025

0.03 00244

0.015§: |
0.02
0.01
0.01 0.005/{ 1
D D
<o <, o
~ ~
2 2
-0.01f -0-005¢
-0.01p
-0.02
-0.015}-
-0.03p -0.02}
0.045 10 20 30 40 50 60 70 -0-025; 10 20 30 40 50 60 70
i(s) i(s)

Uncontrolled Controlled

Figure 6. Uncontrolled and controlled first-order and second-order time history curves of the
laminated composite rectangular cantilever plate with the initial temperature and
moisture change is AT =25K and C=1.5 respectively.

6. Conclusions

In this paper, the vibration suppression for a cantilevered rectangular piezoelectric laminated
composite plate subjected to the hygrothermal loading is proposed by using the piezoelectric patches
as the actuators and sensors, respectively. The conclusions are as follows:

(1) The dynamics equation is derived based on Hamilton's principle. The partial differential
equations are discretized through Galerkin method. Based on the state space equation, the output
feedback controller is designed. Constructing full-dimensional state observer, the estimated state
feedback is introduced to construct a closed-loop feedback system.

(2) By numerical simulation, we can find that the reduction of first-order and second-order
natural frequency with the increase of temperature and moisture. Further, the accuracy and efficiency
of the controller in supressing the free vibrations of the cantilevered rectangular piezoelectric
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laminated composite plate under the different hygrothermal environment are shown by the numerical
examples.
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