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Abstract. A theoretical prediction method of the scattering of fan tone radiation from a
turbofan inlet duct by the airframe fuselage is presented. The fan tone noise is modelled by an
acoustic disc source that represents the sound field at the inlet duct termination. Adjacent to
the source is a cylindrical fuselage that scatters the fan tone radiation. The prediction method is
valid for upstream sound radiation. The acoustic pressure on the cylindrical fuselage is affected
by refraction of the sound as it propagates through the fuselage boundary layer. This effect
known as boundary layer shielding is more prominent forward of the turbofan, since the fan
tone noise radiated from the inlet duct is propagating upstream. An asymptotic approach is
used to model sound propagation through a boundary layer which is modelled by a thin linear
shear velocity profile. Consequently the scattered pressure field can be computed very quickly,
thus providing a fast and efficient prediction method. Although a realistic fuselage turbulent
boundary layer does not resemble a linear shear layer, it is shown that the effect of acoustic
shielding by a turbulent boundary layer can be modelled by taking a liner shear profile with a
shape factor that matches the shape factor for a realistic turbulent profile.

1. Introduction
The introduction of the turbofan engine caused a significant decrease in the intensity of jet
noise, but increased the prominence of fan noise. With the ongoing development of ultra high-
bypass-ratio turbofan engines, the prominence of fan noise is expected to become more dominant
compared to other noise sources on an aircraft. However, it can be misleading to examine the fan
noise source radiating in a free-field as highlighted by previous research ([1], [2], [3]). Calculating
the propagation of fan noise in the free field is not sufficient because the interaction of the
source with the rest of the airframe, especially the adjacent fuselage, can alter substantially
the acoustic pressure field. Thus the modelling of acoustic installation effects for engine noise
sources is important to provide more accurate predictions than the free-field response.

The aim of the work presented here is to develop theoretical methods to predict the scattering
and refraction of fan tone radiation owing to the presence of a cylindrical fuselage adjacent to
the turbofan engine. Specifically, analytic expressions that describe the acoustic pressure near-
and far-field of an installed fan tone noise source adjacent to a cylinder have been derived and
benchmarked. The fan tone noise source is modelled by a distribution of monopoles on a disc
that simulates a spinning mode exiting a turbofan inlet duct, as proposed by McAlpine et al. [4].
By calculating both near- and far-field, the methods can be applied to the evaluation of both
cabin and ground noise.
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Previous research on this problem relied on numerical methods to calculate sound propagation
through the fuselage boundary layer (for example McAninch [5], Tam and Morris [6], Hanson
and Magliozzi [2], McAlpine, Gaffney and Kingan [4], Gaffney, McAlpine and Kingan [7]). This
is of key importance for upstream sound propagation which via boundary layer refraction effects
can be ‘shielded’ from the fuselage’s surface [1].

McAninch [5] and Tam and Morris [6] were the first researchers to solve the Pridmore-Brown
equation to model sound refraction effects by the fuselage boundary layer. They proposed a
numerical scheme utilizing a Frobenius series in order to bridge the singularity that is present in
the Pridmore-Brown equation. Subsequently, Hanson and Magliozzi [2] were the first to model
the scattered field from a propeller source adjacent to a cylindrical fuselage. In fact, the propeller
source model was the only one available until McAlpine et al. [4] and Gaffney [7] introduced a
model that simulates fan tones radiated from a turbofan inlet duct.

In this paper, sound propagation in the boundary layer region is determined via an asymptotic
method proposed by Eversman and Beckemeyer [8], leading to an analytical formulation that
only requires numerical evaluation of an inverse Fourier transform to obtain the near-field
acoustic pressure. Consequently the near-field pressure can be computed very quickly, thus
providing a fast and efficient prediction method. Although not presented in this paper, the
same approach has been employed to derive an analytic expression for the far-field pressure.
In fact, in the far field the inverse Fourier transform can be evaluated using the method of
stationary phase, leading to a fully analytical result.

2. Theoretical Background and Analysis
The analysis in § 2.1 and § 2.2 follows the procedure in McAlpine et al. [4]. Full details of the
analysis in § 2.3 for the linear boundary layer is in Rouvas and McAlpine [9].

2.1. In-duct Sound Field
Consider a ducted fan in a cylindrical inlet duct of radius a. The cylindrical coordinate system
(r, φ, z) has its z-axis coincident with the duct’s centerline. A subsonic uniform flow of Mach
number Mz = Uz/c0 is directed in the negative z-direction. As described in McAlpine et al. [4],
a time-harmonic spinning mode, exiting the duct with azimuthal order l and radial order q, has
acoustic pressure and axial particle velocity given by

p̂lq = PlqJl(κlqr)e
i(−lφ−kzlqz) and ûzlq =

ξlq
ρ0c0

PlqJl(κlqr)e
i(−lφ−kzlqz), (1)

where Plq is the modal amplitude, ξlq =
kzlq

(k0+kzlqMz) , and the dispersion relationship is given by

k2
zlq + κ2

lq = (k0 + kzlqMz)
2. Also, κlq is the set of eigenvalues which satisfy J′l(κlqa) = 0, kzlq is

the axial wavenumber of mode (l, q), c0 is the speed of sound, ρ0 is the mean density of the air
inside the duct, and the freespace wavenumber k0 = ω0/c0.

2.2. Uniform Flow Analysis
The derivation of the total field when the flow is uniform is taken from McAlpine et al. [4]. Here
only a brief outline is provided. Adjacent to the source, there is a cylindrical fuselage. Another
cylindrical coordinate system (r̄, φ̄, z̄) is used, with its z̄-axis coincident with the fuselage’s
centerline. The perpendicular distance between the z-axis and the z̄-axis is b. Then Graf’s
Addition Theorem is used in order to express the incident field in terms of the cylindrical
coordinate system centered on the fuselage rather than on the duct’s centerline, as described in
Refs. [2], [7], [10]. The incident field expression is given for r̄ < b (near-field)

p′in (r̄, kz, t) = π2ξlqPlq(−1)l+n(k0 + kzM) Ψlq e−i(l−n)β H
(2)
l−n (Γ0b) Jn (Γ0r̄) eiω0t, (2)
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where Γ2
0 = (k0 + kzMz)

2 − k2
z is a radial wavenumber, and the function Ψlq is given by

Ψlq =
Γ0a

κ2
lq − Γ2

0

Jl(κlqa)J′l(Γ0a), Γ0 6= κlq, (3)

Ψlq =
1

2

(
a2 − l2

κ2
lq

)
J2
l (κlqa), Γ0 = κlq. (4)

Note that · denotes a Fourier-transformed variable.
An alternative expression can be derived for r̄ > b which is used for the far-field result.
Since the scattered waves take the form of the scattering surface, the scattered field is

formed of cylindrical outward propagating waves. Thus the Fourier-transformed scattered field
is expressed in terms of a Hankel function as shown in Ref. [4].

It immediately follows that the Fourier-transformed total field can be constructed by summing
the Fourier-transformed incident and scattered fields, with the scattered field determined such
that the total field satisfies a hard-wall boundary condition at the fuselage surface (r̄ = a0).

For the near-field case, the acoustic pressure at the fuselage surface is of interest because it
enables the evaluation of cabin noise. On setting r̄ = a0, and performing an inverse Fourier
z̄-transform, the total pressure on the fuselage surface in real space is obtained

p′t (a0, φ̄, z̄, t) =
ξlqPlq

4
(−1)l e−ilβ eiω0t

∞∑
n=−∞

{
(−1)n In (a0, z̄) e−in(φ̄−β)

}
, (5)

where

In (a0, z̄) =

∫ ∞
−∞

(k0 + kzM) Ψlq H
(2)
l−n (Γ0b)

[(
−i(2/πΓ0a0)

)
/H(2)′

n (Γ0a0)

]
e−ikz z̄ dkz. (6)

The inverse Fourier z̄-transform integral cannot be solved analytically, and therefore a numerical
integration routine must be employed.

2.3. Linear Boundary Layer Profile Analysis
As already mentioned, previous researchers emphasised the importance of boundary-layer
refraction effects on upstream sound propagation. Experimental data [2] showed a discrepancy
between the sound levels measured upstream of the source compared with theoretical predictions.
This was because the predictions assumed uniform flow and did not take into account the
boundary layer. The problem of sound propagation through a shear layer, such as a boundary
layer, requires the solution to the Pridmore-Brown equation [11]. The Fourier-transformed
Pridmore-Brown equation in terms of cylindrical coordinates is

d2p′tin
dr̄2

+

(
1

r̄
− 2kzM

′

k0 + kzM

)
dp′tin
dr̄

+

[
(k0 + kzM)2 − k2

z −
n2

r̄2

]
p′tin = 0. (7)

Previous researchers ([2], [5], [6], [7], [10]) used numerical methods to solve this equation.
Eversman and Beckemeyer [8] proposed an asymptotic approach to solve eq. (7). The work

presented here uses this approach to solve the problem of sound propagation inside a linear
boundary layer profile with slip velocity at the wall, as shown sketched in Fig. (1). Again here
only a brief outline is provided. Following Eversman and Beckemeyer, introduce the change of
variables y = r̄−a0

a0
and ζ = y

ε , with the parameter ε = δ
a0

the non-dimenional boundary layer
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Figure 1. Boundary layer with linear velocity profile.

thickness. The Pridmore-Brown equation is then solved for small values of the parameter ε by
assuming a power series solution [8]

p′tin(ζ) = p′0(ζ) + εp′1(ζ) + ε2p′2(ζ) + ε3p′3(ζ) + . . . . (8)

Substituting eq. (8) into eq. (7), and also the equation that specifies the hard-wall boundary
condition, yields a set of equations that can be solved to give the terms of the power series
p′0(ζ), p′1(ζ), p′2(ζ) etc. It is noted that sufficient accuracy is achieved by taking up to second
order as shown in Rouvas and McAlpine [9]. Thus, the pressure and its derivative inside the
boundary-layer are obtained in the form given by eq. (8).

The pressure field outside the boundary layer is the solution to the inhomogeneous convected
wave equation, since the flow is assumed uniform everywhere except in the boundary-layer
region. The Fourier-transformed total field outside the layer will be the sum of the incident field,
given by eq. (2), and the scattered field. By employing matching conditions at the edge of the

boundary layer, namely continuity of pressure p′tin(ζ = 1) = p′iout(r̄ = a0 + δ) +p′sout(r̄ = a0 + δ),
and continuity of particle displacement, which is equivalent to continuity of pressure gradient,
dp′tin

dr̄ (ζ = 1) =
dp′iout

dr̄ (r̄ = a0 + δ) +
dp′sout

dr̄ (r̄ = a0 + δ), the problem can be solved to determine
the Fourier-transformed total field inside and outside the boundary layer.

Finally, by performing an inverse Fourier z̄-transform, the total pressure at the fuselage
surface, i.e. p′tin(ζ = 0), is given by

p′tin (a0, φ̄, z̄, t) =
ξlqPlq

4
(−1)le−ilβ

∞∑
n=−∞

(−1)neinβI(lbl)
n (a0, z̄)e

−inφ̄ eiω0t, (9)

where

I(lbl)
n (a0, z̄) =

∫ ∞
−∞

(k0 + kzM0) Ψlq H
(2)
l−n (Γ0b)Sn(kz, ω0)e−ikz z̄ dkz, (10)

and

Sn(kz, ω0) =

[
Jn (Γ0(a0 + δ))

1

G

+

[
J′n (Γ0(a0 + δ))− R

G
ε

Γ0a0
(1 +KM0)2Jn (Γ0(a0 + δ))

]
[
R
G

ε
Γ0a0

(1 +KM0)2H
(2)
n (Γ0(a0 + δ))−H

(2)′
n (Γ0(a0 + δ))

]H
(2)
n (Γ0(a0 + δ))

G

]
.

(11)
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The rest of the terms are

G =

{
1 + ε2

[
µ
( s2

3g
+

1

2

)
− ν
(s2

4
+

2

3
g +

1

2

g2

s2

)]}
, (12)

and

R =

{
µ
(1

g
− 1

(s2 + g)

)
− ν − ε

[
(2n2 − µ)

s2
ln

(
s2 + g

g

)
− 2n2

s2 + g
+
µ

g
− ν

2

]}
, (13)

where ν = (k0a0)2, µ = (k0a0)2K2 + n2, s = K(M0 −Mw), g = s(1 +KMw) and K = kz
k0

.

3. Results
This sections includes some illustrative results, including examples of benchmarking that
compare results from the theoretical analysis with numerical results taken from Gaffney [12].
Particular focus is given to quantifying the shielding effect upstream of the source. In all of the
following examples, the dimensions of the problem and the source characteristics are constant.
The fuselage radius is unity (a0 = 1), and the other geometric parameters are scaled by a0.
The Mach number is 0.75 which is a representative value for flight condition at 30,000 ft. The
frequency is expressed in terms of the non-dimensional Helmholtz number k0a, and is fixed at
k0a = 20 which represents a relatively high frequency. Examples are shown for the upstream
fuselage pressure, since this is the area expected to produce shielding due to refraction.

In order to quantify the shielding effect on the fuselage surface, the quantity ∆bl =
SPLbl − SPL is introduced, which is the difference of the sound pressure level (SPL) with the
boundary layer (calculated using eq. (9)) and the SPL without the boundary layer (calculated
using eq. (5)). This quantity is particularly relevant at the near side of the cylindrical fuselage
(φ̄ = 0o). At the far side of the cylinder (around φ̄ = 180o), there is a shadow zone, and the
SPL is typically over 100 dB lower. In fact it is difficult to accurately calculate these very low
levels owing to the numerical noise floor, but since the levels are at least 100 dB lower in the
shadow zone, this renders the actual levels largely irrelevant.

The key objective underpinning these illustrative results is to show that the linear shear
velocity profile can be used to simulate the shielding that is predicted for a 1/7th power-law
profile that is a realistic mean-flow profile of a turbulent boundary layer. In order to achieve
comparable results, an equivalency must be established between the two profiles. In this paper,
three matching methods are investigated to approximate a 1/7th power-law profile by a linear
shear profile. The first method is to match the shape factors of the two profiles. Equating
the displacement and momentum thicknesses yields values of the boundary-layer thickness δ,
and Mach number at the wall Mw, for the equivalent linear shear velocity profile. The second
method is to equate the boundary-layer and displacement thicknesses of the two profiles. The
third method is to equate the boundary-layer and momentum thicknesses of the two profiles.
Figure (2) demonstrates the accuracy of each method, based on a 1/7th power-law profile with
actual thickness equal to 1% of the fuselage radius.

It is clear that the best method is to equate the shape factor. The equivalent linear shear
velocity profile can simulate the results for a 1/7th power-law profile. By matching the shape
factors, the thickness for the equivalent linear shear profile is smaller than the actual boundary-
layer thickness of the 1/7th power-law profile. This contributes to the accuracy of the results,
because the theoretical approach is valid for sufficiently thin boundary layers compared to the
radius of the cylindrical fuselage.

This loss of accuracy with thicker boundary layers is seen in Fig. (3). It is clear that the
thicker the boundary layer the larger the discrepancy between the theoretical results and the
numerical results. It is important to note here that a typical value for a turbulent boundary-
layer thickness at the plane of the source, based on a model of the growth of a turbulent
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Figure 2. ∆bl at φ̄ = 0 for three different matching methods. [left] Theoretical predictions
with linear velocity profiles having equal shape factor (dashed line), equal boundary-layer and
displacement thickness (dash-dotted line), and equal boundary-layer and momentum thickness
(dotted line) to a 1/7th power law are compared with numerical predictions (solid line). [right]
The three equivalent linear velocity profiles, equal shape factor (dashed line), equal boundary-
layer and displacement thickness (dash-dotted line), and equal boundary-layer and momentum
thickness (dotted line) are plotted compared to the actual 1/7th power law profile (solid line).
The other parameters are: (l, q) = (4, 1), a = 0.5a0, b = 3a0, M0 = 0.75, k0a = 20 and
δ = 0.01a0.

boundary layer on a flat plate, is estimated to be approximately 5% of the fuselage radius,
i.e. δ/a0 = 0.05. It is seen that for thinner boundary-layer thicknesses, that are representative
of the actual fuselage boundary-layer thickness upstream of the source plane, the linear shear
profile is appropriate to use for predictions of the boundary-layer shielding. This means that
predictions of the shielding by a realistic mean-flow profile for a turbulent boundary-layer can
be determined using the theoretical method for a linear shear velocity profile, without having
to compute numerical results for a power-law profile.

A final illustrative example is shown in Fig. 4 that compares the pressure contours on
the cylindrical fuselage calculated with the linear shear profile (using the theoretical method
described in this paper) and with a 1/7th power-law profile (using the numerical method
developed by Gaffney [12]). Figure 4 shows very good agreement between the theoretical and
numerical results. The only noticable differences are located in the shadow zone at the far
side of the cylinder. However, the sound levels in the shadow zone are 100 dB lower than the
near side, effectively reaching the numerical noise floor rendering comparisons in the shadow
zone irrelevant. It is clear that for the near side of the cylinder, the results exhibit remarkable
similarity showing that the linear shear velocity profile can be used to calculate the shielding by
a 1/7th power-law profile representative of a realistic turbulent boundary layer.
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a = 0.5a0, b = 3a0, M0 = 0.75, k0a = 20 and 1/7th power law profile.
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Figure 4. Pressure on the fuselage surface upstream of the source. SPL normalised so that the
maximum value is at 0 dB. Comparison of theoretical results [(right)] and numerical results
[(left)]. The other parameters are: (l, q) = (4, 1), a = 0.5a0, b = 3a0, M0 = 0.75, k0a = 20 and
1/7th power law profile.

4. Conclusion
In this paper, a theoretical method for predicting the scattering and shielding effect of a fan
tone noise source adjacent to a cylindrical fuselage is developed. Sound propagation through
the fuselage boundary layer is calculated using an asymptotic method that is valid for a thin
shear layer. Analytical expressions for the acoustic pressure in the near- and far-field have
been derived (although only the near-field result is included in this paper). Comparisons with
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numerical predictions demonstrate the validity of the approach, and show the feasibility of
using an equivalent linear shear velocity profile to accurately approximate a 1/7th power-law
velocity profile that is a well-known model of a turbulent boundary layer. The method used
for matching the two shear velocity profiles is subject to further investigation. Nonetheless,
matching the shape factor is proving to yield accurate results.

The use of the linear shear velocity profile to approximate more realistic profiles implies
that perhaps even simpler profiles, such as a step-function velocity profile, could be used to
simulate the same results. This would further simplify the problem, eliminating the requirement
to solve the Pridmore-Brown equation for sound propagation in the boundary-layer region. The
analytical solution for a simpler velocity profile reduces the computational cost of the approach
compared to more traditional high-fidelity numerical methods.
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