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Abstract. The early studying of natural frequencies and associated mode shapes for different 
geometric parameters and different boundary conditions is considered an integral approach that has 
received great attention in industrial applications to prevent catastrophic failure in machines. The 
effect of different diameters (Solid and Hollow) on the transverse bending and torsional natural 
frequencies on a uniform steel beam with a circular cross-section is studied. The effect of different 
materials and different beam lengths on the fundamental transverse bending and torsional natural 
frequencies are introduced for Fixed - Free supported beam. Theoretical analysis calculation and 
the Finite Element Methods using ANSYS Workbench 17 software results are introduced. 
Theoretical and numerical methods give approximately the same results. Figures of effects of the 
beam length, material types, and different inner diameters on the transverse bending, and torsional 
natural frequencies of the uniform beam are performed.   
Keywords. Modal analysis, Free beam, Geometric parameters, ANSYS Workbench 17, Finite 
element. 

1. Introduction 
Free torsional and transverse vibration analysis of beams with different geometric characteristics and 
different boundary conditions is important in mechanical engineering. Rotating shafts are extensively 
implemented for power transmission in different industries. Most machinery may encounter torsional and 
transverse vibrations in their rotary elements. Such vibrations could be caused by random exciting torque, 
disturbance of electricity, or interaction of different parts of the system like shafts and bearings. The most 
common type of vibration which occurs in rotary systems is torsional vibration of elements due to the 
resonance phenomenon. However, many studies have been introduced in this field.  Alansari, L.S et al. [1] 
calculated the natural frequencies of a hollow sectional cantilever beam with internal steps with circular 
and square cross section area. The study introduced a numerical analysis using the classical Rayleigh 
method, modified Rayleigh method, and Finite Element Method using ANSYS-Workbench (17.2). The 
equivalent cross-section area of the hollow stepped beam was calculated in two methods, the classical 
method, and the modified method. Seven values of width for a large part were used with different length 
vales of small part for square and circular cross-section areas. It was concluded that when the length of 
small parts increases, the natural frequencies increases to reach their maximum values at a specific length 
then decrease. 
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 The natural frequencies increase when the width of small parts increases for the same width of the larger 
part. Also, the natural frequency of the circular CSA is less than the natural frequencies for square CSA 
for the same dimensions. Jammel et al. [2] introduced a numerical solution for transverse vibration of the 
simply- supported beam with symmetric overhang. The natural frequencies of different beam lengths with 
constant cross-section area were calculated. An approximation solution and numerical solutions for 
frequency equation with small overhang were calculated, using beam flexural stiffness calculation. The 
free vibration of square cross-section aluminum beam was investigated by Avcar [3] analytically and 
numerically under four different boundary conditions: clamped-clamped (C-C), clamped -free (C-F), 
clamped -simply (C-S), and simply supported beam(S-S). Analytical solution was carried out using Euler-
Bernoulli beam theory and Newton – Raphson method. Effects of geometric characteristics, boundary 
conditions on natural frequencies were obtained for the first three modes. Numerical results were obtained 
from the finite-element method (FEM) using ANSYS software to confirm the reality of the analytical 
solution. It was found that the beam with (C-C) boundary condition has the highest natural frequencies, 
and lowest natural frequencies under (C-F). 
 The natural frequencies decreased with increasing beam length. Also, the natural frequencies increased 
with the increasing cross-sectional area. Al-Saffar [4] studied the natural frequency of aluminum of 
cantilever stepped beam experimentally and theoretically by modeling the experimental data using 
artificial neural network (ANN) for different values of large and small diameters and for different lengths 
of the larger diameter step. The results showed that the natural frequencies increased with the increasing 
of larger diameter length of the stepped shaft. The ANN technique had a high performance to predict the 
experimental results. Augustyn et al.[5] investigated the existence of torsional modes in low- frequency 
range for a fixed -free beam with a rectangular cross-section with different ratios between width and 
height and different lengths. Analytical model was introduced and verified using the finite element 
method. For some cross -sections with an especially short length, the existence of torsional modes in the 
low frequency range was observed.  Ece et al. [6] studied the vibration of the isotropic beam with variable 
cross-section. The governing equation was reduced to ordinary differential equations in special 
coordinates for exponentially varying cross- section area width. An analytical solution of vibration of 
beams was conducted with three different boundary conditions. Natural frequencies and mode shapes 
were determined for each set of conditions of boundaries. 
The results showed that non-uniformity influenced the natural frequencies and mode shapes. The natural 
frequencies increased for widening beams and decreased for narrowing beams. Al-Ansari [7] also 
presented an investigation of the natural frequencies of the stepped beam using modified Rayleigh’s 
method to calculate the equivalent moment of inertia of the stepped beam to verify a new method. The 
proposed analytical method and finite element method using Ansys software were implemented on four 
types of beams: circular beam, square beam, rectangular beam with stepping in width only, and 
rectangular beam with stepping in height only. A good agreement was found between the results of static 
deflection calculated using Ansys and those found by modified Rayleigh’s method. It was concluded that 
modified Rayleigh’s method can be used for calculating the static deflection and natural frequencies for a 
stepped beam with a number of steps larger than two and a non-prismatic beam. Da Silva [8] studied the 
flexible beams carrying attachment and non- classical boundary conditions in engineering structures. The 
analysis of vibrating beams with ends elastically restrained against rotation a translation or with ends 
carrying concentrated masses or rotational inertial. (unintelligible) 
In this study, the calculations based on mathematical models and Finite Element Methods using ANSYS 
Workbench 17.2 software were presented in this paper to study the fundamental transverse and torsional 
natural frequencies of cantilever solid and hollow beams with the uniform circular cross-sectional area to 
study the effect of shaft length, different materials, and different inner diameter of the hollow beam. 
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2. Theoretical analysis 

2.1. Transverse natural frequency 
According to Euler-Bernoulli beam theory, the equation of motion can be obtained for homogeneous 
material properties and uniform cross -section area as follows [9]: 

�� ���
��� (�, 	) + �
�

��
 (�, 	) = 0 0 ≤ � ≤ 
     (1) 

Where L, is the beam’s length as shown in figure (1), I is the area moment of inertia, � mass density with 
uniform cross - section area, A, w is the transverse displacement, and t is the time, at distance x. The 
constant parameter c depends on the material properties.  

� =  ���
��         (2) 

 
Figure 1. Geometry of the beam. 

 
The natural frequencies can be calculated using the equation[9]: 

�� = (�)����
��  =  (��)�� ��

����      (3)  

And, the natural frequency f� (Hz) of the beam is determined as follows: 

f� =  �
��        (4)  

���, represents the natural frequency parameter for nth mode for fixed -free boundary conditions beam for 
hollow circular cross-section area beam, Table 1: 

�� =  (�� )

��×�
 × � � ×  ( ��!"� )

#$ ×�× (�
!"
 )      (5) 

Where; D, and d are the outer and inner diameters of beam.  
 

Table 1. Dimensionless mode shape parameter. 

Mode number, n Natural frequency parameter ��� , 
1 �l 1 = 1.875104, 
2 �l 2= 4.694091 
3 �l3 = 7.854757 
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2.2. Calculating the fundamental torsional natural frequencies of beams have different diameters (solid 
and hollow beams). 
The equation of motion for the torsional vibration of the beam is [9]: 

%& �
'
��
 = �

�� *-%. �'
��/ + 1�(�, 	)       (6) 

Where; %& = 2%. is the mass moment of inertia of the beam per unit length, for uniform cross section 
beam. G=shear modulus, %.=polar moment of inertia of cross section of the beam, 3=angular displacement 
of the cross- section area, t= time, 1�(�, 	), 1�= external torque acting on the beam per unit length at 
distance x, along the beam axis.   
Where;  

� = �4�5
�6          (7) 

For uniform cross section area beam  

� =  �4
�         (8)  

The natural frequencies of vibration are given by the roots; 
7�
8 = �

� + 9:,              9 =  0,1,2, …         (9) 

Simplifying equation (9) 

�� = :� *��>#
�� /   9 = 0,1,2, …       (10) 

The corresponding normal mode shapes 

?�(�) = @� sin 7A�
8 ,   9 = 0,1,2, ….      (11) 

@� , constant for n mode. To calculate the beam torsional natural frequency of fixed – free ends boundary 
condition the following equation can be used [9] 

�� =  * ��>#
� : / × 8

�  =  * ��>#
�� : / ×  �4× C

�D      (12) 

For a uniform cross section area beam %E = 2F   and, the natural frequency, [9] 

�� =  * ��>#
G×�  / × � 4 

 �         (13) 

3. Numerical results and discussion  

3.1. Fundamental transverse and torsional natural frequencies for different inner diameter hollow beams 
A comparative study was performed for a Fixed -Free beam with outer diameter 40mm and length 850 
mm structural steel to validate the analytical results which were compared with the FEM – based ANSYS 
Workbench17 results. Three transverse natural frequencies and a fundamental torsional natural frequency 
for fixed-free boundary conditions of different inner hollow beams. Figures (2-5) shows obviously that the 
transverse natural frequencies fn (Hz) increase with increasing the inner diameter of the hollow shaft for 
the first three modes, where the numerical results were consistent for both methods. 
Figure (6) shows the first three mode shapes for a hollow beam using Ansys Workbench (17.2) software. 
Finite element analysis was used to calculate the natural frequencies using (Ansys workbench 17.2) 
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software as shown in figure (7). Table (2) summarizes the fundamental torsional natural frequency using 
both methods. 
 

  
Figure 2. Comparison between the analytical and FEM 
results of the transverse natural frequencies (n=1). 

Figure 3. Comparison between the analytical and FEM 
results of the transverse natural frequencies (n=2). 

 

 

Figure 4. Comparison between the analytical and FEM 
results of the transverse natural frequencies (n=3). 

Figure 5. Change of transvers frequencies due to the 
change of inner diameter. 

 

 
Figure 6. the first modes build using ANSYS Workbench (17.2) for hollow beam, di=0.03m, steel). 
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Figure 7. Solid beam torsional mode shape. 

 
Table 2. Theoretically obtained torsional 
natural frequencies (solid beam). 

Mode Ansys (Hz) Theoretical (Hz) 
1 922.94 920.691 

 
As shown in figure (7), for the first torsional mode shape of beam, the angle of twisting increases along 
the beam length away from the fixed end, and it increases with increasing beam length towards the free 
end.  

3.2. Calculating the first three bending natural frequencies and fundamental torsional natural frequencies 
for the beam have different lengths 
The first tree bending natural frequencies and the first torsional frequency of fixed-free boundary 
condition beams have been introduced for five different lengths for structural steel.  
As shown in figures (8-13), the transverse natural frequencies and the fundamental torsional natural 
frequency for the first three modes decrease with increasing beam lengths. 
 

  
Figure 8. Comparison between the analytical and 
FEM results of the transverse natural frequencies (n=1)  

Figure 9. Comparison between the analytical and FEM 
results of the transverse natural frequencies (n=2) 
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Figure 10. Comparison between the analytical and 
FEM results of the transverse natural frequencies (n=3) 

Figure 11. Comparison between the analytical and 
FEM results of the torsional natural frequencies (n=1) 

 

 

Figure 12. Effect of changing beam lengths on 
transverse natural frequencies. 

Figure 13. Effect of changing beam lengths on 
torsional natural frequencies. 

3.3. Calculating the fundamental torsional natural frequencies for different materials 
In this section, the first three bending and first torsional natural frequencies of three different materials 
(copper, aluminum, and steel) were calculated for the fixed-free boundary condition for a solid beam of 
the length of 850mm, and beam diameter of 40mm. The material properties used for theoretical analysis 
are shown in table (3). 
Figures (14-17) illustrate the beam transverse natural frequencies for the first three modes for steel, 
copper, and aluminum materials. Transverse natural frequencies for steel and aluminum materials were 
higher than these of copper material for the studied beam.   
 

Table 3. The beam material properties. 

Material Density, ρ 
 ( Kg/m3) 

Young’s modulus, E 
 (GPa) 

Shear’s modulus, G 
 (GPa) 

Structural steel 7850 200 76.923 
Aluminum 2770 71 26.69 
Copper 8300 110 41.04 
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Figure 14. Copper beam natural frequency. Figure 15. Aluminum beam natural frequency. 

 
Figure 16. Steel beam natural frequency. Figure 17. Relation between frequency and 

material for three mode shapes. 

4. Conclusions  
The transverse natural frequencies are increased when decreasing the inner circular beam diameter. A 
change of the inner diameter of the hollow circular beam does not affect the torsional natural frequency of 
the cross-section symmetric area even when it is hollow. The transverse natural frequencies of the copper 
beam are less than the frequencies of aluminum and steel for the same mode shape. For the circular cross-
section area, the transverse natural frequencies are identical in the perpendicular y-z plane and x-z plane. 
This finding is the same for all uniform cross-sectional area where the sectional areas have the same area 
moment of inertia in perpendicular planes to the beam axis. The torsional natural frequencies are directly 
proportional to the modulus of rigidity and inversely proportional with the density of the beam material. 
The transverse and torsional natural frequencies are inversely proportional to the beam length. In 
conclusion, the bending natural frequency is directly proportional to the ratio of Young's modulus to the 
density of the material, and the torsional natural frequency is directly proportional to the ratio of modulus 
of rigidity to the density of the material. 
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