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The nonlinear dynamic analysis of sediment particles near
river bed
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Abstract. According to the equation of discrete solid particles' motion in arbitrary flow field,
the dynamic characteristics and trajectories of sediment particles are discussed. The small
disturbance method is used to analyze the stability of sediment particles at the equilibrium
point, it is shown that the change of turbulence frequency will lead to the sudden change of
sediment particles, under the condition of a certain periodic excitation amplitude; and under
the condition of certain periodic excitation amplitude, the change of sediment particle size will
also lead to the sudden change of sediment particle movement, All of the above prove that the
movement of sediment particles near the river bed surface has a catastrophe.

1. The general form of motion equation of sparse sediment particles in arbitrary flow field

The sediment movement near the bed surface is very complex and has strong nonlinearity '), In order
to track the motion track of sediment particles near the bed, the nonlinear dynamic characteristics of
sediment particles on the bed surface are discussed according to the general form of motion equation
of sparse sediment particles in arbitrary flow field.
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In the formula™, u ,1s the velocity of sediment particles,m/s; p,is the density of sediment particles,
kg/rn3; P, is the density of fluid, kg/m3; d,is the diameter of sediment particles, m; u,is the
velocity of sediment particles, m/s; P is the flow field pressure, Pa; Vv is the fluid viscosity, mz/ S;

C,, is Magnus lift, C,,, = 3/4ppdp ‘uf —u, ‘(uf —u, ) ; C, is  Saffman lift,
0.5 . . . . .
CLS=6KS,U/ /Oprdp (5/ V) (uf —up) the velocity gradient in the boundary layer is very large, which can
b
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not be ignored; the parabolic velocity distribution near the bottom layer has enough accuracy,
u(y) = 7.25u*1/y/5 , D is the average particle size of the particle 1.

2. The second order nonlinear differential equation of vertical motion of river sediment
particles

The vertical (Y-direction) forces on sediment particles include Stokes resistance, added mass force,
differential pressure force and gravity, Saffman lift force, Magnus lift force, etc. When the angular
velocity of particles is large, Magnus lift can be ignored in the boundary layer; in the region of high
tangential stress in the boundary layer, Saffman’®® lift must be considered; under the condition of two-

dimensional stable horizontal flow, if du/dt =0, then formula(1) is simplified as follows:
V'(0)+ a—7z’ = " 0+ @’y =20 = ") @)

In the formula, & = 36v/|(25 +1)d2), £ = 0.1841gu. /WD p ), y =18/(25+1)\ v/ (zd?) .
Y"(l‘)=—,Byl/zup(O)\/;nL;(jF/Vt—rdr—ader—(a—l)up(O)—azy(o)+(Z_a)lg/2y1/2 (0)

Y"(t) are simplified treatment, in which, @ is the turbulence frequency of flow, H = E a)g E is the

excitation amplitude of flow, @, is the natural frequency of sediment particles, and 4 is the initial

phase angle.Then the formula (2) is as follows:
y"(t)+ (Za —yt -y )y’(t)+ a’y—-2apfy"* = H cos(wt +9) +h (1)

3. The stability analysis of motion equilibrium point
When F(¢) =0, from the equilibrium condition y/ =0, u’,, =0, it can be found that there are two
static equilibrium points O(0,0) P(45° / a*,0) in the system equation.

The small disturbance method can be used to analyze the stability of sediment particles near the
equilibrium point. Here ,we first replace the variable: y(r)"* = X(r); and then translate the variable X (¢)

as follows: X (1) = x(¢) + (2 Bla ) Then (3) is changed into:
, 20wy’ 1 , X% (¢) a’ _ Hcos(wt+$)+h
g (’)”j{ g x+(2ﬂ/a)jx A 7 A .

Equation (4) is the differential equation of single particle sediment movement with the equilibrium

position P'(2/3/a ,0) as the origin after the variable X (¢) translation. In the formula, @o = a/ V2 .In
this paper, we introduce a small parameter 0 < £ << 1 into equation (4) and finally make it 1. Let £

4

H + h are small quantities of order ¢ , thatis f = SE y X = 8} , H=¢H, h=¢h, take9=0,
then formula (4) becomes:

el 2a-ny’ — (5)
dr ( ~

yii x' X o’ &M cos(wt+9)+eh
)

+ +—x=

x+(2p/a) x+(2p/a 2 x+(2p/a)
In the following calculation, remove the "-" above the letter and use the Multiple scales method to

calculate the operation of formula (5). Let the approximate solution of formula (5) be as follows:

x=x, (T3, 1)+ e, (T, T )+ (6
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Here 7, is the fast changing time scale, 7, =¢, 7 and is the slow changing time scale, 7; = &t . There
are differential operators:

d/dt =dT0/dt-8/8T0 +dT1/a't'8/6T1 +--=Dy+&D, +--- D
d?/dt* = D} +2eD,D, +&°D] +--- (8)

Equation (6) is substituted into formula (5), and make the coefficients of the same power equal of ¢ :
& Dix,+a’x,/2=0 (9

o Dix, +a?[2x, = =2D,Dyx, + 1y > Dyx, + (BDyx, —(Dyx, ) + H cos(wt +9)+h) (1o
e/ @B)~(/(2)P %, + (/@B 52 ~ () (28)) 52+

_ g pliam/N2) | () ian/V2)
suppose the solution of formula (10) is as follows: 0 = Ae +(A)e (11)

Considering the principal resonance: @ = @, + &0 , in the formula, ¢ is a small quantity; o is a

coordination parameter, which reflects the approximate degree of the frequency @, of sediment

particle movement and the frequency @ of flow turbulence. Formula (11) is substituted into equation
(10),according to the conditions for eliminating the perpetual term, there are

~2iaD A +iray AIN2 +2iad /4 +if(a/2B)| A 4
(/)| A 4-3(a/B))' |4 4 He" /N2 =0 (12
In polar coordinates: A = re'’ / 2 (13)

In the formula, 7 and @ are real functions of7;. By substituting equation (13) into equation (12),
the following results are obtained:

a 0 1 O 3 3 49
Dre +ir re' re” +i—fB(—)'re
JE 2\/5;( R 872 (14)
_(_)21 3 15 i(i)4r56i0_£He(in1)_}_'__:0
25 8 3228 2

By separating the real part from the imaginary part and adding "-" to each coefficient, the average
equation in polar form is obtained in the first approx1mat10n case:

{dr/dt—[Hsm (w)/N2—ang’ /N2 -2ar/4+ B ar/ Zﬂ )3/4]/\/_0{
rdojdt=—or—(a/2B)f r* [64—3(a/(2B)) r* /1024 -2 H cos(y )2

At this time, the periodic solution of nonlinear equation (5) is transformed into the steady solution
of equation (15). Substituting equation (13) into equation (11), there are: x = r cos(at/ \/5 + 6’)

(15

In the formula, 7 and @ are determined by formula (15), order t—teo+ 8 =y ,Theny = —£0 + 0 ,

by substituting E,E =4, 8; =y, eH=H , eh=h , then equation (15) becomes the following
average equation:

{ dr/dt =H sin(y )/N2 —any® N2 —=2a>r/4+ Bla)28)) 1 /4

rdrfdt =—or —(a/(28)) r* /64 —-3(a/(28))" r° /1024 —~2H cos(i )/ 2 (1

For steady motion (’: =0,y = 0), the following equation should be satisfied:
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(17

{ Hsiny)N2 —amy* N2 —2a%r/4+ pla) )] r* [4=0
—or—(a/(28)) 64 —=3(a/(28))" ¥ /1024 —~2H cos()/2=0

Equations (16) and (17) are combined to eliminate variablesy , and the bifurcation equation of
equation (4) after translation is obtained as follows:

[_ aﬂlzr/\/z—azr/%/i+,8(a/2ﬁ)3r3/4]2
+[_O"”_(0‘/2:3)2V3/6‘1—3(06/2,3)4r5/1024]2 ~H*/2=0

Equation (18) is a bifurcation equation after replacing equation (3) with periodic motion equation
of sediment particles, which reflects the nonlinear characteristics of sediment particles with

(18)

equilibrium position P'(23/,0) as origin and periodic motion amplitude 7 as variable.

4. The numerical analysis

Takeu. =0.02m/s , p, = 2.65x10° kg/m*,D =1e“cm, d,=15e"cm,v= 131, H =0.20,,
and substitute into equation (18) , obtain the relationship curve between the amplitude of sediment
particle motion and the coordination parameters, as shown in figure 1:
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Figure 1. amplitude frequency response curve of
sediment particle motion

In figure 1, the abscissa is the coordination parameter o, and the ordinate is the amplitude 7 of the
periodic movement. When ¢ increasing from small , the o changes along the curve DEFBA, from
point D to point F, the displacement amplitude r increases suddenly, jumping from point F to point B;
when o decreases gradually,  changes along the curve ABCED , and increases rapidly from point A
to point B. when reaching point B, the amplitude of displacement motion 7 reaches the maximum,
and then 7 decreases suddenly with the

continuous decrease of ¢ at the point C, jump from point C to point E. It can be seen that the value
of amplitude » jumps with the change of o, which is the performance of nonlinear mutation. This
shows that under the condition of a certain amplitude of periodic excitation, the change of turbulence
frequency will lead to the sudden change of the movement form of sediment particles, which indicates
that the movement of sediment particles is abrupt.

Now we analyze the response relationship between the amplitude of single particle sediment

periodic motion and particle size under different coordination parameters o . Takeu. =0.02 m/ S,
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p,= 2.65x10° kg/m3 ,D=1ecem ,v=131e*, H= 0.2@, into equation (18) ,The response

curves of amplitude and particle size of single particle sediment under different coordination
parameters ¢ are calculated .The result is shown in figure 2:
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Figure 2. response curve of sediment particle
motion amplitude and particle size
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In figure 2, the abscissa is the particle size of sediment particles d ,» and the ordinate is the

amplitude amplitude » of periodic movement . It can be seen that in at least three groups of sediment
particles, for a certain size of sediment particles, there are three different amplitudes #. The results
show that under the condition of certain periodic excitation amplitude, the change of sediment particle
size will also lead to the sudden change of sediment particle movement form, which indicates that the
movement of sediment particles has mutation.

5. Conclusion

Starting from the motion equation of single particle sediment, the nonlinear characteristics of vertical
motion of single particle sediment are emphatically analyzed. The stability conditions of steady
periodic solution of single particle sediment vertical motion are analyzed by using nonlinear dynamic
method. It is proved that there is jump mutation phenomenon in vertical movement of sediment near
bed surface.
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