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The nonlinear dynamic analysis of sediment particles near 
river bed 

Fei Ma1*, Chengjun Zhang1 and  Jianjun Shi1 
1Wanjiazhai Water Holding Group Co., Ltd，Tai Yuan, Shan xi,030000,China 
*tyutgs@tyut.edu.cn 

Abstract. According to the equation of discrete solid particles' motion in arbitrary flow field, 
the dynamic characteristics and trajectories of sediment particles are discussed. The small 
disturbance method is used to analyze the stability of sediment particles at the equilibrium 
point，it is shown that the change of turbulence frequency will lead to the sudden change of 
sediment particles, under the condition of a certain periodic excitation amplitude；and     under 
the condition of certain periodic excitation amplitude, the change of sediment particle size will 
also lead to the sudden change of sediment particle movement，All of the above prove that the 
movement of sediment particles near the river bed surface has a catastrophe. 

1.  The general form of motion equation of sparse sediment particles in arbitrary flow field 
The sediment movement near the bed surface is very complex and has strong nonlinearity [1,2]. In order 
to track the motion track of sediment particles near the bed, the nonlinear dynamic characteristics of 
sediment particles on the bed surface are discussed according to the general form of motion equation 
of sparse sediment particles in arbitrary flow field. 
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In the formula[3], pu is the velocity of sediment particles,m/s; p is the density of sediment particles,

3kg/m ; f is the density of fluid, 3kg/m ; pd is the diameter of sediment particles, m; pu is the 

velocity of sediment particles, m/s; P is the flow field pressure, Pa; is the fluid viscosity, sm2 ; 

LMC is Magnus lift,  pfpfppLM uuuudC  43 ; LSC  is Saffman lift,

   pfppsLS uudKC  5.0π6 
,
 the velocity gradient in the boundary layer is very large, which can 
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not be ignored; the parabolic velocity distribution near the bottom layer has enough accuracy, 

Dyuyu *25.7)(  , D is the average particle size of the particle [4]. 

2.  The second order nonlinear differential equation of vertical motion of river sediment 
particles 
The vertical (Y-direction) forces on sediment particles include Stokes resistance, added mass force, 
differential pressure force and gravity, Saffman lift force, Magnus lift force, etc. When the angular 
velocity of particles is large, Magnus lift can be ignored in the boundary layer; in the region of high 
tangential stress in the boundary layer, Saffman[5,6] lift must be considered; under the condition of two-
dimensional stable horizontal flow, if 0dtdu , then formula(1) is simplified as follows: 

      (t)22 212212 Yyytyyty  
                  

                               (2) 

In the formula,   21236 pd  ,   Dgu*1841.0 ,   )(1218 2
pd  ，

)0(2)()0()0()1()0()( 212

00

21 yyuFddtFtuytY
t

p

t

p   

           )(tY  are simplified treatment, in which,  is the turbulence frequency of flow, 2
0EH  , E is the 

excitation amplitude of flow, 0 is the natural frequency of sediment particles, and  is the initial 

phase angle.Then the formula (2)  is as follows: 

      htHyytyyty  )cos(22 232212                             （3） 

3.  The stability analysis of motion equilibrium point 
When 0)( tF , from the equilibrium condition 0oy , 0pou , it can be found that there are two 

static equilibrium points )0,0(O )0,4( 22 P  in the system equation. 

The small disturbance method can be used to analyze the stability of sediment particles near the 
equilibrium point. Here ,we first replace the variable: )()( 21 tXty  ; and then translate the variable )(tX  

as follows:  2)()(  txtX . Then (3) is changed into: 
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Equation (4) is the differential equation of single particle sediment movement with the equilibrium 

position )0,2( P  as the origin after the variable )(tX  translation. In the formula, 20  
 . In 

this paper, we introduce a small parameter 10    into equation (4) and finally make it 1. Let  、

H 、 h  are small quantities of order  , that is   ，   ， HH  ， hh  , take 0 , 

then formula (4) becomes: 
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（5） 

In the following calculation, remove the "-" above the letter and use the Multiple scales method to 
calculate the operation of formula (5). Let the approximate solution of formula (5) be as follows: 

              
     101100 ,, TTxTTxx                                                                        （6） 
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Here 0T is the fast changing time scale, 0T t , 1T and is the slow changing time scale, 1T t . There 

are differential operators: 
  101100 DDTdtdTTdtdTdtd                                                          （7）  

 2
1

2
10

2
0

22 2 DDDDdtd                                                                                                （8） 

Equation (6) is substituted into formula (5), and make the coefficients of the same power equal of : 
0 ： 020

2
0

2
0  xxD                                                          （9） 
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               （10）   

suppose the solution of formula (10) is as follows:
     22

0
00 TiTi eAAex  

         （11） 

Considering the principal resonance:   0 , in the formula,  is a small quantity;  is a 

coordination parameter, which reflects the approximate degree of the frequency 0 of sediment 

particle movement and the frequency  of flow turbulence. Formula (11) is substituted into equation 
(10),according to the conditions for eliminating the perpetual term, there are 
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                      （12） 

In polar coordinates: 2ireA                                                                                                （13） 

In the formula, r and  are real functions of 1T . By substituting equation (13) into equation (12), 

the following results are obtained: 

1
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                                                （14） 

By separating the real part from the imaginary part and adding "-" to each coefficient, the average 
equation in polar form is obtained in the first approximation case: 

     
       








2cos2102423642

2424222sin
5432

322




Hrrrdtdr

rrHdtdr
                          （15）

 

At this time, the periodic solution of nonlinear equation (5) is transformed into the steady solution 

of equation (15). Substituting equation (13) into equation (11), there are:    2cos trx  
In the formula, r and are determined by formula (15), order t   t ,Then    , 

by substituting   ,   , HH  , hh  , then equation (15) becomes the following 

average equation: 

    
       








2cos2102423642

424222sin
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Hrrrdtdrr

rrHdtdr
                                         (16) 

For steady motion  0,0  r , the following equation should be satisfied: 
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Equations (16) and (17) are combined to eliminate variables , and the bifurcation equation of 

equation (4) after translation is obtained as follows: 

  
     02102423642
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225432
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                                              （18） 

Equation (18) is a bifurcation equation after replacing equation (3) with periodic motion equation 
of sediment particles, which reflects the nonlinear characteristics of sediment particles with 
equilibrium position )0,2( P  as origin and periodic motion amplitude r as variable.  

4. The numerical analysis 

Take smu 02.0*  , 331065.2 mkgp  , cmeD 21  , cmed p
35.1  , 631.1  e , 02.0 H , 

and substitute into equation (18) , obtain the relationship curve between the amplitude of sediment 
particle motion and the coordination parameters, as shown in figure 1:  
 

 
 
In figure 1, the abscissa is the coordination parameter , and the ordinate is the amplitude r  of the 

periodic movement. When  increasing from small , the  changes along the curve DEFBA, from 
point D to point F, the displacement amplitude r  increases suddenly, jumping from point F to point B; 
when   decreases gradually, r changes along the curve ABCED , and increases rapidly from point A 
to point B. when reaching point B, the amplitude of displacement motion r  reaches the maximum, 
and then r  decreases suddenly with the  

continuous decrease of   at the point C, jump from point C to point E. It can be seen that the value 
of amplitude r  jumps with the change of  , which is the performance of nonlinear mutation. This 
shows that under the condition of a certain amplitude of periodic excitation, the change of turbulence 
frequency will lead to the sudden change of the movement form of sediment particles, which indicates 
that the movement of sediment particles is abrupt. 

Now we analyze the response relationship between the amplitude of single particle sediment 
periodic motion and particle size under different coordination parameters  . Take smu 02.0*  ,
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Figure 1. amplitude frequency response curve  of 
sediment particle motion 
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331065.2 mkgp  , cmeD 21  , 631.1  e , 02.0 H  into equation (18) ,The response 

curves of amplitude and particle size of single particle sediment under different coordination 
parameters   are calculated .The result is shown in figure 2: 

 
In  figure 2, the abscissa is the particle size of sediment particles pd , and the ordinate is the 

amplitude amplitude r  of periodic movement . It can be seen that in at least three groups of sediment 
particles, for a certain size of sediment particles, there are three different amplitudes r . The results 
show that under the condition of certain periodic excitation amplitude, the change of sediment particle 
size will also lead to the sudden change of sediment particle movement form, which indicates that the 
movement of sediment particles has mutation. 

5. Conclusion 
Starting from the motion equation of single particle sediment, the nonlinear characteristics of vertical 
motion of single particle sediment are emphatically analyzed. The stability conditions of steady 
periodic solution of single particle sediment vertical motion are analyzed by using nonlinear dynamic 
method. It is proved that there is jump mutation phenomenon in vertical movement of sediment near 
bed surface. 

References 
[1] He, W.S, Cao, S.Y, Lei, X.Z. (2004) Nonlinear theory of sediment incipient conditions. 

Acta hydrologica Sinica, 1: 28-32. 
[2] Bai, Y.C, Xu, H.J, Xu, D. (2006) Nonlinear dynamic characteristics of bed load motion. 

Chinese Science Series E: (Technical Science), 36: 751-772. 
[3] Huang, S.H, Li, W, Cheng, L.J. (2000) Equation of motion of sparse particles in arbitrary flow 

field and its properties. Applied Mathematics and mechanics, 21: 265-276. 
[4] Ma, F, Han, Q.W, Li, D.M. (2010) Incipient velocity of non-uniform sand groups. Journal of 

Tianjin University, 43: 977-980. 
[5] NasroNasrollahi, A, Neyshabouri A.A.S, Ahmadi G. (2020) Numerical simulation of incipient 

particle motion. International Journal of Sediment Research, 35: 1-14. 
[6] Ji, C.N, Chen, W.L, Song, X.Y. (2014) Large eddy simulation of sediment transport in open 

channel turbulent flow. Sediment research, 4: 1-9. 
 

0 0.002 0.004 0.006 0.008 0.01
0

0.01

0.02

0.03

0.04

0.05
r/
m

=-0.4Hz

=0.1Hz

=-0.2Hz

Figure 2. response curve of sediment particle 
motion amplitude and particle size 

 

r/
m

 


