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Abstract
We provide a formula for computing the overlap between two generalized
coherent states of any rank one simple Lie algebra. Then, we apply our for-
mula to spin coherent states (i.e. su(2) algebra), pseudo-spin coherent states
(i.e. su(1,1) algebra), and the sl(2,R) subalgebras of Virasoro. In all these
examples, we show the emergence of a semi-classical behavior from the set
of coherent states and verify that it always happens when some parameter,
depending on the algebra and its representation, becomes large.

Keywords: generalized coherent states, quantum-to-classical crossover,
classical limit, spin coherent states, pseudo-spin coherent states,
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1. Introduction

Generalized coherent states (GCS) are a set of quantum states of paramount importance in
many fields of theoretical and experimental physics [1–3]. On the theoretical side, GCS were
introduced as the generalization of bosonic coherent states (BCS), defined for studying the
classical-like features of the quantum harmonic oscillator and the electromagnetic field [4–6].
In consequence, GCS have been used as a way to understand the semi-classical regime of
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various quantum systems, as well as more general features of the quantum-to-classical cros-
sover [7–11] and quantum chaos [12–14]. Moreover, GCS allow studying the classical limit of
various quantum field theories [15, 16], quantum and classical-quantum descriptions of grav-
ity [17], and the emergence of time in quantum mechanics via the Page and Wootters mech-
anism [18, 19]. More recently, GCS have been used to describe semi-classical states in con-
formal field theory (CFT) [20–22], and have been proven to have a well-defined gravitational
dual description via the Holographic principle [20, 23]. Other applications to quantum gravity
include the crucial case of the thermofield double state [24, 25], which connects the problem
of studying GCS and their classical limit to that of uncovering the semi-classical behavior of
quantum black holes [26] and the related information paradox [27–29]. On the experimental
side, BCS and GCS are crucial tools of quantum optics and quantum information science
in the lab [30]; such states appear in a wide range of applications, spanning from precision
measurements to implementing quantum communication and cryptographic schemes [31, 32].
Moreover, assessing the fidelity between experimentally accessible coherent states (most often
in quantum optics [33]) enables studying information-theoretic quantities and protocols from a
practical viewpoint [34–36]. In many of these applications, it is common to use squeezed states
of light [37], which are just a realization in the bosonic framework of the so-called pseudo-
spin GCS. As these are also employed in constructing the above-mentioned thermofield double
states of CFTs, they establish an often overlooked link between the tools of quantum gravity
and practical experimental applications. Finally, some authors proposed using GCS to exper-
imentally test low-energy quantum gravity phenomena [38, 39], and using one-dimensional
spin chains in the thermofield double state for numerically and experimentally studying their
entanglement properties, which in turn relate to black holes physics [40–43]

This article presents a formula for the overlap between any two coherent states of a rank
one Lie algebra admitting triangular decomposition. For any given GCS system, our result
only depends on the algebra’s structure constants and on the action of the algebra on the low-
est or highest weight vector (HWV) used for the construction. Therefore, our formula has
broad applicability and can easily be used in many settings, both experimental and theoret-
ical. Moreover, since our formula distillates the essential features of the Lie algebra and GCS
construction relevant for computing the overlap between two states, it paves the way for uncov-
ering and studying the case-independent features of the semi-classical behavior of quantum
systems and their quantum-to-classical crossover.

The remainder of this work is organized as follows. In section 2, we review some necessary
aspects of the theory of Lie groups and algebras, which are then used in section 3 to summarize
the group-theoretic construction of GCS. Next, in section 4, we present and prove our main
result, which is summarized in equations (39) and (40). Finally, in section 5, we apply it to
su(2), su(1,1)—obtaining well-known results—and to the sl(2,R) subalgebras of Virasoro.
In all these examples, we use our formula to show the emergence of a semi-classical behavior
for the set of coherent states. In section 6, we briefly recap our results and discuss possible
future applications and developments.

2. Preliminaries

We start by briefly reviewing some necessary tools of the theory of Lie algebras [44, 45]. We
consider a Lie group G of dimension d, and associate it with its finite-dimensional complex
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(real) Lie algebra g overK= C (R). The elements of the Lie group and those of the Lie algebra
are related by the exponential map in the physicist’s convention, i.e.

exp : g 7→ G= eig . (1)

Given a basis {Xi} of g, the structure constants of the algebra are the anti-symmetric coeffi-
cients cijk defined by

[Xi ,Xj] =
∑
k

cijkXk . (2)

A subalgebra i⊂ g is said to be an ideal of g if

[g,k] ∈ i ,∀g ∈ g, ∀k ∈ i . (3)

In this article, we are interested in simple and semi-simple Lie algebras, which are defined as
follows: a non-Abelian Lie algebra is simple if its only ideals are {0} and g itself; a Lie algebra
is semi-simple if can be expressed as a direct sum of simple subalgebras. Complex semisimple
Lie algebras are relevant for our discussion because they allow the so-called triangular decom-
position over the Cartan–Weyl basis [46].

Given a complex semisimple Lie algebra g, we select the maximal subalgebra h (often
called Cartan subalgebra) such that its adjoint action is diagonalizable. We call rank of g the
dimension of h and root of g an element α of h∗ such that the set

gα = {g ∈ g | adh (g) = α(h)g, ∀h ∈ h} (4)

is not empty. We denote with Φ the collection of all roots. It is worth noting that dim(gα) = 1
for every root and that roots come in pairs, meaning that if α ∈ Φ, then −α ∈ Φ and no other
nonzero multiple of α is a root. Therefore, Φ admits the decomposition

Φ = Φ+ ∪Φ− , (5)

where Φ± respectively are the sets of positive and negative roots. Moreover, for every root
α ∈ Φ there exists unique element tα in h such that

(h, tα) = α(h) , ∀h ∈ h , (6)

where (·, ·) is the Killing form on g4. With these definitions, it is possible to find the so-called
Cartan-Weyl basis {hi,gα} of g, whose elements satisfy the commutation rules

[hi,hj] = 0 , [gα,g−α] = (gα,g−α) tα , [hi,gα] = α(hi)gα , [gα,gβ ] = cαβgα+β (7)

where tα ∈ h and cαβ 6= 0 only if α+β ∈ Φ. This provides the triangular decomposition of
the given algebra as

g= h
⊕
α∈Φ+

(gα ⊕ g−α) . (8)

4 The Killing form is the application (·, ·) : g× g→ K that acts on the elements of the Lie algebra as (X,Y) =
Tr(adXadY), where adX is the adjoint action defined by adX(Y) = [X,Y].
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In particular, any complex simple rank one Lie algebra admits triangular decomposition over
the three elements {g−,h,g+} such that

[g+,g−] = βh , [h,g±] = α±g± . (9)

Since the formula we provide in the following requires the above triangular decomposition to
be valid, our result only holds for complex simple rank one Lie algebras and their real forms,
for which equation (9) is always satisfied.

3. GCS

This section reviews the group-theoretic construction of the (Perelomov) GCS [1, 2, 47], which
is a generalization of the well-known BCS [6].

LetR= (Π,H)withΠ : G→ GL(H) be a unitary irreducible representation overH of a Lie
group G with associated algebra g, and |ψ0〉 ∈ H a reference state vector. The choice of |ψ0〉
selects the so-called stabilizer subgroup H⊂ G as the one whose elements leave the reference
state vector invariant up to a phase factor. Defining the set {|ψg〉} as the collection of elements

|ψg〉= π (g) |ψ0〉 g ∈ G , (10)

it is straightforward that all vectors |ψg〉 differing only by a phase factor are generated by the
same element in the coset G/H. Then, a GCS |x〉 is defined as

|x〉 ≡Π(x) |ψ0〉 , x ∈ G/H ; (11)

consequently, different elements of G in the same equivalence class specified by G/H give the
same coherent state, times a physically irrelevant phase factor. Following the convention estab-
lished for BCS, the operators Π(x) are sometimes called displacement operators and denoted
by the uppercase letter D.

As it is clear, the definition of a set of GCS depends on three ingridients [1]: the group G, the
representation R (and, more specifically, the Hilbert space H), and the reference state vector
|ψ0〉. In the following, we will always consider the case in which |ψ0〉 is an extremal state
annihilated by a maximal subset of g, meaning that we choose it to be either the HWV or
lowest weight vector (LWV) of the representation, respectively denoted by |h0〉 and |l0〉.

The elements of G/H are in a one-to-one correspondence with the points of a manifold
M [48]. Moreover, since each element of G/H corresponds to a GCS, we can extend the cor-
respondence to identify each GCS with a point of M. In particular, let us assume g admits a
triangular decomposition (8) (e.g. g is semi-simple), and suppose h is associatedwith the stabil-
izer subgroup H. Given the Cartan–Weyl basis (7), we can choose the algebra’s representation
(π,H) such that the operators π(hi) = Ĥi are Hermitian and diagonal, and the so-called shift
operators π(gα) = Êα satisfy

Ê†
α = Ê−α . (12)

Therefore, we can write any element in G/H as

D(Ω) = e
∑

α(Ωαgα−Ω∗
αg−α) , (13)

where Ωα ∈ C, and the action of the displacement operators on the reference state as

|Ω〉= D̂(Ω) |ψ0〉= e
∑

α(ΩαÊα−Ω∗
αÊ−α)|ψ0〉 . (14)

4
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The correspondence between the set of GCS andM is now evident: every GCS can be written
in terms of a collection ofm= dim(G/F)/2 complex numbers, that are recognized as coordin-
ates of the points pΩ ∈M.

Furthermore, M inherits a metric from G/H, which can be derived by the second order
derivatives of the logarithm of

N(τ) = 〈τ̃ |τ̃〉 , (15)

where the vectors |τ̃〉 are the unnormalized coherent states [1]. When the GCS are built from
the LWV, |τ̃〉 is

|τ〉= N(τ)
− 1

2 e
∑

α ταÊα |l0〉 ≡ N(τ)
− 1

2 |τ̃〉 , (16)

where the GCS |τ〉 is obtained from |Ω〉 by the BCH formula

D̂(Ω) = e
∑

α ταÊαe
∑

i ηi Ĥie−
∑

α τ∗
αÊ−α (17)

and the fact that the Ê−α annihilate the LWV of the chosen representation. Similarly, when
the GCS are built from the HWV, |τ̃〉 is obtained by the expression

|τ〉= N(τ)
− 1

2 e−
∑

α τ∗
αÊ−α |h0〉 ≡ N(τ)

− 1
2 |τ̃〉 , (18)

where we used the BCH formula

D̂(Ω) = e−
∑

α τ∗
αÊ−αe−

∑
i ηi Ĥie

∑
α ταÊα (19)

and the fact that the Êα annihilate the HWV of the chosen representation. An example of
how these unnormalized states can be constructed and the related change of variables from Ω
to τ can be found in appendix. From the metric, one can obtain a measure and a symplectic
structure for the coset space, hence promoting M to a phase space with well-defined Poisson
brackets [2]. In turn, this gives the GCS a classical-like structure, which can sometimes be
used to obtain a well-defined classical limit in both the finite [49, 50] and infinite Hilbert space
dimension regimes [10, 11, 16]. In particular, one can exploit the classical-like feature of M
to obtain a quantum-to-classical crossover by performing some appropriate limit, depending
on the model considered. The limit often reads as a large-K limit, where K is the eigenvalue
of the Casimir operator labeling the chosen algebra representation. As different points on the
GCS manifold become the phase space points of the corresponding classical theory, we expect
that the overlap between different GCS becomes a delta-function in the limit, i.e. we expect

lim
K→∞

|〈Ω|Ω ′〉|= δ (Ω−Ω ′) (20)

to be satisfied; as we will see, this is always the case in the rank one simple Lie algebra we
consider. While the manifold’s Riemannian and symplectic structures play no role in our ana-
lysis, the function (15) and unnormalized GCS (16) will be crucial in the following. Finally, it
is easy to show that GCS are normalized but non-orthogonal, and they resolve the identity on
H (i.e. GCS are overcomplete).
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4. GCS overlaps for rank one simple Lie algebras

Let g be a rank one Lie algebra with Weyl–Cartan basis {g−,h,g+} and commutation rela-
tions (9). Once we select a representation r= (π,H) such that

π (g±) = K̂± , π (h) = K̂0 , (21)

K̂†
+ = K̂−, and perform the GCS construction from a LWV satisfying

K̂0|l0〉= ν0|l0〉 , K̂−|l0〉= 0 , (22)

we can build all coherent states as

|τ〉= N−1/2 (τ)eτ K̂+ |l0〉 ≡ N−1/2 (τ) |τ̃〉 , (23)

by the procedure given in the previous section. The overlap between any two coherent
states is

〈τ |τ ′〉= M(τ,τ ′)√
N(τ)N(τ ′)

, (24)

where

M(τ,τ ′) = 〈l0|eτ
∗K̂−eτ

′K̂+ |l0〉=
∞∑
n=0

∞∑
m=0

(τ∗)
n

n!
(τ ′)

m

m!
〈l0|K̂n−K̂m+|l0〉 (25)

is the overlap between two unnormalized GCS. Since |l0〉 is the LWV, it holds that

〈l0|
[
K̂n−, K̂

m
+

]
|l0〉= 〈l0|K̂n−K̂m+ − K̂m+K̂

n
−|l0〉= 〈l0|K̂n−K̂m+|l0〉 , (26)

and hence

M(τ,τ ′) =
∞∑
n=0

∞∑
m=0

(τ∗)
n

n!
(τ ′)

m

m!
〈l0|

[
K̂n−, K̂

m
+

]
|l0〉 . (27)

In any representation, the Lie bracket satisfies

[AB,C] = A [B,C] + [A,C]B , (28)

meaning that

〈l0|
[
K̂n−, K̂

m
+

]
|l0〉= 〈l0|K̂+

[
K̂n−, K̂

m−1
+

]
+
[
K̂n−, K̂+

]
K̂m−1
+ |l0〉

= 〈l0|
[
K̂n−, K̂+

]
K̂m−1
+ |l0〉 ,

(29)

where we used equation (22). The commutator appearing above has the simple expression[
K̂+, K̂

n
−

]
=

(
nβK̂0 −

n(n− 1)
2

βα−

)
K̂n−1
− , (30)

6
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which can be shown by induction as follows. For n= 1 the formula gives the representa-
tion of the first line of equation (9). Then, assuming the identity to hold true for n− 1 gives
equation (30), as expected. In the same way one can show that[

K̂n+, K̂−

]
=

(
nβK̂0 −

n(n− 1)
2

βα+

)
K̂n−1
+ . (31)

Then, equation (29) gives

〈l0|
[
K̂n−, K̂

m
+

]
|l0〉=Σ(n)〈l0|K̂n−1

− K̂m−1
+ |l0〉 (32)

where

Σ(n) =
n(n− 1)

2
βα− − nβν0 . (33)

By iterating this procedure, we find that (29) is nonzero only for m= n, for which it gives

〈l0|K̂n−K̂m+|l0〉= δn,m

n∏
k=1

Σ(k) = δn,mP
ν0
g (n)n! , (34)

where we introduced the function Pπ,ν0
g (n) which only depends on n, the algebra’s structure

constants, and the value of ν0 in the specific representation considered; its explicit expression
is

Pπ,ν0
g (n) = (−1)n

(
βα−

2

)n

(2ν0/α−)n (35)

where (x)n is the Pochhammer symbol, defined by

(x)n = x(x− 1) . . .(x− (n− 1)) . (36)

In a similar fashion, by modifying equation (21) so that |h0〉 is the HWV annihilated by K̂+,
one finds

〈h0|K̂n+K̂m−|h0〉= δn,mQ
π,ν0
g (n)n! (37)

with

Qπ,ν0
g (n) = (−1)n

(
βα+

2

)n

(2ν0/α+)n (38)

Finally, the overlap of two Perelomov coherent states in the τ coordinates is

〈τ |τ ′〉= 1√
N(τ)N(τ ′)

∞∑
n=0

(τ∗τ ′)
n

n!
Pν0
g (n) (39)

when the GCS are built from the LWV, and

〈τ |τ ′〉= 1√
N(τ)N(τ ′)

∞∑
n=0

(ττ ′∗)n

n!
Qν0

g (n) (40)

7



J. Phys. A: Math. Theor. 57 (2024) 205302 N Pranzini

if they are built from the HWV; once the transformation τ(Ω) is given, analogue results for the
Ω coordinates can be obtained from the above by substitution. As it is clear, the above formulas
have the property of encoding all the geometric features of the GCS manifold into a collection
of series coefficients. Yet, no further general trait can be noticed without exploring the form
of these coefficients in specific cases. This is the task we accomplish in the next section.

5. Examples

In this section, we apply our formula to some Lie algebras, re-deriving known results for su(2)
and su(1,1), and providing new ones for the sl(2,R) subalgebras of Virasoro.

5.1. su(2)

Let us consider the real Lie algebra g= su(2) spanned by the three elements {T1,T2,T3}
satisfying the Lie brackets

[Ti,Tj] = iϵijkTk , (41)

where ϵijk is the Ricci-Levi-Civita tensor. This is the unique compact real form of sl(2,C),
which is a simple Lie algebra of rank one. By considering T3 and the linear combinations
T± = T1 ± iT2, the commutation relations take the form

[T3,T±] =±T± , [T+,T−] = 2T3 (42)

and the Cartan subalgebra is spanned by T3. Hence, the displacement operators in some rep-
resentation r= (π,H) are obtained as

D(Ω) = eΩT̂+−Ω∗T̂− , (43)

where T̂± = π(T±). When expressed in terms of the original algebra elements {T̂1, T̂2, T̂3},
the above operator becomes

D(Ω) = e2i(Im(Ω)T̂1+Re(Ω)T̂2) , (44)

making it clear that the displacement is the complex exponential of a real linear combination
of the algebra elements, as it should in the convention (1).

We now consider the unitary irrep. of su(2) labeled by the (half-)integer j, whose GCS
are well-known and widely used in the literature (see e.g. [51] for an extensive review on
the subject). From the structure constants, we get α± =±1 and β= 2, and the action of the
diagonal element on the LWV |j,−j〉 gives ν0 =−j. Therefore, by using

P j,−j
su(2) (n) = (−1)n (−2j)n = (2j− n+ 1)n , (45)

to compute (25) we get

M(τ,τ ′) =

2j∑
n=0

(τ∗τ ′)
n

n!
(2j− n+ 1)n =

j∑
m=−j

(
2j

m+ j

)
(τ∗τ ′)

m+j
, (46)

8
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for the overlap of two unnormalized coherent states in the τ coordinates. Finally, inserting (46)
in (24) gives

〈τ |τ ′〉= (1+ τ∗τ ′)
2j

(1+ |τ |2)j (1+ |τ ′|2)j
(47)

for the su(2) coherent states in the projective coordinates τ , and

〈Ω|Ω ′〉=
(
cos

θ

2
cos

θ ′

2
+ sin

θ

2
sin

θ ′

2
ei(ϕ

′−ϕ)
)2j

(48)

in the Ω= (θ,ϕ) coordinates. Additionally, the above result can be used to show that

lim
j→∞

|〈Ω|Ω ′〉|= δ (Ω−Ω ′) , (49)

meaning that the spin GCS becomes orthonormal in the semiclassical large-j limit [52].

5.2. su(1,1)

Next, let us consider g= su(1,1), which is the real Lie algebra spanned by the three elements
{K1,K2,K3} satisfying the Lie brackets

[K0,K1] = iK2 , [K2,K0] = iK1 , [K1,K2] =−iK0 . (50)

This algebra is (isomorphic to) the split non-compact real form of sl(2,C). By considering the
linear combinations K± = K1 ± iK2 and K0, the commutation relations take the form

[K0,K±] =±K± , [K+,K−] =−2K0 , (51)

and the Casimir element is

C= K2
0 −

1
2
{K+,K−} . (52)

The Cartan subalgebra is spanned by K0, and hence the displacement operators in some rep-
resentation r= (π,H) are obtained as

D̂(Ω) = eΩK̂+−Ω∗K̂− , (53)

where K̂± = π(K±). The GCS of su(1,1), sometimes called pseudo-spin CS, have many
applications, from describing squeezing in quantum optics [30, 53] to realizing the thermofield
double state in two copies of a CFT [54], which is a main ingredient for many results in holo-
graphy [24–28]. su(1,1) has many representations; in the following, we focus on those of
greater interest for physics, namely the one- and two-mode representations.

The two-mode representation of su(1,1) is defined by the operators

K̂+ = â†b̂† , K̂− = âb̂ , K̂0 =
1
2

(
â†â+ b̂†b̂+ 1

)
, (54)

acting on two copies of a bosonic Fock space. The Casimir operator shows that the two-mode
representations are labeled by k= (n0 + 1)/2 for n0 ∈ N. Choosing the LWV

|ψ0〉= |n0〉⊗ |0〉 (55)

9
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as the reference for the GCS construction gives α± =±1, β =−2 and ν0 = k, and hence

Pksu(1,1) (n) = (n0 + 1)n =
(n0 + n)!
n0!

. (56)

The function M(τ,τ ′) is

M(τ,τ ′) =
∞∑
n=0

(n0 + n)!
n0!n!

(τ∗τ ′)
n (57)

and the overlap results in

〈τ |τ ′〉=
(
1− |τ |2

)k (
1− |τ ′|2

)k ∞∑
n=0

(n0 + n)!
n0!n!

(τ∗τ ′)
n
. (58)

Since the sum

∞∑
n=0

(n0 + n)!
n0!n!

xn =
1

(1− x)(1+n0)
(59)

converges when x= τ∗τ ′ is a point in the Poincaré disk, we obtain

〈τ |τ ′〉=
(
1− |τ |2

)k (
1− |τ ′|2

)k
(1− τ∗τ ′)

2k (60)

in τ coordinates. Again, the result we obtained can be used to show that

lim
k→∞

|〈τ |τ ′〉|= δ (τ − τ ′) , (61)

hence, the pseudo-spin CS becomes orthonormal in the semiclassical large-k limit [11].
The one-mode representation of su(1,1) is defined by the operators

K̂+ =
1
2

(
â†
)2
, K̂− =

1
2
â2 , K̂0 =

1
4

(
ââ† + â†â

)
, (62)

acting on a bosonic Fock space. The Casimir operator shows that there are two one-mode
representations, respectively labeled by k= 1/4 and k= 3/4. These correspond to the lowest-
weight vectors

|ψ(1/4)
0 〉= |0〉 , |ψ(3/4)

0 〉= |1〉 (63)

which can be used as the extremal state vector for the GCS construction. The two representa-
tions are called the even and odd one-mode representations [55]. The two LWVs |ψ(k)

0 〉 satisfy

K̂0|ψ(k)
0 〉= k|ψ(k)

0 〉 ; (64)

hence, α± =±1, β =−2 and ν0 = k. Therefore,

Pksu(1,1) (n) = (2k)n =

{
(1/2)n if k= 1/4

(3/2)n if k= 3/4
. (65)

10



J. Phys. A: Math. Theor. 57 (2024) 205302 N Pranzini

In the first case,

(1/2)n =
Γ(n+ 1/2)
Γ(1/2)

=
2(2n− 1)!
22n (n− 1)!

(66)

gives

M(τ,τ ′) =
1√

1− τ∗τ ′
; (67)

similarly, in the second case,

(3/2)n = (2n+ 1)(1/2)n =
(2n+ 1)!
22nn!

(68)

gives

M(τ,τ ′) =
1

(1− τ∗τ ′)
3/2

; (69)

In both cases, we obtain the same expression as in equation (60), as well as the same semi-
classical limit.

5.3. sl(2,R) subalgebras of Virasoro

Finally, let us consider the Virasoro algebra defined by the commutation relations

[Lm,Ln] = (m− n)Lm+n+
c
12
m
(
m2 − 1

)
δm,−n . (70)

The relevance of this algebra is that it describes the symmetries of a two-dimensional CFT,
where c plays the role of the CFT’s central charge [56]. As is clear from the above Lie brackets,
the subsets gk = {L−k,L0,Lk} are closed subalgebras. Specifically, these have commutation
relations

[L0,L±k] =∓kL±k , [L+k,L−k] = 2kL0 +
c
12
k
(
k2 − 1

)
. (71)

In [20], the algebras gk were expressed as copies of sl(2,R) and analyzed for their relevance
in holography and the AdS/CFT correspondence. As sl(2,R) is isomorphic to su(1,1) [57],
here we define

L0 =−1
k

(
L0 +

c
24

(
k2 − 1

))
, L± =−1

k
L±k , (72)

and express gk as su(1,1) algebras identified by k and having commutation relations

[L0,L±] =±L± , [L+,L−] =−2L0 . (73)

In CFT, one builds HWVs |h〉 by the action of an (anti-)holomorphic field of weight h on the
SL(2,R) invariant vacuum |0〉. By construction, these HWVs satisfy L̂0|h〉= h|h〉 and L̂k|h〉=
0, ∀k> 0. Therefore, we can build the coherent states

|Ψk (ξ)〉= eξL̂−k−ξ∗L̂+k |h〉 , (74)

11
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and apply our formula to obtain the overlap of these GCS. First, we rewrite equation (74) as

|ξ;k〉= eξ
∗kL̂k−ξ kL̂−k |h〉 , (75)

and notice that

L̂0|h〉=−1
k

(
h+

c
24

(
k2 − 1

))
|h〉 ≡ −h ′|h〉 . (76)

Therefore, equation (74) defines the GCS of su(1,1) parameterized byΩ= kξ∗, and built from
the HWV with weight −h′, where h ′ ∈ R+. For the sake of simplicity, we introduce Ω= ρeiϕ

and ξ = Reiδ , meaning that ρ= kR and ϕ =−δ. In appendix, we show how to obtain the
τ -coordinates expression

|τ〉= N−1/2 (τ)e−τ∗L̂−k |h〉 , (77)

for the GCS of su(1,1) built from an HWV, where

τ = eiϕ tanhρ= e−iδ tanh(kR) (78)

and

N1/2 (τ) =
1

cosh−2h ′
(ρ)

= cosh2h
′
(kR) . (79)

Thanks to our formula, the fact that

Qh ′

su(1,1) (n) = (2h ′)n , (80)

and the previous results about su(1,1), it is easy to show that

〈ξ;k|ξ ′;k〉= 1√
N(τ (ξ))N(τ (ξ ′))

∞∑
n=0

(
τ (ξ)τ (ξ ′)

∗)n
n!

Qh ′

su(1,1) (n)

=

[
1− tanh(kR) tanh(kR ′)ei(δ

′−δ)

cosh(kR)cosh(kR ′)

]2h ′

.

(81)

As it is clear, at all fixed k> 1 there are two independent parameters driving the
semi-classical limit: namely, the central charge c of the CFT and the weight h of the
(anti-)holomorphic field used to generate the HWV. Using equation (61), it is easy to show
that

lim
c→∞

|〈ξ;k|ξ ′;k〉|= lim
h→∞

|〈ξ;k|ξ ′;k〉|= δ (ξ− ξ ′) , (82)

meaning that we can approach the semi-classical limit by either increasing c or picking larger
a h for the GCS reference; while the second is equivalent to what we encountered in all the
above examples, the first is a specific feature of the Virasoro algebra coming from the fact that
it allows tuning its structure constants by changing c. Notice that the dependence of h′ on c
disappears at k= 1, meaning that the Virasoro subalgebra g1 becomes semiclassical at large h

12
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only. Moreover, assuming there is an observer-dependent threshold h ′
t that must be reached so

that the CFT looks effectively classical for that observer [49], then classicality can be achieved
by either tuning c and h: a CFTs in some gk>1-GCS looks effectively classical whenever it is
identified by a point (h, c) above the line

h(c) = kh ′
t −

c
24

(
k2 − 1

)
(83)

in the h− c parameter space.

6. Conclusions

We provided a formula for computing the overlap of two GCS of any rank one Lie algebra
admitting triangular decomposition, e.g. any simple rank one Lie algebra. The result, contained
in equations (39) and (40), is a compact expression that only requires summing over powers
of the complex numbers identifying the GCS multiplied with simple function that depends on
the algebra’s structure constants and on the action of the Cartan subalgebra on the extremal
vector used for the GCS construction.

Our formula can be seen as a tool for studying the properties of GCS from a system-
independent perspective. Indeed, our result permits studying the GCS systems independently
from the chosen algebra, representation, and highest or LWV, hence allowing generic state-
ments on properties of GCS (e.f. fidelity between states) and on formal procedures performed
on them (e.g. the quantum-to-classical crossover via parameter tuning); in this sense, the for-
mula presented in this article is a powerful tool distilling the relevant feature of a given GCS
choice in just one function, thus separating system-dependent and system-independent fea-
tures. Proceeding further in this direction and following the lead outlined for Glauber’s coher-
ent states in [58], we are using our formula to study the classical-quantum diffusive dynamics
induced by repeated POVMs from a system-independent viewpoint. Moreover, one could con-
sider generalizing our formula to semi-simple Lie algebras of any rank. However, this comes
with the additional technical complication associated with controlling the nested commutators
appearing in the BCH formula.

In conclusion, the formula presented in this article may find broad applicability in study-
ing the system-independent features of the quantum-to-classical crossover, analyzing general
properties of semi-classical quantum systems, investigating the complexity and large-N limit
of coherent CFTs, and uncovering the relation between the classical and quantum behaviors of
black holes. Moreover, our formula can compute the fidelity and other information-theoretic
quantities relative to coherent and squeezed states accessible in the lab, hence being used for
the theoretical analysis of a broad class of experiments.
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Appendix. The unnormalized su(1,1) GCS built from a HWV

In this appendix, we show how to obtain the τ coordinates for the GCS of su(1,1) built from
a HVW |h〉 by the BCH formula. To this end, let us consider the so-called split basis repres-
entation, in which

K0 =
1
2

(
1 0
0 −1

)
, K+ =

(
0 i
0 0

)
, K− =

(
0 0
i 0

)
. (A1)

Hence

K2
+ = K2

− = 0 , (A2)

and

{K+,K−}=−I . (A3)

The GCS are obtained by the action of

D(Ω) = eΩK+−Ω∗K− (A4)

over the HWV annihilated by K+, where Ω ∈ C. To get the expression of the unnormalized
GCS, we note that equations (A2) and (A3) imply

(ΩK+ −Ω∗K−)
2n
= |Ω|2nI (A5)

and

(ΩK+ −Ω∗K−)
2n+1

= |Ω|2n (ΩK+ −Ω∗K−) ; (A6)

consequently, the definition of the exponential as a series expansion gives

eΩK+−ΩK− = Icosh |Ω|+ sinh |Ω|
|Ω|

(ΩK+ −Ω∗ΩK−) . (A7)

Hence, we obtain the matrix expression of the displacement operator as

D(Ω) =

(
coshρ ieiϕ sinhρ

−ie−iϕ sinhρ coshρ

)
, (A8)

where Ω= ρeiϕ. Next, we use the BCH formula to write

D(Ω) = e−τ∗X−e−ηHeτX+ , (A9)

for some τ and η. Since

eτX+ = I+ τX+ , e−τ∗X− = I− τ∗X− , (A10)

and

e−ηH =

(
e−η/2 0

0 eη/2

)
, (A11)
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we get

D(Ω) =

(
e−η/2 iτe−η/2

−iτ∗e−η/2 eη/2 + ||τ ||2e−η/2

)
. (A12)

Next, we compare (A8) and (A12), and get

τ (Ω) = eiϕ tanhρ (A13)

and

η (Ω) = ln

(
1

cosh2 ρ

)
. (A14)

To get the unnormalized GCS in some given representation, let us consider the HWV
defined by

K+|ψ0〉= 0 , K0|ψ0〉= h|ψ0〉 . (A15)

Then,

|Ω〉= D̂(Ω) |ψ0〉= e−τ∗K−e−ηK0 |ψ0〉= N−1/2 (τ) |τ̃〉 ; (A16)

therefore,

|τ̃〉= e−τ∗X− |ψ0〉 , N−1/2 (τ) = cosh2h (ρ) . (A17)
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