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Abstract
This review is dedicated to recent progress in the field of classical, interacting,
massive spin-2 theories, with a focus on ghost-free bimetric theory. We will
outline its history and its development as a nontrivial extension and general-
isation of nonlinear massive gravity. We present a detailed discussion of the
consistency proofs of both theories, before we review Einstein solutions to the
bimetric equations of motion in vacuum as well as the resulting mass spec-
trum. We introduce couplings to matter and then discuss the general relativity
and massive gravity limits of bimetric theory, which correspond to decoupling
the massive or the massless spin-2 field from the matter sector, respectively.
More general classical solutions are reviewed and the present status of
bimetric cosmology is summarised. An interesting corner in the bimetric
parameter space which could potentially give rise to a nonlinear theory for
partially massless spin-2 fields is also discussed. Relations to higher-curvature
theories of gravity are explained and finally we give an overview of possible
extensions of the theory and review its formulation in terms of vielbeins.
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1. Introduction

1.1. Motivation

The Standard Model of particle physics contains massive and massless fields with spin 0, 1/2
and 1. Gravitational interactions are attributed to a spin-2 field which, in the standard fra-
mework of general relativity (GR), is massless and possesses nonlinear self-interactions. Even
though the Standard Model and GR are experimentally and observationally well-tested,
several phenomena still remain unexplained and motivate the study of theories beyond the
standard picture. In particular, two of the biggest unresolved problems concern the presently
unknown nature of dark matter and dark energy and, in order to account for these constituents
in a satisfactory way, introducing new physics becomes unavoidable. Additional degrees of
freedom could be of the same type as the fields already present in the standard scenarios or,
more interestingly, they could arise from heretofore unknown field theories. While the field
theories for spin 0, 1/2 and 1 are well-understood, the treatment of higher spins turns out to
be much more difficult. One of the simplest, or at least most natural, new ingredients that
could be added to the known models is a massive spin-2 field whose presence is expected to
mostly affect the gravitational sector. This may be desirable since modifying gravity is
motivated by the fact that the Standard Model of particle physics is based on the very solid
framework of a renormalisable quantum field theory, while a quantum theory of gravity does
not yet exist and hence GR is not expected to be complete. Moreover, both the dark energy
and the dark matter problems are intimately related to gravity but cannot be solved in the
context of GR without raising additional questions.

Interactions for massive spin-2 fields have long been thought to inevitably give rise to
ghost instabilities and only recently a ghost-free theory for nonlinear interactions between
massive and massless spin-2 fields has been found. Since the construction of nonlinear
massive gravity and its extension to bimetric theory there has been significant progress in the
field, both on the theoretical and the phenomenological side. Two long review articles on the
subject have already been written by Hinterbichler [1] and de Rham [2]. While these refer-
ences focus on massive gravity, its gauge invariant formulation in terms of Stückelberg fields
and its cosmology, this review is mostly dedicated to the manifestly covariant and dynamical
bimetric theory. We focus on theoretical aspects and the structure of the theory (which is
enforced by consistency) and mention its application to cosmology only as an aside. More-
over, all our considerations in this article will be at the classical level, although quantum
corrections have been under preliminary investigations and are discussed in more detail in de
Rham’s review [2], mostly in the context of massive gravity.

The following subsection summarises the interesting historical developments that led to
the construction of consistent spin-2 interactions. It is no prerequisite for the subsequent
discussions and the reader more interested in the details of massive spin-2 theories may
directly proceed to section 2.

1.2. Historical background

Since massive gravity and bimetric theory have a rather long history starting with the work by
Fierz and Pauli in 1939, it is impossible to give sufficient credit to all the groups that have
contributed to the field over the last 75 years. We try here to collect the most important inputs
towards the modern construction and pay attention to historical accuracy to the best of our
knowledge.
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1.2.1. Early attempts. The program of investigating massive spin-2 fields was initiated by
Fierz and Pauli, who derived the unique classically consistent linearised theory of a free
massive spin-2 field hmn propagating in Minkowski space–time [3, 4]. They demonstrated that
the corresponding Lagrangian is of the form

h h h h h h h h h h h2 2 ,

1.1

m
FP

1
4 4

2FP
2

( ) ( )
( )

 = -¶ ¶ - ¶ ¶ + ¶ ¶ + ¶ ¶ - -m ab
m ab

m n
mn

m
mn a

an m
m

mn
mn

where h hh= mn
mn and mFP is the mass parameter. The first line here corresponds exactly to

the kinetic operator obtained by linearising the Einstein–Hilbert action of GR around flat
space, while the second line encodes the quadratic non-derivative self-interactions of hmn that
render it massive. The equations of motion derived from the above Lagrangian are equivalent
to the system of equations

m h h h0, 0, 0. 1.2FP
2( ) ( ) - = ¶ = =mn

m
mn

The first of these is a massive wave equation, while the latter two are constraints on
components of hmn . In particular, Fierz and Pauli showed that if the relative coefficient (−1) of
the two parts in the mass term of (1.1) is changed in any way, the on-shell condition of
tracelessness is lost and a ghost-like scalar mode inside hmn becomes propagating. At the
classical level a ghost is a field with negative kinetic energy which gives rise to an unbounded
Hamiltonian and thus causes fatal instabilities; at the quantum level ghosts must be avoided in
order to ensure unitarity. It is therefore crucial to work with the above Lagrangian with correct
relative coefficient in the mass term. In four space–time dimensions, it describes the on-shell
propagation of a traceless, transverse and symmetric tensor field hmn with five massive
degrees of freedom. This allows us to identify hmn with a massive spin-2 field with helicities

2, 1, 0  . In all that follows, when using the terms mass and spin, we refer to their
correspondence to degrees of freedom of relativistic field equations; we will rarely speak
about the quantum nature of these concepts. In a similar fashion, we will frequently employ
the particle perspective when dealing conceptually with nonlinear generalisations of the
Fierz–Pauli Lagrangian, such as bimetric theory.

During the following years much of the efforts in field theory was directed elsewhere,
developing a firm understanding of GR and exploring the booming realm of particle physics.
Not much consideration was paid to Fierz and Pauli’s theory of massive spin-2 until the early
1970s. We note however that related questions concerning bimetric theories were raised early
on by Rosen [5, 6] and later by Aragone and Deser in [7] and by Isham, Salaam and Strathdee
in [8]. A major development came about when van Dam and Veltman [9] and Zakharov [10]
(see also [11]) independently investigated particular consequences of the Fierz–Pauli
Lagrangian interpreted as a theory of a massive graviton. They realised that, in the presence of
matter sources, the zero-mass limit of the theory is discontinuous, a property which is now
referred to as the van Dam, Veltman and Zakharov (vDVZ) discontinuity. More precisely, this
limit does not result in a theory for a single massless spin-2 field like linearised GR, but also
contains a propagating scalar field which couples to the trace of the stress-energy source. The
observational consequence would be an inferred difference in the bending of light around
massive sources which was so severe that the theory would have been ruled out already at this
time. Shortly thereafter, however, Vainshtein recognised a loophole in this reasoning [12]. He
argued that, due to the presence of more scales in the theory when coupled to a source, a
scalar mode becomes strongly coupled below some distance rV (the Vainshtein radius).
Hence the linearised analysis breaks down in this regime and a nonlinear completion of the
theory is necessary in order to address any questions at distances within rV in a consistent
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manner. In particular these findings made it possible again to recover GR at short distances in
the zero-mass limit. That this recovery can indeed be realised at the nonlinear level was
demonstrated in [13] for the case of ghost-free bimetric theory (for a recent review on the
Vainshtein mechanism see [14]).

As an immediate response to Vainshtein’s idea, Boulware and Deser studied the
consistency of a wide class of possible nonlinear extensions of the massive Fierz–Pauli
theory. They concluded that it was inevitable to introduce an extra propagating ghost-like
scalar mode in any nonlinear extension of the theory [15]. In fact, this scalar mode, the
Boulware–Deser ghost, is the same mode that at the linear level was removed by the trace
constraint onhmn. The implication of this analysis was that no consistent nonlinear theory of
massive spin-2 fields could exist. As we now know this strong conclusion was incorrect for
two reasons: (1) Boulware and Deser did not consider the most general nonlinear extensions
possible in their analysis. They considered only non-derivative self-interactions of hmn that
were given through a general analytic function f h h2 2( )- mn , which naturally Taylor-expands
to the Fierz–Pauli mass term at lowest order. As we will see later, in the consistent theory the
self-interactions are contained in very specific scalar functions (the elementary symmetric
polynomials) constructed out of the matrix argument h1[ ]h+ n

m- . The correct field
dependence of the interactions is therefore not of the form assumed in the proof by Boulware
and Deser. (2) In their Hamiltonian analysis, they expected one specific equation (the
equation of motion for the lapse variable of the metric) to provide the constraint that removes
the ghost. The analysis of the consistent theory reveals that, in fact, it is a different equation (a
rather contrived combination of lapse and shift equations) that gives the constraint.

The conclusions of Boulware and Deser’s analysis were so widely accepted that no
further progress was made in the field for another 30 years and it would be almost 40 years
until a consistent theory was fully developed. In hindsight this is unfortunate since, in the
meantime, some interesting ideas did not receive the deserved attention due to the strong no-
go theorem. For example, the correct structure of interactions for massive spin-2 fields was in
fact partly suggested very early on by Zumino and also Chamseddine [16, 17], but without
addressing the ghost problem (in fact it can be noted that [16] actually predated the no-go
theorem). Similarly, the correct structure in the vielbein formulation was partly written down
in [18], again failing to address the ghost issue. It has also recently been pointed out in [19]
that some attempts to construct a theory of nonlinear massive spin-2 fields were made by
Maheshwari [20] using ideas from the works of Ogievetsky and Polubarinov [21, 22]. These
constructions however went largely unnoticed and did not contribute towards the modern
ideas and understanding of nonlinear massive gravity.

Another approach that has become popular in recent years and deserves mentioning is the
attempt to construct consistent spin-2 mass terms that break Lorentz invariance [23–25].
Based on the experience gained from the recent progress made in constructing the Lorentz
invariant theories, similar progress has also been made in constructing Lorentz-breaking
theories of massive gravity [26–28]. In this review we will however restrict ourselves to the
class of theories that respects Lorentz invariance.

1.2.2. A renewed interest. After the very precise confirmation of the accelerated expansion
of the Universe in 1998 [29, 30], a huge effort was devoted towards understanding better the
underlying physics of this discovery. Within the context of standard GR this observed
accelerated expansion of spacetime itself requires the addition of an additional source term
with rather strange behaviour as compared to standard matter sources. The main-stream
philosophy at this time was to hold firm in GR and not worry too much about the origin of

J. Phys. A: Math. Theor. 49 (2016) 183001 Topical Review

4



such a source but simply collectively call this mysterious source ‘dark energy’. The simplest
explanation for the acceleration is the presence of a constant source term in Einstein’s
equations. Adopting this view led to the celebrated ‘Λ cold dark matter’ (ΛCDM)
concordance model of cosmology, which is in excellent agreement with observational data
thus far [31]. On the other hand, a growing community of theoretical physicists with a particle
physics oriented mind was now realising the pressing nature of the cosmological constant
problem [32]: the small value of the observed acceleration does not fit in with expectations
from a particle physics perspective, where a cosmological constant is naturally associated
with vacuum energy. Unless additional symmetries (such as supersymmetry) are at work, a
natural value for the vacuum energy scale is the mass of the heaviest field in the theory, which
in any scenario is many orders of magnitude higher than the observed value for the
cosmological constant.

In addition to the poorly understood nature of dark energy, cosmologists seek to explain
the presence of an unidentified matter component, commonly referred to as ‘dark matter’,
which, in the context of GR, is required to account for the observational data at distances
ranging from galactic to cosmological scales [31, 33, 34].

Since quantum field theory is such a rigorous framework and both the nature of dark
matter and in particular dark energy seems so deeply connected with the large scale behaviour
of gravity, which was really only tested within the solar system, many theorists started to look
for an answer by modifying the gravitational sector of field theory.

In the beginning much attention was given to extra dimensional setups which were
mainly inspired by the additional dimensions arising in string theory and by the braneworld
scenarios geared towards addressing the Higgs hierarchy problem of the Standard Model as
well as supersymmetry breaking through anomaly mediation [35–37]. With respect to the
cosmological constant problem, a particular interest was paid to models of brane induced
gravity [38–40] and similar constructions (e.g.cascading gravity [41, 42]). Brane induced
gravity models, and in particular the codimension-one DGP model [38, 43] (for related
investigations see [44]), were historically very important for a renewed interest in studying
massive gravitons, since a generic feature of these models was the appearance of massive
spin-2 resonance states on the brane that makes up our Universe in these models (see e.g.
[45]). Due to the generic Yukawa suppression of the gravitational potential mediated by a
massive field, a massive graviton also became interesting in itself for addressing the
cosmological constant problem. The hope was that this exponential suppression could
sufficiently weaken gravity at large distance scales to screen out a large vacuum energy
coming from the matter sector and thus lead to a small effective cosmological constant. Even
though this picture is correct in linear Fierz–Pauli theory, it eventually turned out that it would
not work in the nonlinear theory without fine-tuning (as discussed in e.g. [46]).

In 2002 Arkani-Hamed, Georgi and Schwartz proposed a new perspective on studying
effective theories with explicitly broken general covariance, in close analogy to symmetry
breaking in spin-1 theories and the associated emergence of Goldstone modes [47]. These
ideas were quite general but in particular provided a new language for analysing the internal
consistency of massive gravity. More explicitly, the setup was based on intuition from the
Goldstone boson equivalence theorem [48, 49], which relates the physics of longitudinal
modes of spin-1 gauge bosons to the physics of Goldstone modes at high energies. The
authors of [47] suggested a similar correspondence in gravitational theories and that, in
certain energy regimes, the complex problem of self-interacting spin-2 fields could be
simplified to studying only their scalar longitudinal components.

In 2005 Creminelli, Nicolis, Papucci and Trincherini followed up on the ideas of Arkani-
Hamed, Georgi and Schwartz (further inspired by the results of [23, 24, 50]) and attempted to

J. Phys. A: Math. Theor. 49 (2016) 183001 Topical Review

5



explicitly construct a consistent theory of massive gravity using a bottom-up approach4[51].
As a bitter irony of history (and humbling lesson in importance of rigor), despite a very
beautiful analysis they reached the erroneous conclusion that the ghost problem of nonlinear
massive gravity could not be resolved and found the Boulware–Deser ghost reappearing
again. This result was based on an unfortunate sign mistake which arose from copying a basic
equation of [47] (for which the sign was not important). It is worth mentioning that without
this sign mistake the discovery of a consistent theory of massive gravity could have been
made already in 2005.

1.2.3. Massive gravity rediscovered: de-Rham–Gabadadze–Tolley (dRGT) theory. In 2009
the issue of massive gravitons was further pursued by Gabadadze who modified GR by
introducing an auxiliary extra dimension [53]. This work was shortly followed up by (and
with) de Rham in [54, 55]. Their approach was based on an interesting field theoretical tool to
generate a mass term for a vector (or scalar) field by imposing boundary conditions in an
auxiliary extra dimension. Even though introducing an extra unphysical dimension and fixing
boundary conditions by hand seems rather ad hoc, the procedure itself straightforwardly
extends to the spin-2 case. The massive spin-2 model obtained in this way was demonstrated
to be ghost-free to cubic order in a ‘decoupling limit’ analysis [55]. Although the same setup
was subsequently shown to be inconsistent in a fully nonlinear analysis by Hassan and Rosen
[56], it provided important inspiration that pushed developments further. The belief that the
auxiliary-dimension model was consistent motivated de Rham and Gabadadze to revisit the
ghost analysis of nonlinear massive gravity by Creminelli et al.

In 2010 de Rham and Gabadadze studied generic extensions of the Fierz–Pauli
Lagrangian(1.1) by higher-order interactions of the massive spin-2 fluctuation hmn [57]. Their
analysis went to quintic order in the longitudinal component of the massive spin-2 field and
demonstrated that its interactions could in fact be made ghost-free in a decoupling limit,
correcting the conclusions of [51]. The decoupling limit analysis relies heavily on the
aforementioned Goldstone boson analogy suggested by Arkani-Hamed, Georgi and Schwartz
and requires taking a double scaling limit in order to study the dynamics of the longitudinal
mode separately. As a follow up to [57], de Rham, Gabadadze and Tolley (henceforth dRGT)
presented a nonlinear theory of massive gravity in whose decoupling limit they proved the
absence of ghost for all nonlinear self-interactions of the longitudinal component [58]. The
dRGT action is of the form

S m x g R g
m

n n ed
2

4 , 1.3g
n

n ndRGT
2 4

2

2

4

( ) !( )! ( ) ( )
⎛
⎝⎜

⎞
⎠⎟ò å a= + -

=

where the first term is the ordinary Einstein–Hilbert term of GR with Planck mass mg and the
second term is the interaction potential for the graviton whose mass is set by the scale m.
Furthermore, 12a = while the two remaining na are arbitrary interaction parameters. The
en ( ) are the elementary symmetric polynomials (see appendix A) constructed out of the5

matrix g 1[ ] d h= -n
m

n
m

n
m- . Expanding the action in terms of h m gg ( )h= -mn mn mn

indeed results in a nonlinear extension of the Fierz–Pauli theory(1.1).

4 At the same time Deffayet and Rombouts independently used the same formalism to study the ghost and its
relation to the Vainshtein mechanism [52].
5 It should be noted that [58] did actually not present the action precisely in the above form. The interactions were
resummed to give the square-root matrix structure, but it was not obvious from [58] that the sum in(1.3) would
terminate at n = 4. This fact was pointed out by Hassan and Rosen in [46].
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The authors of [57, 58] also made the important observation of a loophole in the
Hamiltonian analysis by Boulware and Deser [15] which had long been believed to forbid any
consistent theory of nonlinear massive spin-2 interactions6. By avoiding the ghost in the
interactions of the longitudinal component, the dRGT model satisfied one of the necessary
requirements on the complete theory to be consistent and consequently became the most
promising candidate for a consistent theory of massive gravity. However, as noted, the proof
of absence of the Boulware–Deser ghost in [58] was not made for the full theory since the
analysis focused on self-interactions of one scalar component only. One reason for the
difficulty of conclusively proving the consistency was the complexity of the nonlinear spin-2
interactions whose structure required better understanding before a full Hamiltonian analysis
could be performed.

1.2.4. Important generalisations. The dRGT formulation of massive gravity was constructed
with a perturbative expansion around a fixed flat background in mind. In 2011 Hassan and
Rosen presented a reformulation of the dRGT action, which clarified the non-perturbative
structure of the theory and identified consistent generalisations to more general backgrounds
that were not apparent in the original formulation. Using basic properties of the elementary
symmetric polynomials, they showed that the dRGT massive gravity action (4.7) can be
reformulated and then generalised to [46]

S m x g R g m e g fd 2 , 1.4g
n

n nHR
2 4 2

0

4
1( ) ( ) ( )

⎛
⎝⎜

⎞
⎠⎟ò åb= -

=

-

where nb are five arbitrary parameters whose role will be explained in detail later. Most
notably, the new formulation involves an arbitrary (but fixed) reference metric f ,mn which in
dRGT is strictly taken to be hmn . It is worth to stress that even though the structures of (1.3)
and (1.4) are very similar, there is no obvious way of getting to (1.4) from the original dRGT
formulation in [58] (whereas obtaining (1.3) from (1.4) is straightforward) and thus the new
formulation truly represents an important generalisation of the original massive gravity
theory. In particular, the new formulation is indispensable for addressing any question about
massive spin-2 interactions on a curved background. Even more importantly, as we will see, it
suggests how to arrive at a fully dynamical theory of interacting spin-2 fields.

Going beyond the decoupling limit analysis of [58], Hassan and Rosen quickly utilised
the formulation (1.4) to give a fully nonlinear consistency proof for dRGT massive gravity
with flat reference metric [59]: in a Hamiltonian analysis based on the Arnowitt, Deser, and
Misner (ADM) formalism [60], they showed that the complete nonlinear theory gives rise to a
constraint that removes the Boulware–Deser ghost. Shortly after this, the proof was
generalised to the case of an arbitrary reference metric fmn in [61]. These consistency proofs
(see also [62, 63] and [27, 64–69] for subsequent confirmations) for the massive gravity
action (1.4) essentially completed the program of finding a Lorentz-invariant theory for a
massive spin-2 field initiated by Fierz and Pauli in 1939.

1.2.5. Hassan–Rosen bimetric theory. A very important outcome of the generalised
investigations of Hassan and Rosen laid in obtaining an extension of the massive gravity
theory in which the reference metric fmn receives its own dynamics. As a consequence, the
two metrics gmn and fmn are treated on the same footing in this bimetric theory and all fields in
the action are determined dynamically. Bimetric theories of gravity have been subject of

6 In fact, to our knowledge, this caveat was first encountered in [53].
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earlier investigations in, for instance, [6–8, 17, 70–75] but, just as nonlinear massive gravity,
they generically suffer from the Boulware–Deser ghost instability.

Shortly after the nonlinear theory for massive gravity had been developed, the unique
ghost-free bimetric theory was presented by Hassan and Rosen in [76]. Its form is reminiscent
of the massive gravity action

S m x g R g m x f R f m x g e g fd d 2 d , 1.5g f
n

n nHR
2 4 2 4 4 4

0

4
1( ) ( ) ( ) ( )ò ò ò åb= + -

=

-

but it includes an Einstein–Hilbert term of fmn in which mf is the ‘Planck mass’ for the second
metric. Most importantly, bimetric theory provides a covariant formulation for massive spin-2
fields, in which now both metrics are dynamical and the structure of the action is in fact
symmetric with respect to the interchange of gmn and fmn . The consistency of bimetric theory
was first demonstrated in [62, 76] and, as we shall see later, this established the first theory
describing consistent nonlinear interactions of massive spin-2 fields with massless ones.

1.3. Outline of the review

We have chosen the following structure for this review: our starting point will be the linear
theories for massless and massive spin-2 fields in flat background in section 2. The possibility
to generalise the massless theory to arbitrary backgrounds by constructing the nonlinear
theory of GR motivates us to look for a nonlinear completion of the mass term. In section 3,
after reviewing the ghost problem, we pursue this goal by introducing a suitable set of ADM
variables and provide a constructive proof for the consistent spin-2 interaction potential.
Section 4 summarises the main features of ghost-free nonlinear massive gravity with general
and flat reference metric, in both gauge fixed and in gauge invariant form. We then move on
to the fully dynamical bimetric theory in section 5 where we write down its mass spectrum
and also introduce couplings to matter. Classical solutions to the bimetric equations are
discussed in section 6, first in general and then with a focus on black hole and cosmological
solutions. In section 7 we review the phenomenon of partially massless (PM) spin-2 fields on
de Sitter space and present the idea of realising partial masslessness at the nonlinear level. In
this context, we also reveal a connection between bimetric theory and certain higher-deri-
vative theories of gravity. Possible extensions of bimetric theory, including new kinetic terms
in higher dimensions as well as multiple spin-2 interactions, are discussed in section 8.
Finally, we conclude this review article with a list of several open questions in section 9.

2. Spin-2 fields on fixed backgrounds

Having outlined the history of massive gravity in the introduction, we now turn to the detailed
description of spin-2 field theories. In this section we first discuss the linear theory for a
massless spin-2 field in a flat background and see how the correct number of physical degrees
of freedom emerges due to gauge invariance. The nonlinear completion of the corresponding
Lagrangian is the Einstein–Hilbert action of GR from which one can derive the linear theory
around general curved backgrounds. Thereafter we review the linear theory of massive spin-2
in flat space, where the presence of constraints lead to the correct number of propagating
modes. The quest for a generalisation to curved backgrounds again requires a nonlinear
completion of the spin-2 mass term and paves the way towards nonlinear massive gravity.
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2.1. Massless spin-2 field

2.1.1. Flat space. The Lagrangian for a massless spin-2 field hmn to quadratic order in the
field in flat space with Minkowski metric hmn reads

h h , 2.1lin
1
2

( ) = mn
mn

rs
rs

where the structure of the kinetic terms is captured by the two-derivative operator

. 2.21
2

2 2( ) ( ) h h h h h h h h= ¶ - ¶ ¶ - ¶ ¶ + ¶ ¶ + ¶ ¶ - ¶mn
rs

m
r

n
s

n
s

m
r

m
s

n
r

mn
s r rs

m n mn
rs

The corresponding equations of motion are

h 0. 2.3( ) =mn
rs

rs

As can easily be verified, the Lagrangian and equations for the massless spin-2 particle are
invariant under the following gauge transformations

h x h x x x , 2.4( ) ⟼ ( ) ( ) ( ) ( )x x+ ¶ + ¶mn mn m n n m

with vector gauge parameter x( )xm . An equivalent manifestation of this gauge invariance is
the linearised Bianchi identity: the divergence of the left-hand side of the equations of
motion(2.3) is identically zero, i.e. h 0¶ =m

mn
rs

rs .
As should be familiar from the spin-1 case (Maxwell’s theory), we can use the symmetry

transformation (2.4) to pick a convenient gauge. The de Donder gauge condition for the spin-
2 field is h h 01

2
¶ - ¶ =m

mn n . This is the analogue of the Lorenz gauge for massless vectors
and constrains four of the ten components in hmn . In this gauge the equations of motion
assume the simple form

h 0. 2.5( ) =mn

After fixing the de Donder gauge there still exist residual transformations, namely those with
0x =m , that leave the de Donder gauge intact. Since the four residual gauge parameters

satisfy the same equation as the field, they can directly be invoked to remove further
redundant degrees of freedom. In total, gauge invariance therefore removes eight of the ten
components in the symmetric field hmn , and the only propagating modes are the two degrees
of freedom of a massless spin-2 particle.

It is also possible to couple the massless spin-2 field to other fields by introducing an
external source Tmn into the Lagrangian

h h h T , 2.6lin
1
2

( ) ( )  k= -mn
mn

rs
rs

mn
mn

where κ is a coupling constant of mass dimension minus one (here hmn is taken to have mass
dimension one). The linearised Bianchi identity now implies T 0¶ =m

mn , i.e.conservation of
the source.

2.1.2. Curved space. The graviton in GR is a massless spin-2 particle and should hence be
described by the Lagrangian(2.6). On the other hand, the equivalence principle tells us that
the field should couple to all kinds of energy in the same manner, including its own stress-
energy tensor. Implementing this requirement in(2.6) iteratively introduces nonlinearities in
hmn and eventually leads to the Einstein–Hilbert action for GR (see e.g. [77, 78])

S M x g R x gd d , 2.7GR Pl
2 4 4

m ( )ò ò= - + -
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The corresponding equations of motion are Einstein’s equations

R g R
M

T
1

2

1
, 2.8

Pl
2

( )- =mn mn mn

where Rmn is the Ricci tensor with trace R and the stress-energy tensor is derived from the
matter Lagrangian m as

T
g

g

g

1
. 2.9

m( )
( )


º -

-

¶ -

¶
mn mn

The Einstein–Hilbert action is the gauge invariant nonlinear extension of(2.6). It can be
defined uniquely, as the field theory that describes nonlinear self-interactions of a massless
spin-2 particle. The gauge transformations(2.4) are linearised general coordinate transforma-
tions (GCTs), under which the metric at the nonlinear level transforms as

g g . 2.10⟼ ( )x x+  + mn mn m n n m

The presence of a gauge symmetry at the nonlinear level ensures that the full theory
propagates the same number of degrees of freedom as its linear version.

The Einstein equations (2.8) allow for flat space solutions, g h=mn mn , in the case of
vanishing matter source. Linearising the action around this background in the perturbation
h g1( )k h= -mn mn mn

- results in the linear theory for a massless spin-2 field(2.6).
On the other hand, a non-vanishing background value of the source will give rise to a

curved background metric ḡmn and around this solution the action can be linearised as

h h h T , 2.11lin
1
2

( ¯ ) ( )  k d¢ = -mn
mn

rs
rs

mn
mn

where now the linearised Einstein operator takes the covariant form

g

g g g g R R , 2.12

1
2

2

2

¯ ( ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯

¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯) ( )

 d d d d

d d

=  -   -  +  

+   -  - +

mn
rs

m
r

n
s

n
s

m
r

m
s

n
r

mn
s r

rs
m n mn

rs
mn

rs
m
r

n
s

where ̄m and R̄ are defined with respect to ḡmn . At this stage let us make an important remark
on covariantisation of a theory whose form is known in flat space. Suppose we were given
only the flat space Lagrangian(2.6) and asked to derive its covariant generalisation. Naïvely,
one would replace all partial derivatives ¶m by covariant ones m and all occurrences of the
Minkowski metric hmn by the more general background ḡmn . This procedure works for lower
spin-particles coupled to gravity and results in well-known formulations of spin-0, spin-1/2
and spin-1 theories in curved space. For the spin-2 field, however, the procedure fails because
naïve covariantisation of(2.6) does not result in the consistent form(2.12) obtained from
linearising GR. In particular, ambiguities arise because the covariant derivatives do not
commute and since there is no obvious guideline telling us which curvature terms to include
in the linearised Einstein operator. On the other hand, knowledge of the nonlinear theory(2.7)
allows us to straightforwardly arrive at the correct Lagrangian for a massless spin-2 field in
curved background.

2.2. Massive spin-2 field in flat space

As has been known since the work of Fierz and Pauli from 1939 [3], the quadratic Lagrangian
for a massive spin-2 excitation in flat space has the form
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h h
m

h h h h T
1

2 2
, 2.13FP

FP
2

2( ) ( )
⎛
⎝⎜

⎞
⎠⎟  k= - - -mn

mn
rs

rs
mn

mn
mn

mn

where the kinetic operator is the same as in the massless case, given by (2.2), and we have
included a source termTmn . The equations of motion obtained from the Lagrangian for the
massive particle are

h
m

h h T
2 2

. 2.14FP
2

( ) ( ) h
k

- - =mn
rs

rs mn mn mn

The mass term breaks the gauge invariance of the massless theory but, as a consequence of
the linearised Bianchi identity, the divergence and trace of these equations give rise to five
constraints

h h
m

T a, 2.15
FP
2

( )k
¶ - ¶ = - ¶m

mn n
m

mn

h
m

T
m

T b
3

2

3
. 2.15

FP
2

FP
4

( )k k
= + ¶ ¶n m

mn

The source is not necessarily conserved but, for simplicity, we shall anyway assume
T 0¶ =m
mn . This assumption certainly holds for any source that is derived from a

diffeomorphism invariant matter coupling. For vanishing sources, the constraint equations
imply that the massive spin-2 field is transverse and traceless.

Using (2.15) in the equations of motion, we can rewrite them as

m h T
m

T
1

3

1
2.16FP

2

FP
2

( ) ( )
⎛
⎝
⎜⎜

⎡
⎣⎢

⎤
⎦⎥

⎞
⎠
⎟⎟ k h- = - - ¶ ¶mn mn mn m n

and see that the massive spin-2 field satisfies a sourced Klein–Gordon equation. The
constraints (2.15) remove five of the ten components in hmn , leaving us with the five
propagating degrees of freedom of a massive spin-2 particle.

An important observation made by Fierz and Pauli is that modifying the structure of the
mass term, i.e.changing the numerical factor in front of h2 in (2.13), introduces an additional
degree of freedom into the theory. This happens because the trace constraint (2.15b) is lost
and h satisfies a dynamical equation of motion instead. It can furthermore be shown that the
propagator corresponding to the extra degree of freedom comes with a residue of the wrong
sign and therefore gives rise to a ghost instability7[15]. This unwanted dynamical field is
referred to as the Boulware–Deser ghost. It is this ghost mode that complicates the con-
struction of a nonlinear interaction potential for a spin-2 field because, even when banned
from the linear theory, the ghost notoriously reappears through the higher-order interactions.

On the other hand, tuning the linear mass potential to the Fierz–Pauli structure comes
with its own problems that threaten the phenomenological viability of the theory as a mod-
ification of GR. Namely, as we already mentioned in the introduction, it was shown by
vDVZ[9, 10] that the m 0FP  limit of linear massive gravity does not continuously
approach linearised GR. Nonlinear self-interactions for the spin-2 field may be able to cure
this problem if they exhibit the Vainshtein mechanism [12]. Historically, this was one of the
main motivations for the construction of a nonlinear theory of massive gravity. Another
reason to search for a completion of the Fierz–Pauli mass term is the existence of the
nonlinear closed form(2.7) in the massless theory.

7 See [79] for a detailed analysis of the propagator in Fierz–Pauli theory and its deformed version containing the
ghost.
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Since consistency of linearised massive gravity in flat space requires tuning a coefficient
in the mass potential, one can expect that a consistent (i.e. ghost-free) nonlinear potential
cannot contain arbitrary interaction terms, but that the coefficients of certain terms will be
related to each other by demanding the absence of the extra degree of freedom. If the fully
nonlinear theory for massive spin-2 was known, it could be linearised around general
backgrounds to give the covariantised version of(2.13). However, as in the massless case, it
would be a very difficult task to derive the linear theory on arbitrary backgrounds by cov-
ariantising the flat-space Lagrangian. As we will see later in section 4.3, the most general
linear theory for massive spin-2 can also be derived from a nonlinear action and has a rather
complicated form.

3. Towards nonlinear spin-2 interactions

In the previous chapter we considered massless and massive theories for a linear fluctuation
hmn in a fixed Minkowski background hmn . In the nonlinear massless theory given by the
Einstein–Hilbert action of GR, it was possible to combine the background and the fluctuation
into a single nonlinear field gmn . We would now like to do something similar in the massive
case and construct a nonlinear self-interaction term without derivatives for the metric.

3.1. General structure

Historically it was often assumed that any nonlinear theory for massive gravity must give rise
to flat space solutions and a Fierz–Pauli mass term in the linear theory. On the other hand, it is
well known that a consistent mass term may also be written down on maximally symmetric
backgrounds8[80–86], or even more generally on homogeneous and isotropic backgrounds
[87–89]. This possibility motivates us to consider a general nonlinear theory without refer-
ence to flat Minkowski solutions and only demand that the correct number of degrees of
freedom propagate at the nonlinear level (or, equivalently, around any background). Of
course, when restricting to certain backgrounds the linearised version of the nonlinear theory
must also reduce to the correct known structure.

What we call a mass term for a rank-2 tensor gmn must be a scalar density, i.e.it has to be
a nontrivial scalar function V(g) multiplied by the scalar density g . Obviously, the scalar
function V(g) cannot have any loose covariant indices and, by definition, it should not contain
any derivatives. But then, the only object at hand to contract the indices of the metric tensor
gmn is the metric itself which, since g g d=rm

mn
r
n , leads to a trivial cosmological constant

contribution in the action. We conclude that there is no possibility to construct a covariant
nonlinear interaction term for a spin-2 field using only one tensor field9. Hence, we are forced
to introduce another field in order to build nonlinear contractions with gmn . In principle, this
could be any object with sufficient amount of indices, but the minimal choice is to work with
a second rank-2 tensor which we shall call fmn . The interaction potential will then be given by

g multiplying a scalar function of g frm
mn . Note that, due to the existence of an additional

tensor f ,mn we could in principle consider densitising by using for example f or g f1 4 1 4.

Since it is always possible to factor out g (for instance, by writing f g g fdet 1= - and

8 Interestingly, the vDVZ discontinuity turns out to be absent on de-Sitter backgrounds [80].
9 Note the difference to e.g.the vector example, where the metric gmn can be used to contract the indices in nonlinear
interaction terms for Aμ in a nontrivial way. Furthermore, in the massless spin-2 theory this problem did not occur
because in the kinetic terms the indices of the metric could be contracted with derivative operators.

J. Phys. A: Math. Theor. 49 (2016) 183001 Topical Review

12



absorbing the second factor into the potential) we may use that as the scalar density without
any loss of generality.

In summary, we expect the nonlinear massive gravity action to be of the form

S m x g R g m V g fd , 3.1gMG
2 4 2 1[ ( ) ( )] ( )ò= - -

where m is an arbitrary energy scale that sets the mass of the spin-2 field. In this setup, the
second ‘metric’ fmn is a fixed background field that needs to be put into the theory by hand.
From the viewpoint of field theory this is somewhat unusual because fmn is not determined by
an equation of motion. In fact, there is no need to worry about this, since we will resolve this
slightly confusing point later, when we introduce the fully dynamical bimetric theory that
treats gmn and fmn on the same footing. For now, let us accept the possibility to work with a
fixed reference metric fmn and investigate the consistency of this class of theories.

A simple example for a possible interaction term would be V g f g fTr1 1( ) ( )=- - . Inter-
estingly, the corresponding action is closely related to another modification of gravity that
goes under the name Eddington-inspired Born–Infeld theory [90]. Unfortunately, having only
this term in the action gives rise to the Boulware–Deser ghost and is thus not a viable choice.

A necessary requirement on the interaction potential in (3.1) is that it reduces to the
Fierz–Pauli mass term for parameter choices that permit a linearisation around flat space
(i.e. when the reference metric fmn is flat and when flat background solutions for gmn exist),
otherwise it will certainly propagate the Boulware–Deser ghost. But this requirement alone is
not sufficient for consistency: a generic nonlinear interaction potential, even if it incorporates
the Fierz–Pauli structure around flat space, will reintroduce the extra degree of freedom which
leads to instabilities at the nonlinear level. This is anticipated from a simple degree-of-
freedom counting in the full theory: the introduction of the interaction potential breaks the
diffeomorphism invariance of GR. Therefore the four gauge symmetries are lost and the
theory generically will propagate four additional degrees of freedom. Since 2 4 6+ = , this
does not give the correct number for a massive spin-2 particle, but there is an extra degree of
freedom in the theory. This is the nonlinear Boulware–Deser ghost and a constraint is needed
to remove it from the spectrum of propagating modes. Tuning the linear mass term to the
Fierz–Pauli combination ensures the presence of this constraint only in the linear theory.

We will see that, in order to obtain an additional constraint and thereby ensure the
absence of the ghost beyond the linear level, it is necessary to impose strong restrictions on
the structure of interactions. In fact, demanding the presence of a constraint will fix all but
three coefficients of all possible interaction terms.

3.2. The Boulware–Deser ghost

In the construction of the consistent theory, we will follow the approach of Boulware and
Deser who studied massive gravity in the Hamiltonian formulation [15, 91]. They claimed
that, even though it is possible to remove the ghost from the spectrum of propagating modes
at the linear level, it will return for any nonlinear interaction terms that are added to the
Lagrangian (2.13). In order to show that this result is in fact incorrect, we first need to
familiarise ourselves with variables suitable for the Hamiltonian formulation of GR.

3.2.1. ADM variables for GR. The Hamiltonian formulation of GR traces back to the work by
ADM from 1962 [60]. The authors decomposed the metric gmn into a scalar N (lapse), a three-
dimensional metric ijg , and a three-component vector Ni (shift) as follows:
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⎠
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g
g

=
- +

mn

where ijg denotes the inverse of ijg . This parametrisation essentially splits the metric into its
time (0m) and spatial (ij) components. From (3.2) we can also compute the inverse of the
metric

g
N

N
N N N N

1 1
. 3.3

j

i ij i j2 2 ( )
⎛
⎝⎜

⎞
⎠⎟g

= -
-

mn

Here and in the following we raise the indices on the shift vector Ni using the inverse spatial
metric ijg .

It turns out that, in any theory with kinetic structure given by the Einstein–Hilbert term,
the lapse N and shift Ni are non-dynamical gauge degrees of freedom because the Ricci scalar
of gmn contains no derivatives on those fields. Hence, all of the propagating modes are
contained in the spatial metric ijg which has six independent components. The gauge
invariance of GR further reduces the number of propagating degrees of freedom to two, along
with the same number of corresponding canonical momenta.

More explicitly, in terms of the ADM variables the Einstein–Hilbert action (2.7) in
vacuum becomes (up to a boundary term which, although crucial for certain applications, is
not important for our considerations) [60]

S M x NR N Rd , 3.4ij
t ij i

i
GR P

2 4 0( ) ( )ò p g= ¶ - -

where, in terms of the curvature scalar R 3( ) of the metric ijg

R R
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2 . 3.5
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ij
ij
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j
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⎡
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⎛
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⎞
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⎤
⎦⎥g g p p p
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=- + -

=- ¶
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The conjugate momenta ijp of the six metric components ijg are computed from the GR
Lagrangian in the standard way which leads to expressions in terms of derivatives of the four-
dimensional metric.

It is now evident that the action (3.4) does not contain dynamical terms for the scalar N
nor for the vector N i. On top of that, these variables appear only linearly and therefore act as
Lagrange multipliers whose equations of motion do not contain N and N i themselves. This
implies that these equations in fact correspond to four constraintsR 0=m ,
withR R R, i0( )=m , on the remaining twelve variables ijg and ijp .

According to the theory of constrained Hamiltonian systems10, the presence of a gauge
symmetry can now be seen in the Poisson algebra of the constraints, R R,{ }m n . Here, the
Poisson bracket for functions A B, is defined as

A x B y z
A x

z

B y

z

A y

z
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z
, d . 3.6

ij
ij ij

ij
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º -

10 For a review of this subject seee.g. [92].

J. Phys. A: Math. Theor. 49 (2016) 183001 Topical Review

14



The result for the constraint algebra of GR reads [93, 94]
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Since these brackets are proportional to the constraints themselves, they vanish on the
constraint surface, as they should in the presence of a gauge symmetry. In the language of
Dirac, non-trivial gauge symmetries generate first class constraints. All four primary
constraints will serve to put conditions on the remaining variables ijg and ijp , while the
Lagrange multipliers N and Ni remain undetermined at this stage. Since the Hamiltonian H is
itself a linear combination of R and R i, all constraints are automatically preserved in time
since the time-evolution of any quantity is determined by A x A x H,

t

d

d
( ) { ( ) }= .

After imposing the four conditions on ijg and ijp , we can still use gauge transformations
to remove another four degrees of freedom whose equations of motion will eventually
determine N and Ni. In total we therefore end up with four dynamical variables,
corresponding to the two helicity states (±2) of the massless graviton and their canonical
momenta. This shows that, even nonlinearly, GR propagates the correct number of degrees of
freedom for describing a massless spin-2 particle.

Note that throughout the above discussion we never actually wrote down the
Hamiltonian, but remained in the Lagrangian formulation. In order to investigate the
positivity of the energy11 this is naturally insufficient, but since here we were only interested
in counting degrees of freedom there was no need to work directly with the Hamiltonian,
which can trivially be obtained from (3.4).

3.2.2. The no-go theorem. The ADM variables turn out to be very useful for investigating
the consistency of massive gravity. We saw that at the linearised level the only consistent
mass term is the one proposed by Fierz and Pauli given in (2.13). In order to demonstrate the
presence of the ghost instability in the ADM formalism, in their paper [15] from 1972,
Boulware and Deser studied the more general ‘mass term’ with arbitrary coefficienta

h h
m

h h ah
1

2 2
. 3.8BD

2
2( ) ( )

⎛
⎝⎜

⎞
⎠⎟ = - -mn

mn
rs

rs
mn

mn

The trace constraint h = 0 which removes the ghost mode does not exist for a 1¹ . Another
way of seeing the additional mode is by noticing that, precisely for the Fierz–Pauli choice
a = 1, the mass term is linear in the component h00, which furthermore appears without time
derivatives in the linearised Einstein operator. Thus, for a = 1, the equation of motion for h00
is a constraint which removes one dynamical variable. For other values of a, the equation
depends on h00 itself in which case it does not constrain other components. As a direct
consequence, a sixth degree of freedom is propagating.

We can make this more explicit using the variables introduced for the Hamiltonian
analysis of GR in the previous subsection. From the ADM decomposition (3.2) we read off
the decomposition of the fluctuation

11 The positivity of the Hamiltonian has not been proven in the bimetric theory or in massive gravity in general, but
has been studied for spherically symmetric configurations in [95].
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where hij ij ijg d= - . Inserting this into the mass terms one finds
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The last term gives rise to nonlinearities in h N N N1 i
ij

j00
2 g= - + and vanishes only for

a = 1. Moreover, when h g h= -mn mn mn is viewed as a small perturbation of ,hmn its ADM
variables can be written as small fluctuations as well

N N N N h1, , 3.11i i ij ij ij ( )d d g d= - = = -

and we can study their appearance to quadratic order in the mass term. For a = 1, the
expression in (3.10) turns out to be linear in Nd at the quadratic level, such that the equation
of motion of Nd gives rise to a constraint. On the other hand, we also see that the shift vector
Nid does no longer appear only linearly which is of course consistent with the breaking of
diffeomorphism symmetry by the mass term. Together with its associated secondary
constraint, the Nd equation removes two degrees of freedom, one field plus its canonical
momentum12. We end up with 12 2 10- = degrees of freedom, describing the five
polarisation states and corresponding conjugate momenta of the massive graviton.

Contrarily, for a 1¹ , there is a term involving N 2d at the quadratic level. The constraint
arising from the equation of motion of Nd is lost in that case because the equation now
determines Nd itself instead of constraining other variables. There are thus 12 degrees of
freedom, describing six propagating modes, one of which is the Boulware–Deser ghost.

The same situation occurs if we do not consider hmn as a small perturbation, i.e.look at
more general backgrounds than hmn . In that case, the ADM variables of hmn are no longer
small fluctuations and we have to consider the theory beyond quadratic order. Boulware and
Deser studied a class of corrections to the Fierz–Pauli mass term and found that those higher-
order terms in hmn could never result in an expression that is linear in the lapse N. From this
they concluded that the constraint that removes the ghost in the linear theory is destroyed and
hence a theory of nonlinear spin-2 interactions can never be consistent [15, 91].

As pointed out in [57, 58] and as will be discussed in the next subsection, there exists a
loophole in this no-go theorem for nonlinear massive gravity and it turns out that a consistent
theory can be constructed13. In the following, we will deviate from the historical path and
construct the consistent interaction potential directly in the redefined ADM variables that
were used in the consistency proof of [59, 61] instead of presenting the derivation in the
decoupling limit performed in [57, 58]. From our point of view this construction is the most
efficient way to arrive at the action for nonlinear massive gravity and it has the further
advantages that it (a) automatically ensures the absence of ghost in the full theory (i.e. away
from the decoupling limit) and (b) immediately results in the generalised form of the action
with arbitrary reference metric fmn .

12 The Fierz–Pauli theory is known to give rise to a secondary constraint coming from requiring the primary
constraint to be preserved in time.
13 Note also that the arguments given by Boulware and Deser are of perturbative nature. An idea that is rather
different from everything we discuss here is that the negative norm states which plague the general higher-order
interactions could be avoided non-perturbatively [96, 97].
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3.3. ADM variables for massive gravity

Our aim is to arrive at a nonlinear theory for massive spin-2 fields of the form (3.1) and, to
this end, we shall discuss interactions in terms of ADM variables. For definiteness we will
work in four-dimensions but all our considerations and conclusions generalise straightfor-
wardly to any dimension. Before we start, let us briefly recapitulate the situation.

Since the kinetic term for the metric gmn in (3.1) is the same as in GR, the lapse and shift
functions N and Ni will still appear without derivatives. However, the interaction potential
will in general no longer be linear in these functions. Therefore, their equations of motion,
instead of imposing constraints on the remaining variables, will now determine N and Ni

themselves. The four gauge constraints are lost and, as explained in the previous subsection,
the number of propagating modes will now generically be six, plus their corresponding
canonical momenta. These are two phase-space degrees of freedom too many for the theory of
a massive spin-2 field. Moreover, the Hamiltonian of a generic theory will not be positive
definite [15, 91], signalling that the extra propagating mode is a ghost. A necessary
requirement on any consistent interaction potential is therefore the presence of an additional
constraint that removes the nonlinear Boulware–Deser ghost.

Before we set out to construct the potential featuring the constraint it should be noted that
there are two other conditions which need to be fulfilled by a fully consistent theory. Firstly,
the preservation of this constraint in time must itself provide a constraint in order to remove
also the conjugate momentum and hence the full phase-space pair associated with the
pathological degree of freedom. Secondly, the resulting Hamiltonian must be positive definite
so that none of the surviving five spin-2 modes gives rise to an instability. It should be
emphasised that positivity of the Hamiltonian of the nonlinear theories that we are about to
discuss has never been proven in general and in fact seems not to be true without additional
physical assumptions, see e.g. [95]. For instance, ghosts different from the Boulware–Deser
mode may still propagate around certain backgrounds, an example being the Higuchi
instability of the helicity-zero mode in de Sitter space [81]. In the literature, whenever
massive gravity and bimetric theory are labelled as ‘consistent’ or ‘ghost-free’, one is usually
referring only to the complete removal of the Boulware–Deser mode and its conjugate
momentum. Throughout this review we frequently adhere to this conventional abuse of
terminology.

3.3.1. The loophole in Boulware and Deser’s argument. In order to investigate whether a
particular structure in the potential V g f1( )- can give rise to a constraint and thus satisfy the
first necessary condition on any consistent theory, we first decompose the second rank-2
tensor fmn into its own ADM variables14

f
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Here, ijf denotes the inverse of the three-dimensional metric ijf , Li is the shift-vector, and L is
the lapse of fmn . We furthermore express the measure factor g in terms of the lapse N and
the determinant γ of ijg

14 In fact, it is not automatically guaranteed that a simultaneous ADM split for gmn and fmn exists or, equivalently,
that N2 and L2 are both positive definite. The assumption of simultaneous ADM decompositions, which shall be made
here and in the following, is related to the existence of intersecting light cones for the two metrics. The details of this
will be discussed in [98].
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g N . 3.13( )g=

With these expressions at hand, we can write a generic interaction potential in terms of ADM
variables as15

g V g f N V N N L L, , ; , , . 3.14ij
i

ij
i1( ) ( ) ( )g g f=-

According to the argument by Boulware and Deser, the right-hand side of this equation needs
to be linear in the lapse N in order to provide a constraint that removes the ghost mode.
However, this is not entirely correct and this is exactly where the loophole lies: in fact, the
necessary condition on the potential is slightly weaker because the constraint may be obtained
after combining several of the equations for N and Ni. In other words, if there exists a
particular combination of these equations that is independent of Ni and N, then this equation
will constrain the remaining variables. At the level of the action, this means that we should
allow for a field-dependent redefinition of the shift components, N ni i , that renders the
Lagrangian linear in the lapse N. Let us explain this in a bit more detail. Suppose that a linear
combination of the equations for N and Ni is independent of the lapse and thus corresponds to
the constraint

S N N

N
C

S N N

N

, , , ,
0, 3.15
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d
d

d
=

¼
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¼
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where the Ci are some functions of the ADM variables. We can now make a redefinition of
variables, N N n C N n n, , , ,i j i

k
j k( ) ( )¼ º ¼ , such that the variation of the action with

respect to the lapse becomes

S N n
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Here Ni∣ means that the function Ni is kept fixed when the functional derivative is taken. From
this we see that if we choose the redefined shift components n k such that they satisfy

n CC N

N
k i,i

k ( ) =d
d

¼ then the variation of the action with respect to the lapse gives precisely the
constraint(3.15) which by assumption does not involve N. We shall thus look for a
redefinition of the shift vector that renders the action linear in the lapseN.

Certainly, the redefinition, i.e.the matrix C N ,i
k ( )¼ , must be linear in N itself since the

Ni appear linearly in the kinetic term. Furthermore, since the redefined shift components n i

are expected to appear in the constraint, they must be fully determined by their own equation
of motion which therefore must not depend on N. To summarise, in order to fulfil the first
necessary condition of obtaining a constraint we make two requirements on the potential in
terms of the redefined shift n i:

(i) linearity of the Lagrangian in N,
(ii) absence of N in the n i equations of motion.

For now, we focus on the first requirement and we will see later that the potential that we
construct by demanding only (i) automatically satisfies (ii).

3.3.2. Redefinition of ADM variables. We now observe that the full interaction potential
density, g V g f1( )- in (3.1), already has a factor of N in front coming from the measure

15 We will often make use of the notations N Ni ij
jgº and L Li ij

jfº .
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factor (3.13). Hence, in order to satisfy requirement (i) listed above, the potential V g f1( )-

written in redefined ADM variables must be of the form

V g f
N

V V
1

, 3.171
1 2( ) ( )= +-

where V1 and V2 are functions only of n,ij
i( )g (apart from the non-dynamical components of

fmn which we choose to omit here), i.e.they are independent ofN.
Recalling the ADM decomposition (3.2) of g ,mn we notice that gmn is quadratic in N and in

order to obtain inverse powers of N we need to consider the inverse metric(3.3). The latter is
quadratic in N1 and the best we can achieve by a field redefinition which is linear in N is to
complete the dependence on N into a perfect square such that taking a square-root can result
in an expression linear in N1 . In other words, the only quantity that has a chance of giving
something linear in N1 after a linear redefinition of the Ni is an object whose square is
proportional to the inverse metric(3.3). We are thus led to consider a potentialV that is a
function of the matrix S g f1º - , defined via S g f2 1= - . This square-root matrix has a very
nontrivial ADM decomposition and is certainly highly nonlinear in N1 before any
redefinition. However, we will now make use of the allowed redefinition of Ni and demand
that in terms of the new shift-vectors n i the square-root matrix S is of the form [59, 61]

S
N

1
, 3.18( ) = +

where  and  are matrix-valued functions of n,ij
i( )g . The redefinition that leads to (3.18) as

well as the explicit expressions for  and  can be obtained straightforwardly by the
following method: square the right-hand side of the ansatz (3.18) and equate it with the ADM
expression for g f1- obtained from (3.2) and (3.12), using the most general ansatz for the
redefinition, N c Ndi i i= + . Then compare the expressions on both sides order by order in

N1 to determine the vectors c i and d i in the shift redefinition as well as the matrices  and
. This derivation was given in [61] and we discuss it in more detail in appendix B; here we
simply state the result. The redefinition that renders the square-root matrix S linear in N1
takes a rather simple form [59, 61]

N Ln L ND n . 3.19i i i i
k

k ( )= + +

The 3×3 matrix D on the right-hand side is a function of the variables n,ij
i( )g and the non-

dynamical spatial metric ijf . Explicitly, it can be written in matrix notation as

D Q Q , 3.201 1 ( )g f= - -

where we have defined another matrix Q through

Q x n n x n n, 1 . 3.21i
j

i
j

i k
kj

i
ij

j ( )d f f= + = -

Note that the definition (3.20) of the matrix D that enters the redefinition involves a 3×3
square-root matrix. By introducing the shift vectors n i we have therefore reduced the
dimension of the square-root matrix that appears in S by one and, most importantly, simplified
the dependence on the lapse N which no longer appears under any square-root in (3.18). One
may worry that a real solution for the 3×3 square-root in (3.20) does not always exist.
However, we will show now that the variables can be further redefined to demonstrate the
existence of real solutions for D and, in fact, to remove the square-root matrix entirely.

3.3.3. On the existence of the redefinition. The form of the redefinition(3.19) is not entirely
unique. In fact, the original papers [59, 61] on massive gravity mainly worked with a set of
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variables that slightly differs from the one presented here, whereas the choice of variables we
made above is more suitable for application to bimetric theory [76]. Moreover, as was shown
later in [99], it is possible to arrive at simpler expressions which are also more symmetric
between the two metrics gmn and fmn . In order to see this, let us decompose the two spatial
metrics into ‘spatial dreibeins’

ee , . 3.22ij i
a

ab j
b

ij i
a

ab j
b ( )g d f j d j= =

These expressions are invariant under rotations of the dreibeins, which means that Rj̃ j=
with R RT 1= - is an equivalent dreibein of f and the rotations are a local symmetry of the
theory. This freedom can be used to resolve the square-root appearing in D (see (3.20)). Next,
we redefine the shift vectors n i according to

n v , 3.23i
a

i ab
b

1( ˜ ) ( )j dº -

where the new shifts v a carry a spatial Lorentz index and Rj̃ j= is a gauge-fixed dreibein.
The rotation matrix is chosen such that it satisfies

I vv R e I vv R e , 3.24
x x x x

1 T 1
T 1 T 1( ) ( )ˆ ˆ ( )⎡⎣ ⎤⎦j j+ = +

+
-

+
-

where Iab ab
ˆ d= . It is straightforward to obtain a solution for R from this equation and this

solution always exists, which follows directly from the polar decomposition theorem stating
that any matrix can be symmetrised by a rotation. Inserting the new variables into (3.20) and
using (3.24) to evaluate the square-root matrix, we find after some algebraic manipulations
that D takes the much simpler form

D e I vv , 3.25
x x

1 1 1
1

1 T( )ˆ ˆ ˜ ( )j= --
+

-


where we are using matrix notation and b
a

b
aˆ d= . Introducing the dreibeins and the new shift

vectors has thus enabled us to get rid of any matrix square-root in the equations. The only

square-root left is the scalar x v I v1 T 1ˆ= - -
. This square-root has real solutions provided

that the metric components satisfy the bound v v 1a
ab

bd < . Interestingly, this bound has an
interpretation connected with Lorentz transformations and it turns out that the redefined shift
vector va can be interpreted as a Lorentz velocity. We will come back to this point at the end
of section 8.2.2. For now, let us assume that the bound is not violated and therefore the
redefinition of shift vectors exists. In terms of the new variables, it takes the following simple
and symmetric form [99]

N L L N e v . 3.26i i
a

i
a

i ab
b

1 1( ( ˜ ) ( ) ) ( )j d= + +- -

Even though the structure of this expression is a little less complicated than(3.19), in order to
stay closer to the conventions in the literature, we choose to continue using the original
redefinition.

3.4. Construction of the ghost-free potential

As we show in appendix B, the matrices  and  in g f
N

1 1 = +- depend on the
redefined ADM variables in the following way
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in which x n n1 i
ij

jf= - as before and the index on the shift vector Li is raised using the
inverse spatial metric ijf . Although the above expressions seem rather complicated, what is
essential for the construction of the ghost-free potential is the structure of the matrices  and
. Most importantly,  is a matrix of rank one and it can be written as the outer product of
two vectors

uw u
c

w
x

a
a, where 1 and

1
. 3.28

i i
T 0( ) ( )⎜ ⎟⎛

⎝
⎞
⎠ = =

-
=

This will be the key property entering our constructive proof in the following. Having
obtained the ADM expression with the desired dependence on N for the square-root matrix
S g f

N
1 1 = = +- , we are ready to construct the interactions which give rise to an

additional constraint that removes the Boulware–Deser ghost.
As explained above, the mass potential has to be a function of the square-root matrix

S g f
N

1 1 = = +- , multiplied by g N g= . We assume this function to be, at least
formally, expandable as a Taylor series in S. This commonly defines what one means by a
matrix valued function anyway so is not really a serious restriction. Generically, this will give
an expression that is nonlinear in the lapse N. The only way to ensure linearity in N is to
demand the absence of higher powers of

N

1 in the expansion. Obviously, the simplest
possible term is g S NTr Tr( ) ( ) g= + . At first sight it seems that all higher powers

of S
N

1 = + will involve higher powers of N1 . However, due to the special structure of
the matrix  in (3.28) this is not quite correct and specific terms of higher order in S can still
be linear in N1 . Since  has rank one, it is a projection operator on a one-dimensional
subspace. Owing to this property, there is a unique way of building polynomials of

N

1 +

that are linear in
N

1. Namely, only an antisymmetric product of ’s will automatically
contain only one power of. Let us see how this works in detail by considering

V S b S S , 3.29
n

n
0

4
n n

n n
n

n
1 2 1 4

1 2 1 4
1

1
( ) ( ) å= ¼m m m l l

n n n l l
n

m
n
m

=

¼ ¼
¼ ¼+

+

with arbitrary coefficients bn and totally antisymmetric tensors mnrs. Since the simultaneous
exchange of im , jm and in , jn only changes the sign of both ò-tensors, it leaves the whole term
invariant. Therefore, at nth order, the product of Sʼs under the sum can be written in the form
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We insert this expression into (3.29) and obtain

V S b
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Here we have used (3.28) in the second equality. Since all indices of the symmetric products
of either u in or w

im are contracted with the totally antisymmetric indices of the corresponding
ò-tensors, we find that inV ,n ( )  only terms with at most one  contribute. This implies that
the sum over l in (3.31) actually terminates at l = 1 and hence V(S) is linear in N1 , which is
precisely the property that we were looking for. We therefore conclude that the most general
form of the complete potential density which is linear in N after the redefinition (3.19) is

g b S S 3.33
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and thus satisfies criterion(i) that we wrote down in section 3.3.1. In order to give rise to a
constraint it needs to also meet criterion(ii), that the n i equations following from the action
with the above potential need to be independent of the lapse N. As one can verify in a lengthy
but straightforward computation, this second requirement does not impose further restrictions
on the form of the potential but is automatically satisfied by(3.33). More explicitly, the n i

equations are of the form [59, 61]

S

n
L N

D n

n
E 0, 3.34
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where Ej does not involve N. Since the matrix multiplying Ej is exactly equal to the Jacobian
N

n

j

i

d
d

of the redefinition, it is invertible by assumption (because otherwise the redefinition would
not be well-defined). We can thus multiply the equations by its inverse to arrive at the
equivalent equations Ej = 0 which do not depend on N.

We have thus derived the unique form of the interaction potential which gives rise to an
additional constraint. Note in particular that there is only a finite number of terms giving a
potential which is linear in N. Due to the antisymmetric structure of the interactions, the
possible terms are limited by the dimension of spacetime. Before discussing their structure
and properties in more detail in the next section, let us make some final remarks on the
existence of the associated secondary constraint which arises from demanding the primary
constraint to be preserved in time.

The secondary constraint: The above requirements that we used to construct the con-
sistent interaction potential were necessary but not sufficient: a secondary constraint is crucial
for the absence of the Boulware–Deser ghost because two constraints are needed to remove
both the ghost mode and its canonical momentum from the set of dynamical variables.

It was already motivated in [59, 61] that there is in fact a secondary constraint arising
from demanding the primary constraint to be constant in time. In order to compute the time
evolution of the constraint one uses the Poisson bracket (3.6) and the Hamiltonian, which for
the massive gravity action(3.1) with potential (3.33) is of the form

H y Nd . 3.353
0( ) ( ) ò= -

Here 0 is independent of N and  is the Hamiltonian constraint obtained from varying the
action with respect to N. The time evolution of  then reads
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d
, 0. 3.36

( ) { ( ) } ( )
= =

As in the case of the primary constraint, this equation should be independent of N, because
otherwise it would determine N instead of constraining ijg and ijp . Inserting(3.36) into(3.35)
gives

x x y N x yd , , 0. 3.373
0({ ( ) ( )} { ( ) ( )}) ( )   ò - =

Since  and 0 are independent of N, we need the Poisson bracket among the constraints
x y,{ ( ) ( )}  to vanish. Before this was actually demonstrated to be the case, there had been

objections against the theory claiming that x y,{ ( ) ( )}  could be nonzero [100]. The issue
was resolved when the secondary constraint was eventually shown to exist in a detailed
calculation in [62]. We will not repeat this analysis here but instead refer the interested reader
to the original reference as well as other subsequent independent confirmations of these
results [27, 63, 67–69].

4. Ghost-free nonlinear massive gravity

In the previous section we derived the nonlinear interaction potential for massive gravity
equipped with an additional constraint that removes the Boulware–Deser ghost. Here we will
study its properties in more detail and discuss the subclass of dRGT models as well as the
gauge invariant Stückelberg formulation.

4.1. Most general action

For notational purposes, a more convenient way of writing the consistent potential in (3.33) is
to introduce the elementary symmetric polynomials en(S) of the matrix S. These can be
defined in terms of totally antisymmetric tensors (with unit weight)

e S
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with e S 10 ( ) º . More properties of the elementary symmetric polynomials as well as precise
definitions of the ò-tensors as anti-symmetrisation operators are summarised in appendix A. In
terms of these the complete action for ghost-free massive gravity with general reference
metric takes the form

S m x g R g m e Sd 2 , 4.2g
n

n nMG
2 4 2

0

4

( ) ( ) ( )
⎡
⎣⎢

⎤
⎦⎥ò å b= -

=

with S g f1= - , Planck mass mg and spin-2 mass scale m. Furthermore, we have introduced
the rescaled coefficients b n n4 2n n !( )!b = - for n 0, 4= ¼ . Out of these five parameters,
only three are truly measuring interaction strengths: since e S 10 ( ) = , the 0b -term is simply a
cosmological constant for the dynamical metric gmn . Moreover, the last term in the sum that is
proportional to 4b is just a cosmological constant term for fmn because e S Sdet4 ( ) = and

hence g e S f4 ( ) = . This term is therefore independent of gmn and does not contribute to
the equations of motion. Nevertheless, we choose to include it in the action because it will
become relevant when we give dynamics to fmn later on.

The above action is a nontrivial generalisation of the dRGT model [57, 58] which we
shall discuss in the next subsection. Its above form (with general reference metric fmn , finite
sum over n and in terms of the elementary symmetric polynomials) was first presented in [46].
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The equations of motion for gmn obtained from(4.2) are

R g g R g m V g f
1

2
, ; 0, 4.3g

n
2( ) ( ) ( ) ( )b- + =mn mn mn

where the first two terms are the usual Einstein tensor while the contribution from the
interaction potential is

V g Y S1 , 4.4g
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where we have defined the matrix functions
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There is no equation of motion for fmn whose form therefore needs to be put in by hand16.
Taking the divergence of the above equations and using the Bianchi identity 0 =m

mn
satisfied by the Einstein tensor mn , we arrive at a set of Bianchi constraints

V 0. 4.6g ( ) =m
mn

These remove four degrees of freedom while the remaining extra scalar (the Boulware–Deser
ghost) is eliminated by the additional constraint present in the special structure of(4.2). A
covariant expression for this scalar constraint is difficult, if not impossible, to obtain in
general. Its explicit form for certain regions in the parameter space is provided in [101, 102]
which make use of the vierbein formulation that we shall discuss in section 8.2. For the same
restricted parameter choices, it is also possible to identify a covariant constraint in the linear
theory around arbitrary backgrounds, see section 4.3.

4.2. dRGT theory

The theory first derived by dRGT in [57, 58] was defined for flat reference metric f h=mn mn .
The original construction uses Stückelberg fields (see section 4.4) and its ‘ghost proof’ is
valid only in the scalar sector of a decoupling limit that strongly relies on the flat reference
metric17. In contrast, the construction that we have presented here is based on the results of
[59, 61] and is valid for all reference metrics. It demonstrates the consistency of the full
nonlinear theory away from any limiting approximation.

It is worth discussing the dRGT model and its relation to the Hassan–Rosen formulation
in a bit more detail. Using the observation that the sum in the interaction potential terminates
and can be given in terms of elementary symmetric polynomials [46], the dRGT action can be
written in the form [57, 58] (using the conventions of [2])

S m x g R g
m

n n ed
2

4 , 4.7g
n

n ndRGT
2 4

2

0

4

( ) !( )! ( ) ( )
⎛
⎝⎜

⎞
⎠⎟ò å a= + -

=

16 Imposing an equation of motion for the reference metric, one can integrate out fmn from the action but in this case
the theory becomes dynamically equivalent to GR.
17 For the sake of historical accuracy, let us emphasise again, that [57, 58] also pointed out the loophole in Boulware
and Deser’s argument. Moreover, the lowest-order terms of the shift redefinition in a perturbative expansion around
flat space were computed, but the results do not agree with the nonlinear result(3.19) derived in [59, 61].
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We can arrive at this action starting from(4.2) by setting f h=mn mn and taking
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This follows from the identity (A.4) satisfied by the elementary symmetric polynomials.
Hence the consistency of massive gravity with general fmn implies the absence of ghost in the
dRGT action. In contrast, there is no obvious way of getting to(4.2) from(4.7) and results
obtained in the latter do not generalise automatically to the former.

Let us briefly explain why the lowest-order na parameters in the dRGT action are fixed
while they remain arbitrary in the Hassan–Rosen formulation, since the exact reason for this is
sometimes obscured. For g h=mn mn to be a solution to the equations of motion following
from(4.7), the cosmological constant for gmn must vanish. It is straightforward to verify that
this18 requires 4 00 1a a+ = , since this combination is proportional to the effective cos-
mological constant for gmn . Next, in order to remove terms linear in the perturbation
h g h= -mn mn mn in the quadratic action (so-called ‘tadpoles’), one must19 enforce 01a = .
Finally, the interaction parameters contain a redundant overall scale that can be absorbed
intom2. One way to get rid of this redundancy is to demand that m2 corresponds to the
squared Fierz–Pauli mass in the quadratic action around flat space. This requirement finally
fixes 12a = .

The above action(4.7) thus gives rise to Minkowski solutions for gmn and linearising the
theory around these backgrounds gives precisely the Fierz–Pauli Lagrangian(2.13) with
m mFP

2 2= . In this sense the dRGT theory can be viewed as the consistent nonlinear com-
pletion of the Lagrangian for a massive spin-2 field in flat space. In the following, we will turn
to the linear theory around arbitrary background solutions of the more general theory(4.2).

4.3. Linear theory on arbitrary background

As we pointed out in section 2.2, naïvely covariantising the linear theory for a massive spin-2
field in flat background does not result in a consistent action. Attempts to find the correct
equations describing five helicity states around any background were made already before the
ghost-free nonlinear theory was known. For instance, the authors of [103] were able to write
down the consistent linearised theory to first order in a small-curvature expansion.

On the other hand, the knowledge of the full nonlinear action(4.2) that avoids the ghost
mode makes it possible to derive the linear theory around any background solution20. This
computation was first carried out in [104, 105] (see also [106–108]). The analysis is com-
plicated by the presence of the square-root matrix g f1- whose perturbation around general

18 It should be noted that this first requirement can actually be avoided by demanding only that g c2h=mn mn is a
solution. This is still flat of course and fixes c instead of a parameter of the action.
19 From the bimetric perspective, this second requirement would mean that the effective cosmological constant for
fmn vanishes since the latter is proportional to 3 31 1 2 3 4a b b b b~ + + + , see equation (5.11). The first requirement
of vanishing cosmological constant for gmn can also be written as 4 3 3 00 1 0 1 2 3a a b b b b+ ~ + + + = .
20 Note that in order to work with the most general backgrounds, we have to start from nonlinear massive gravity in
the generalised formulation(4.2), where fmn is entirely arbitrary. The set of solutions for the metric gmn in the dRGT
model(4.7) with flat reference metric is much smaller and hence does not allow us to derive the most general form
for the linearised theory. For instance, it is not possible to obtain the quadratic action for massive spin-2 in de Sitter
space from(4.7).
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backgrounds is rather nontrivial due to the matrices gmn and fmn in general being non-
commuting. The full expression can however be obtained using the Cayley–Hamilton theo-
rem for matrices. An alternative way of arriving at the linearised theory is to redefine the
dynamical fluctuation variables in order to simplify the square-root variation [108].

The general structure of the quadratic Lagrangian for perturbations gd mn around arbitrary
backgrounds ḡmn is

g g
m

m
g g , 4.10

g

4

2
( )  d d d d= +mn

mnrs
rs mn

mnrs
rs

where mnrs is a function of the background metric ḡmn and quadratic in its associated
covariant derivative ̄m, whereas mnrs depends on the background metric, its curvatures and
the reference metric fmn . The corresponding equations of motion for the fluctuations read

E g
m

m
g 0. 4.11

g

4

2
( ) d d dº + =mn mn

rs
rs mn

rs
rs

Using the background equations (4.3), it is always possible to convert curvatures of ḡmn into
functions of the background and reference metric. Eliminating the reference metric through
the background equations is more difficult since the equations are nonlinear in fmn . In general
it is not possible to obtain a closed form for the solution. However, quite remarkably, it turns
out that if 02 3b b= = a closed form solution exists and the equations can be used to get rid
of all appearances of the reference metric. Then(4.11) describes five massive spin-2 degrees
of freedom propagating in an arbitrary background given solely by ḡmn and its curvature R̄mn .
In the more general case it is still possible to solve the background equations perturbatively in
curvatures and reproduce the results of [103].

The absence of the Boulware–Deser ghost in the linearised equations follows from the
existence of the additional constraint in the nonlinear theory from which(4.10) was obtained.
In order to bypass the ADM analysis and show explicitly that the above equations contain the
same number of propagating degrees of freedom as in the Fierz–Pauli case(2.14) in flat
space, one needs to identify the analogues of the constraints(2.15). The vector constraints,
i.e.the generalisation of h h 0¶ - ¶ =m

mn n , are easily obtained by taking the (covariant)
divergence of the equations and using the linearised version of the Bianchi identity. The
additional scalar constraint which removes the ghost is more difficult to identify. For models
with 03b = , it has been found in [104, 105, 108]. It corresponds to the following combi-
nation of equations

m
S E g E S g E

1

2
0, 4.12

2
1 1

2( ) ¯ ¯ ( )d
b

d b d  + + =r
n r m

mn
mn

mn r
n rm

mn
-

in which all terms containing two derivatives on gd mn cancel out. This equation is the analogue
of h = 0, which it reduces to when the background is an Einstein spacetime. When 03b ¹ , it
seems to be impossible to obtain the constraint in a covariant way [102, 108] and the reason
for that is not yet fully understood.

4.4. Gauge invariant massive gravity

A common perspective is to take the fixed reference metric fmn to be fully specified in a given
coordinate frame which implies that the invariance under GCTs of GR is broken by the mass
term for the graviton. This is because the metric gmn itself transforms as a covariant rank-two
tensor under GCTs while the fixed background metric fmn does not if it is taken to be fixed in
a given coordinate system. Therefore, in this view, objects like g frm

mn do not transform as
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tensors under diffeomorphisms. Of course covariance is not a true symmetry and it is always
possible to simply view fmn as a fixed reference geometry but still allow it to transform as a
tensor under GCTs, e.g.to be flat but not necessarily on the cartesian Minkowski form. A
constructive way of restoring any gauge symmetry in the action is the so called Stückelberg
trick: by introducing new gauge degrees of freedom, so-called Stückelberg fields, that
transform in a certain way under the gauge group, one can rewrite the theory in a manifestly
gauge invariant way while keeping track of the thereby introduced redundant degrees of
freedom. In turn, fixing the so-called physical (or unitary) gauge will give back the original
action.

4.4.1. The stückelberg trick. One possibility to reintroduce diffeomorphism invariance in
massive gravity is to perform a gauge transformation on the dynamical metricgmn and treat

the gauge parameters as new fields in the action. Under a GCT, x x x( )¢a a , the metric
transforms as

g x
x

x

x

x
g x . 4.13( ) ⟼ ( ) ( )¶ ¢

¶
¶ ¢
¶

¢mn

a

m

b

n ab

After performing this GCT, one interprets the x¢a as dynamical fields. Another equivalent
way, that turns out to be more convenient for studying massive gravity, is to mimic this kind
of transformation on the reference metric f ,mn which is then taken to not transform under
GCTs. But since a simultaneous coordinate transformation of gmn and fmn would be a
symmetry of the massive gravity action, instead of transforming gmn we can choose to perform
the transformation on fmn . That is to say, we replace fmn by its covariantised form

f
x x

f . 4.14⟶ ¯ ( )j j¶
¶

¶
¶mn

a

m

b

n ab

Here, f̄ab is a new fixed background metric that does not transform under the gauge group.
The ‘coordinates’ ja are promoted to dynamical fields that transform as scalars under GCTs.
Introducing these Stückelberg fields ensures that objects such as

g f g
x x

fTr 4.151( ) ¯ ( )j j
=

¶
¶

¶
¶

mn
a

m

b

n ab
-

now are manifestly diffeomorphism invariant. In addition to the equations of motion for the
metric g ,mn we now also consider the ja equations and, as we will see below, this system of
equations is equivalent to the original gmn equation without Stückelberg fields. This method of
restoring gauge invariance, in contrast to treating fmn as a fixed geometry tensor, is
particularly useful for considering so called decoupling limits of a theory: limits/regimes
where certain operators become dominant and physical modes decouple.

4.4.2. The decoupling limit. Let us take f̄ h=ab ab and expand the Stückelberg fields around
the identity transformation, which corresponds to considering infinitesimal GCTs

x . 4.16( )j p= -a a a

Furthermore, let us decompose the perturbations into a transverse and a longitudinal mode

mm m m
, 4.17

g g
2

ˆ ( )p
p p

= +
¶a

a a
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with 0p̂¶ =a
a . The ghost-free dRGT potential(4.7) was originally constructed using the

gauge invariant formulation and performing a scaling limit to separate the interactions for the
longitudinal componentπ.

The power of the Stückelberg formalism lies in a conjecture made in [47], stating that the
ghost instability of nonlinear massive gravity can be traced back to higher-derivative
interactions of the π fields in flat space, where f̄ h=ab ab . This assumption relies on an
analogy to the Goldstone equivalence theorem for spin-1 fields [49, 109]. In that case, the
longitudinal modes of the gauge fields have been shown to carry all information needed for
computing scattering processes at high energies. Although the theorem has not been proven
for the spin-2 case, it is reasonable to start with the assumption of its validity in order to
investigate the stability of massive gravity in a certain parameter limit defined through

m m m m, 0, const. 4.18g g3
2 1

3⟶ ⟶ ( ) ( )¥ L º =

The metric is decomposed into flat background hmn and fluctuations hmn according to

g
h

mg
h= +mn mn

mn . The fields in the Stückelberg decomposition(4.17) already have the correct

normalisations and, in a first approach, the vector modes are set to zero. Then the
decomposition of the tensor g f1- that appears in the interaction potential into flat background
and perturbation reads, in matrix notation

g f , . 4.19h

m
1

1 2

g

1

3
3( ) ( ) ( )h p= + + P º ¶ ¶h

n
m mr

r n
-

-
P
L

-

 

The conjecture of [47] suggests now to construct the interaction potential in such a way
that there appear no higher-order interactions of the longitudinal modes. Since each of these
modes always comes with two derivatives, their interactions generically give rise to higher-
derivative terms These can be shown to lead to ghost instabilities due to the famous
Ostrogradsky theorem [110] and must therefore be avoided in a consistent theory (see [111]
for a recent discussion of this theorem). dRGT managed to tune the coefficients of the p¶ ¶m n
interaction terms in such a way that the higher-derivative terms combined into total
derivatives that could be dropped from the action [57, 58]. Interestingly, the resulting action
for the longitudinal modes (after the kinetic terms have been diagonalised) resembles
precisely the Galileon interactions [112]. In fact, from (4.19) it is a trivial observation to see
that by taking the square-root the expression becomes linear in Pmn and then any
antisymmetric products of this square-root will at most carry two derivatives on any single π.

A few more comments are in order. It is sometimes argued (see e.g.[2, 113, 114]) that
any massive gravity theory can be described as a theory of GR plus four scalar fields. In other
words, this would imply that it is always possible to reduce the number of degrees of freedom
of the massive fluctuation hmn to two (corresponding to a massless spin-2 mode) and let the
remaining three reside in the Stückelberg fields. Let us briefly clarify why this picture is not
quite correct. Firstly, an equivalent statement would be that it is always possible to render the
background solution for gmn flat by performing a coordinate transformation. As already
pointed out in [115], this is obviously not correct since the flat space action and equations are
not equivalent to the ones in curved space. Secondly, the counting of degrees of freedom in
GR is an on-shell statement and only holds for the massless equations of motion,
e.g. h 0 =mn on a flat background, which do not arise in a massive gravity theory.
Therefore, the number of degrees of freedom in hmn cannot be reduced to two by simply
performing a gauge transformation. Thirdly, from the transformation properties of the pa

fields in (4.16) under linearised coordinate transformations (d p x= -x
a a), it is clear that these

fields can only mix with the four gauge modes of gmn . In other words, they are gauge trivial by
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construction. Physical degrees of freedom can therefore not be fully transferred to the gauge
modes because otherwise they would not contribute to interactions between conserved
sources (for which T 0 =m

mn ).
Although these caveats cast some serious doubts on the conclusiveness of the consistency

analysis in the decoupling limit (other objections were raised in e.g.[116]), its historical
importance for the discovery of ghost-free massive gravity should of course not be
underestimated. The complete expression for the dRGT theory in the decoupling limit,
including the transverse vector modes in(4.17), was later worked out in [117]. The limit is
furthermore useful for understanding the validity regime of the effective field theory and the
identification of the strong-coupling scale of massive gravity. We refer the interested reader to
the review [2] where these subjects are discussed in more detail.

4.4.3. Absence of ghost in the Stückelberg formulation. While the proofs of absence of the
Boulware–Deser ghost given in [59, 61] were formulated in the gauge fixed version of
massive gravity, i.e.without introducing the Stückelberg fields, it is expected that restoring
the gauge invariance does not alter the dynamics of the theory. In fact, since gauge symmetry
is merely a redundancy in the description of the underlying physics, the two formulations are
completely equivalent. In particular, absence of ghost in the gauge fixed version of massive
gravity implies that the Stückelberg formulation cannot exhibit the instability either.
Nevertheless, in [118] it was claimed that the ghost generically reappears in the Stückelberg
sector and the author of [119, 120] could not find a constraint to remove the ghost. First
attempts to disprove these statements were made in [114, 121], before the absence of ghost
was conclusively shown in [63].

The fact that the dynamics remain unaltered in the gauge invariant theory can be
demonstrated by considering the equations of motions for the Stückelberg fields. After
making the replacement (4.14) for fmn , the mass potential V g f,( ) becomes a function of the
scalar fields and their equations of motion read

V g, 0. 4.20( ) ( )d
dj

j =
a

However, this equation will not give rise to any new dynamics because it is, in fact, already
implied by the Bianchi constraint

V g, 0, 4.21( ) ( )j =m
mn

where
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In order to see the equivalence, consider a gauge transformation xd x=m m of the action (4.2)
involving Stückelberg fields

S m x g m V g m
V

d 2 , 4.23g
2 4 2 2( ) ( )
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dj
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a

wheremn is the Einstein tensor and the variations of the fields under the gauge transformation
are g 2 ( )d x= mn m n and dj x j= - ¶a m

m
a. The action is now invariant under GCTs, S 0d = .

Thus integrating by parts and using the Bianchi identity, 0 =m
mn , we can derive the

following identity
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Since the Stückelberg fields were introduced to mimic nonsingular coordinate transforma-
tions, the matrix Aj¶n is invertible and hence the Bianchi constraint V 0 =m

mn is equivalent
to the ja equations of motion(4.20). As expected, the redundant gauge degrees of freedom
ja therefore do not introduce new dynamics into the theory.

From these general arguments it is obvious that the consistency proof of [59, 61] has to
be valid for both the gauge fixed and the gauge invariant version of massive gravity. This was
eventually confirmed in a Hamiltonian analysis where the constraint was shown to exist in the
massive gravity action (with 02 3b b= = ) including Stückelberg fields [63].

4.5. Potential shortcomings of massive gravity

In order to conclude the presentation of nonlinear massive gravity, we list a few drawbacks of
the theory in its present form. These can be viewed as motivations to look for possibilities of
going beyond the setup with fixed reference metric.

• The reference metric fmn in the general massive gravity action(4.2), or hmn in the dRGT
theory(4.7), is not dynamically determined. It is put into the theory by hand and there is
no obvious fundamental principle determining its form. From a field theoretical point of
view, this and the related fact that the theory (without additional fields) breaks
diffeomorphism invariance are rather undesirable features and it is not entirely clear how
to interpret the presence of the fixed reference metric. The notion of a pre-geometric
structure clearly goes against the main spirit of GR.

• Possibly related to the above point is the occurrence of superluminal and in particular
acausal propagation in massive gravity21[102, 122–126]. This raises serious questions
for the physical viability of the theory, but see [2] for a discussion of some counter-
arguments.

• The equations of motion of massive gravity (with flat or general reference metric) cannot
give rise to homogeneous and isotropic solutions that lead to a viable cosmology [127–
133]. Lacking this feature, the model cannot serve as a serious alternative to GR.

• More generally, in the parameter space of massive gravity there is no good limit which
brings the equations and their solutions close to those of GR, which are well-tested. In
principle, this issue could be resolved by the Vainshtein mechanism, but this causes
serious tension with the cosmological Higuchi bounds [132, 134]. The underlying reason
is that the metric that couples to matter contains additional degrees of freedom with
respect to GR. This generically changes the physics significantly, as becomes apparent
through the vDVZ discontinuity already at the linearised level.

From our point of view, the above shortcomings strongly motivate the extension of the
ghost-free massive gravity action to a fully dynamical bimetric theory, which we shall focus
on in the remainder of this article.

21 The analyses of these references do not extend to bimetric theory but in prinicple it is possible that similar
problems arise there as well.
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5. Ghost-free bimetric theory

A natural question that arises within the formulation of massive gravity with general reference
metric fmn is whether this second metric could be dynamical on its own without spoiling the
consistency of the theory. The fact that one can extend the theory by a kinetic term and an
equation of motion for fmn without reintroducing the Boulware–Deser ghost is not immedi-
ately evident from the consistency proofs of [59, 61, 63]. Nevertheless, Hassan and Rosen
were able to show that one can indeed augment the action by an Einstein–Hilbert term for the
second metric and let it be determined dynamically [76]. It has subsequently been confirmed
that this also seems to be the unique kinetic term which can be added to the nonlinear massive
gravity action in order to give dynamics22 for fmn [135–137]. In this section we shall present
the resulting ghost-free bimetric theory, review its consistency proof and discuss some of its
most important features.

5.1. Action and equations of motion

The ghost-free action for Hassan–Rosen bimetric theory is given through [76]

S m x g R g m x f R f m x g e g fd d 2 d , 5.1g f
n

n nHR
2 4 2 4 4 4
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4
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-

where mf is the ‘Planck mass’ for fmn . It corresponds to the massive gravity action(4.2),
extended by an Einstein–Hilbert term for the reference metric fmn which is promoted to a
dynamical field on the same footing as gmn . Consistency of the action now of course requires
the inverse f mn to exist which, in analogy with GR, we shall always assume except perhaps at
isolated physical singularities. The corresponding equations of motion for the two metrics
read
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in which the contributions from the interaction potential in terms of S g f1= - are of the
form

V g f g Y S, ; 1 , 5.3g
n

n

n
n n

0

3

( ) ( ) ( ) ( ) ( )( )åb b= -mn mr n
r

=

V g f f Y S, ; 1 . 5.4f
n

n

n
n n

0

3

4
1( ) ( ) ( ) ( ) ( )( )åb b= -mn mr n

r

=
-

-

The matrix functions Y Sn ( )( ) have already been defined in (4.5). Due to the overall covariance
of the interaction potential there is an identity between the divergences of these interaction
contributions [70] (note that this identity follows from covariance and is otherwise
independent of the form of the bimetric interactions)

22 Note that uniqueness of course only holds up to field redefinitions. The precise statement should therefore be that,
assuming an Einstein–Hilbert term for gmn and a potential of the form given in(4.2), the only possible kinetic term for
fmn is also of the Einstein–Hilbert form. Here we do not discuss the possibility of including additional non spin-2
degrees of freedom. For example, by adding extra scalar degrees of freedom one can consider f(R) extensions of the
theory (see e.g. [138–142]).
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g g V f f V , 5.5g f˜ ( ) = - mr
r mn

mr
r mn

where ̃ is the covariant derivative compatible with fmn . Due to this identity there is only one
set of independent Bianchi constraints just as in massive gravity. Two important remarks are
in order: firstly, note that the 4b -term g e S f4 ( ) = is no longer non-dynamical but now
contributes to the fmn equations of motion. Secondly, due to the more general symmetry
property of the elementary symmetric polynomials (which is just a rewriting of (A.8))

g e g f f e f g , 5.6n n
1

4
1( ) ( ) ( )=-

-
-

the structure of the above action is symmetric in the two metrics. At the level of equations,
this symmetry manifests itself through the identity

V g f V f g, ; , ; . 5.7f
n

g
n4( ) ( ) ( )b b=mn mn -

The metrics are therefore treated on the same footing and in section 5.4 we will see how a
‘physical metric’ is selected only by the choice of matter couplings. Various further aspects of
the Hassan–Rosen action will be discussed in more detail in the remaining parts of this
review.

5.2. Absence of ghost

The interaction potential of bimetric theory breaks the two diffeomorphism invariances of gmn
and fmn down to their diagonal subgroup. In other words, the bimetric action is not invariant
under independent coordinate transformations of the two metrics but only under those
xd x=m m that transform both metrics simultaneously in the same way: g g2 ( )d x= - x mn r m n

r

and f f2 ˜
( )d x= - x mn r m n

r, where ̃ is again the covariant derivative compatible with fmn . For
a general interaction potential, the degree of freedom counting therefore goes as follows: there
are 2 10 20´ = components to start with; 2 4 8´ = of these get removed by gauge
constraints and gauge fixing. Just as in the massive gravity case there is one set of Bianchi
constraints, which can be taken to be either V 0g =m

mn or V 0f̃ =m
mn , since these are related

by the identity(5.5). These vector constraints thus removes four additional degrees of free-
dom, leaving us with a total number of eight propagating modes. These correspond to the two
degrees of freedom of a massless spin-2 field, five of a massive spin-2 and one additional
scalar which gives rise to the Boulware–Deser ghost instability. In a consistent bimetric
theory we therefore also need an additional constraint that eliminates the ghost mode.

In the ADM language, this means that we need the action to be linear in both lapses N
and L of the two metrics as well as one set of three-dimensional vectors. In total there will
then be five non-dynamical variables whose equations of motion become constraints: four
corresponding to the gauge constraints associated to the overall diffeomorphism invariance
and one extra constraint that removes the Boulware–Deser ghost.

Using the same variables as for massive gravity (see section 3.4) resulting from the
redefinition(3.19), Hassan and Rosen were able to show that the bimetric action(5.1) indeed
assumes the form [76]

S x L L Nd , 5.8i
i

HR
4 ( ˜ ) ( )  ò= + +

in which the constraints i , ̃ and  are independent of the lapses N and L and the shifts L i. As
in the massive gravity case, the action is nonlinear in the redefined shift vectors n i, which is a
consequence of the breaking of one set of GCTs. The scalar constraints ̃ and  contain terms
coming from the interaction potential, whereas the vector constraints i entirely originate
from the Einstein–Hilbert terms Note that due to the redefinition of the form
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N Ln L ND ni i i i
k

k= + + , all constraints receive contributions from the Einstein–Hilbert term
for gmn which originally contains a term NiR

i, see (3.4).
These results have subsequently been confirmed by explicit calculations and indepen-

dently verified in various other approaches (see e.g. [63, 67–69]) which we shall not review
here. Instead we note that the key observation which motivated Hassan and Rosen to study
the fully dynamical extension of massive gravity was that due to the symmetry property(5.6),
linearity of the interaction potential in the lapse N implies that it must also be linear23 in L.
The corresponding secondary constraint which removes the canonical momentum of the ghost
mode was also shown to exist [62]. Bimetric theory therefore gives rise to the correct amount
of constraints in order to propagate the 5 2 7+ = degrees of freedom, corresponding to a
massive and a massless spin-2 field.

At the nonlinear level there is no unique split of degrees of freedom into ‘massive’ and
‘massless’ ones. As discussed in the following, the mass eigenstates can only be properly
defined in the linearised theory around particular backgrounds.

5.3. Mass spectrum

The notion of mass is intimately related to the isometries of space–time. Its definition is most
concise in Minkowski space where mass arises as a Casimir invariant of the Poincaré iso-
metry group and it is possible to generalise that concept to space–times with the same amount
of symmetries, i.e.Anti-de Sitter and de Sitter isometries. For less symmetric spaces it
becomes more difficult to obtain a clear identification of mass, but one option is to classify a
field as massless or massive depending on its number of propagating degrees of freedom.
More precisely, if there is a parameter which when taken to zero increases the amount of
gauge redundancy and thus reduces the number of propagating degrees of freedom to that of a
massless theory then that parameter can loosely be identified with mass. This notion is
implicit when we use the term ‘nonlinear massive gravity’ or when we speak of ‘massless’
and ‘massive’ degrees of freedom in bimetric theory. Nevertheless, around their maximally
symmetric background solutions, we expect the nonlinear theories to give rise to a well-
defined mass spectrum. In bimetric theory, such backgrounds are most easily obtained by
making a proportional ansatz for the metrics24.

5.3.1. Proportional background solutions. Probably the simplest and yet remarkably
important class of solutions to the bimetric equations of motion in vacuum is obtained by
making an ansatz that conformally relates the two metrics, f c x g2¯ ( ) ¯=mn mn , where c(x) is a
space–time dependent function. Having plugged this ansatz into the equations of motion, we
first note that the Bianchi constraint, V 0g =m

mn , immediately enforces c x const( ) = . This is
simply because this equation reduces to a polynomial in c with constant coefficients that
multiplies c¶n . This restricts our ansatz to proportional metrics

f c g cwith const. 5.92¯ ¯ ( )= =mn mn

Using this in the bimetric equation (5.2) we find that they simply reduce to two copies of
Einstein’s equations

23 There could of course be terms proportional to NL, but a closer inspection of the structure of the matrices  and 
in(3.27) as well as the interactions in(3.33) reveals that such terms do not arise.
24 For general parameter values, there can exist additional maximally symmetric solutions, seesection 6.1, but since
they do not correspond to proportional metrics, we do not expect the perturbations to be diagonalisable into spin-2
mass eigenstates.
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In this we have defined the cosmological constant contributions arising from the interaction
potential
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and the Einstein tensors are the same in both equations since the Einstein tensor is scale
invariant, c g g2( ¯) ( ¯) =mn mn . Proportional backgrounds thus simply correspond to solutions
to Einstein’s equations in GR. Importantly, it means that this class of solutions actually
captures all the solutions of GR. The difference of the background equations (5.10) implies
that

c c . 5.12g f( ) ( ) ( )L = L

From (5.11) it is clear that this equation is a polynomial in c with coefficients depending on
the nb parameters and m mf ga = . In general, it serves to determine the proportionality
constant c of our ansatz in terms of the parameters of the theory and thereby specifies the
solution completely. An important exception to this generic situation is the partially massless
case, which we discuss in section 7.

Apart from being able to capture all solutions of GR, the proportional background
solutions are of particular interest because they allow for a definite mass spectrum of
fluctuations around them. In general, the linear perturbation equations have a rather
complicated structure because in order to derive them one needs to vary the square-root
matrix S g f1= - . As we already discussed in section 4.3 for the massive gravity setup, this
is always possible but, for backgrounds giving rise to matrices g f1¯ ¯- that do not commute with
the fluctuations, the resulting expressions are lengthy. In particular, the equations will not
contain a mass term with Fierz–Pauli structure which makes it difficult, if not impossible, to
uniquely identify the massive field. In contrast, for the proportional backgrounds we have
g f c1 2¯ ¯ =-  which does commute with any other matrix and hence drastically simplifies the
perturbation equations which now will exhibit the Fierz–Pauli structure.

5.3.2. Spectrum of linear mass eigenstates. We shall now consider small perturbations
around the proportional backgrounds for both of the metrics

g g g f c g f, . 5.132¯ ¯ ( )d d= + = +mn mn mn mn mn mn

The variation of the square-root matrix is easily obtained as
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Plugging these into the bimetric equations (5.2), keeping only terms linear in the fluctuations
and using the background equations, we obtain
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Here N depends on α, c and the nb parameters and the explicit dependence can be read off
from the Fierz–Pauli mass below. Here, we have made use of the fact that the background
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metric can be conveniently rescaled by a constant without changing the structure of the
linearised equations and expressed the equations with respect to a redefined background
metric

G c g1 . 5162 2¯ ( ) ¯ ( )aº +mn mn

We have also redefined the cosmological constant with respect to this background

c R G G1 , 517g g g
2 2 1¯ ( ) ( ¯ ) ¯ ¯ ( )aL º + L = Lmn mn

-

and expressed the kinetic operator ̄mn
rs with respect to the Ḡmn background

G G

G G G G , 518
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m

mn
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mn
r s
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in which ̄ is the covariant derivative compatible with Ḡmn .
The above equations can now easily be diagonalised into an equation for a massless and a

massive perturbation. To this end, consider the following combinations of metric fluctuations

G g f M
c

f c g,
1

2
. 5.192 2( ) ( )d d a d d d dº + º -mn mn mn mn mn mn

Now, taking the appropriate linear combinations of the original fluctuation equations for gd mn
and fd mn decouples the massless from the massive mode. The resulting equations read
[115, 143]

G G G G a0, 5.20g
1
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where G G G¯d d= mn
mn and M G M¯d d= mn

mn . The Fierz–Pauli mass in these equations is given
by

m
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We remind that in all of the above expressions c is to be regarded as a function of the Planck
masses and the nb parameters, determined by the background equation g fL = L .

As advertised, (5.20a) and (5.20b), respectively, describe a massless and a massive spin-
2 fluctuation in (Anti-) de Sitter background. At the linear level around proportional
backgrounds, one can therefore assign two degrees of freedom to a massless fluctuation Gd mn
and the remaining five to a massive fluctuation Md mn . The linearised action in terms of the
mass eigenstates is [143]
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The main reason for choosing the new background Ḡmn was to render the final action and
equations as simple as possible. Alternatively, we could have written all of the above
expressions with respect to the original background g ,m̄n in terms of gL in (5.11) and a

properly rescaled Fierz–Pauli mass, m c m1FP
2 2 2

FP
2( ) ¯aº + .
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5.4. Couplings to matter

So far we have been dealing with theories involving only spin-2 degrees of freedom. In order
to be accessible to any type of observations or experiments, the fields need to interact with
ordinary matter. It may not come as a surprise that the set of allowed matter couplings which
do not reintroduce the Boulware–Deser ghost is very restricted.

5.4.1. Ghost-free matter couplings. The only known couplings which can be added to the
bimetric action(5.1) without exciting the ghost are

S x g g x f fd , d , , 5.23g fm
4

m
4

m( ) ˜ ( ) ( ) ò ò= F + F

where m and m̃ are standard minimally coupled matter Lagrangians of the same form as in
GR. gF and fF schematically stand for sets of matter fields of any kind. Importantly, it was
shown in [144, 145] that it is not possible to couple the same (dynamical) matter field to both
metrics using minimal couplings, and hence gF and fF must be entirely independent. That
coupling a field to both gmn and fmn reintroduces the Boulware–Deser ghost can be understood
as follows: in GR with only one metric, the matter action becomes linear in the lapse N when
written in the canonical variables for the metric and the matter fields. A simple calculation in
an example with a free scalar field j shows that this happens because the variation of the
action with respect to j̇ and hence also the canonical momentum of the scalar depend on N.
This N-dependence is such that the action in terms of canonical variables is linear in N. In the
bimetric case, however, when the free scalar is coupled to both gmn and f ,mn its canonical
momentum will depend on N and L in a more complicated way and the action will not
become linear in both of the lapses. As a consequence, the constraint which removes the
Boulware–Deser ghost is lost. Note that this argument does not exclude coupling pure
interaction terms (without appearance of time derivatives) to both of the metrics. This
possibility seems quite contrived, however, and we do not discuss it any further but instead
focus on couplings to two entirely independent matter sectors.

In the equations of motion the matter couplings enter in the form of stress-energy tensors

T
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mn mn mn mn

The bimetric equations (5.2) in the presence of matter sources thus become
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We will comment on other matter couplings that have been studied in the literature below but
first we shall discuss two important limits in the parameter space of bimetric theory which
take it close to either GR or nonlinear massive gravity.

5.4.2. GR limit. As we pointed out in section 4.5, the parameter space of massive gravity
with a fixed reference metric does not include any region which is obviously close to GR. In
the following we will see that, in contrast, a well-defined GR limit does exist for the bimetric
theory. Since the structure of the bimetric action is completely symmetric in gmn and f ,mn
either of the two metrics can play the role of the physical metric whose solutions will become
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similar to those of GR. We choose this metric to be gmn here but note that everything can
analogously be derived with the roles of the metrics interchanged.

It is straightforward to verify that the contributions from the interaction potential V to the
bimetric equations of motion(5.25) satisfy the following25 identity [146, 147]

g g V f f V g V 0. 5.26g f ( )d+ - =mr
rn

mr
rn n

m

Making use of this observation, the equations can be combined to give

g g g f f f
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2 2
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m mr

rn
mr

rn
-

This particular set of equations has interesting implications on classical solutions in bimetric
theory which we shall come back to in section 6. For our purposes here it suffices to consider
the dependence on the parameter m mf ga º in(5.27). In particular we note that in the limit

0a  , the equations reduce to [146, 147]
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When T 0f =mn , i.e.when there is no matter sector for the metric f ,mn we can use the covariant
derivative compatible with gmn to take the divergence of the equations which for a covariantly
conserved source then gives V= constant on-shell. In this case, the equations thus reduce to
Einstein’s equations for the physical metric gmn with Planck mass mg and cosmological

constant Vm

mg

4

2

g
m

m
Vg

m
T

1
. 5.29

g g

g
4

2 2
( ) ( ) + =mn mn mn

Hence, the GR limit of bimetric theory is defined by

m

m
m T0, const., 0, 5.30

f

g
g

f⟶ ( )a º = =mn

in which case the solutions for the physical metric gmn coincide with those of GR26.
Interestingly, a large value for the physical Planck mass mg automatically implies that
bimetric theory is close to its GR limit, provided that mf is of reasonable size compared to
other relevant scales (such as the electroweak scale, for instance).

The effect of taking the above limit on the fmn equation (5.25b) is that it becomes purely

algebraical, V 0f =mn . The generic solutions to this equation are proportional backgrounds
f c g2=mn mn with c determined by the condition c 0f ( )L = , where the function fL is the same
as in(5.11). Then the cosmological constant in(5.29) is given by

m

m
V

m

m
c c c c4 6 4 . 5.31

g g

4

2

4

2 0 1 2
2

3
3

4
4( ) ( )b b b b b= + + + +

We further observe that, in the GR limit, the fluctuation of the physical metric gmn becomes
massless as expected. This can be seen from (5.19), which for 0a  gives G gd dmn mn. It is
an important feature because, at least to our present knowledge, only the couplings of the

25 In fact, this identity can be derived for any form of covariant potential V and does therefore not rely on the specific
structure of the ghost-free bimetric action.
26 One may be worried about occurrences of strong coupling for small values of α. However, as has been discussed
in detail in [148], the strong coupling scale of the massive spin-2 mode in fact grows with decreasing α.
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original metrics to matter are ghost-free, whereas on the other hand the gravitational metric
needs to behave like a massless spin-2 field for phenomenological reasons. In particular, since
the massive mode decouples from the source, bimetric theory in the GR limit does not suffer
from the vDVZ discontinuity and hence does not need to rely on the Vainshtein mechanism, a
requirement which usually challenges the phenomenological viability of massive gravity
models.

To summarise, in the limit of small α, bimetric theory can be viewed as a smooth
deformation of GR because the massive mode decouples in the limit. In particular, the
gravitational metric satisfies Einstein’s equations modified by a small correction and its
fluctuations are dominated by the massless spin-2 mode. The dynamics of the massive field
essentially decouple from the observable matter sector and its presence manifests itself only
through the constant term in (5.29) which for a sufficiently small spin-2 mass could give rise
to cosmic self-acceleration [148]. On the other hand, one can tune the nb parameters such that
large contributions to the effective cosmological constant cancel (at the cost of giving up
technical naturalness à la ’t Hooft) and thus, even for a very large spin-2 mass, its observable
effects could remain small.

Note also that, in this setup, the massive spin-2 field could potentially be a suitable dark
matter candidate: it interacts with the Standard Model fields only very weakly, but couples
non-minimally to the gravitational metric. A remarkable feature of this scenario would be that
the closeness of the theory to GR goes hand in hand with the decoupling of the dark matter
field, and both get related to the largeness of the Planck scale mg. For related approaches in
the context of bimetric theory, where not the spin-2 field itself is considered as the dark matter
candidate but additional fields are invoked, see [149–152].

5.4.3. Massive gravity limit. Let us now consider the limit opposite to the one above, namely
a  ¥. In this limit, bimetric theory reduces to massive gravity with a GR reference metric,
i.e. fmn solves the standard sourced Einstein equations [153–156]. To see this, consider once
more the bimetric equations of motion(5.25), this time along with the following scalings
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Note that we introduced a new mass scale M and stress-energy T̃ here because now we also
require a scaling of the matter fields in the fmn sector in order to be able to treat solutions for
fmn that solve Einstein’s equations in the presence of matter (for more on this see
e.g.discussions in [115, 146, 154]). Similarly, the scaling of 4b is required to keep a
cosmological constant term for fmn . The remaining nb are not allowed to scale since this
would destroy interactions in the gmn equations (recall that 4b only appear in the fmn
equations). The gmn equations (5.25a) are then unaffected but in the fmn equation (5.25b) all
bimetric interaction terms drop out. Thus, fmn is now determined by

f
m

m
f

M
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1
, 5.33

g

4

2 4 2
( ) ˜ ( ) b+ ¢ =mn mn mn

which is an Einstein equation with cosmological constant m

m 4
g

4

2b¢ and Planck massM. The exact

limit thus decouples the dynamics of fmn which is now determined by equations that do not
involve gmn . We can obtain a solution to these equations and use it to replace fmn in the gmn
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equations. Effectively, the gmn equations are therefore the same as the ones obtained from
varying the massive gravity action(4.2), in which fmn is taken to be a fixed reference metric
that solves Einstein’s equations (5.33). This picture explains the emergence of the fixed
reference metric in massive gravity since the latter can be viewed as a particular point in the
parameter space of the fully dynamical bimetric theory.

From the existence of the above limit we can infer that the solution space of bimetric
theory is richer than that of massive gravity. Solutions (g, f) to the bimetric equations of
motion can be of the form g f,1 1( ( ) ( )) a a¢ + ¢ +- - , with g f,( )¢ ¢ taken to be α-
independent. Only for such solutions is the limit a  ¥ well-defined and result in the
massive gravity configurations g f,( )¢ ¢ . Other bimetric solutions, however, do not possess a
well-defined massive gravity limit, i.e.they become singular for a  ¥. Such configura-
tions for the metrics are known to exist and have no massive gravity counterpart, but rather
constitute a distinct feature of bimetric theory. Simple examples of proportional solutions that
become singular in the limit have been found in [147]. Moreover, see [157] for a study of
Hawking–Moss instanton solutions in bimetric theory which do not seem to allow for a well-
defined massive gravity limit.

To summarise, all solutions of massive gravity can be viewed as arisen from bimetric
theory, whereas it is quite easy to find solutions of the bimetric theory which does not have
any massive gravity counterpart. Therefore, since the limit is singular, care has to be taken
when arguing that results which hold in the massive gravity limit also hold in the full theory.

It has occasionally been argued that the above limiting procedure is somehow inferior
and that the limit should instead be taken in the action. But, in fact, the two procedures of
taking the limit in the equations or in the action are fully compatible when treated correctly.
To see this let us briefly review the limiting procedure at the level of the action, as discussed,
for instance, in [2]. In this case one starts by expanding the bimetric action (5.1) around,
e.g.,a constant curvature solution27

f f
f

m
5.34

f

E ( )
d

 +mn mn
mn

and then considers the limit mf  ¥. Since f E
mn is assumed to be a constant curvature metric

the kinetic term for fmn simply reduces to the quadratic action for canonically normalised
fluctuations on this background, i.e.

m f R f f f , 5.35f
2 1

2
( ) ¯ ( )d d mn

mnrs
rs

where ̄mnrs is the operator defined in (2.12), written in terms of the metric f E
mn and its

curvatures. In the interaction potential on the other hand, all the fd mn fluctuations decouple in
the limit and, assuming an appropriate scaling of 4b , only a cosmological term for the
fluctuations remains. One then ends up with a non-covariant action in terms of a decoupled
linear spin-2 field fd mn and a nonlinear spin-2 field gmn whose interaction potential contains the

fixed reference metric f E
mn . Now varying with respect to the dynamical fields gmn and fd mn

results in the massive gravity equations for gmn (containing gmn and f E
mn), supplemented with a

completely decoupled linear equation for fd mn . Of course, this procedure is only self-consistent

provided that f E
mn is really a finite constant curvature background solution in the limit.

Ensuring this leads exactly to the limiting procedure of the equations we have discussed
above. It is also straightforward to see that if we express our equations (5.25a) and(5.33) in

27 More generally one can couple appropriately scaled matter fields to the fmn metric and consider expanding around
a solution of (5.33), but this does not change the main arguments.
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the limit in terms of g ,mn fd mn and f E
mn , then we end up with exactly the same result as that

obtained from the action (the reason being that, if f mg( )d amn is assumed subdominant to
g mgd mn in the action, the same will of course hold in the equations). Therefore taking the
limit in the equations is equivalent to doing it in the action, but the former procedure deals
more directly with solutions and the requirements for these to exist.

5.4.4. Other matter couplings. Matter couplings differing from the consistent ones in(5.23)
have also been studied in the literature. Particular attention has been paid to the ‘doubly
coupled’ theory for which the matter sectors of gmn and fmn contain the same fields [158, 159]
but, as explained above, these couplings reintroduce the Boulware–Deser ghost [144, 145].
On the other hand, it turns out that a certain combination of the two metrics can be coupled to
matter without exciting the ghost in the low-energy effective field theory [145]. This
‘effective metric’ contains two arbitrary parameters a and b and is of the form

G a g ab g g f b f2 , 5.36eff 2 1 2( ) ( )= + +mn mn mr n
r

mn
-

whose ‘uniqueness’ has been discussed28 in [161, 162]. The reason this metric is special is
because it can be written, in matrix notation, G a g b a Seff 2 2( ( ) )= + , and hence

G a g b a Sdet deteff 4( ) ( ( ) )= + . The identity (A.5) then reveals that any vacuum
contribution generated by matter coupled to such a Geff will not alter the ghost-free form of
the bimetric interaction potential. Interestingly, this metric can be written as a Finsler metric
[159] and therefore provides a situation where the geometric interpretation is shifted from the
standard (pseudo) Riemannian description to an effective Finsler geometry29. Since our main
interest here lies in working with the full bimetric action and not in the effective field theory
picture, we will not discuss phenomenological implications of such a matter coupling in this
review. The interested reader is referred to the large variety of [99, 151, 152, 165–174]in
which the effective coupling has been studied further, mostly in the context of cosmology.

6. Classical solutions

Despite the fact that the consistent theories have only been known for a few years, there
already exists an extensive literature on classical solutions in ghost-free massive gravity and
bimetric theory. Here we focus on bimetric theory whose solution spectrum is richer than that
of massive gravity (see section 5.4.3). Perhaps most interesting is the class of spherically
symmetric solutions, which can potentially be used to study stars, galaxies, black holes and
cosmology. An immediate problem that arises in this context is that the bimetric theory has no
known analogue of Birkhoff’s theorem30 and therefore many of the valuable uniqueness
theorems of GR do not apply. This means that in many situations several solutions may exist
for the same problem and one is left with the task of sorting out the most relevant one. A
strong physically motivated guide here is to explore the stability of solutions under pertur-
bations. Another complication is the analytical complexity of the nonlinear equations of
motion, and in many cases only numerical solutions are known as of yet. In this review we
have mainly kept our attention towards analytically tractable problems and will continue this

28 More precisely, the metric (5.36) is unique up to multiplication of the right-hand side by an arbitrary matrix of
unit determinant. When it is expressed in terms of vierbeins more ambiguities arise [160].
29 A Finsler geometry departs from the pseudo Riemannian geometry in that it characterises a manifold with a norm
but it is not necessarily infinitesimally Minkowski [163, 164].
30 Which implies absence of monopole radiation in GR. Seee.g. [175] for a nice GR oriented discussion which also
gives appropriate credit to earlier independent findings of this important theorem.
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practice. We will therefore restrict our discussion mainly to black hole and cosmological
solutions, discuss features of these which can clearly be discerned analytically and only
comment briefly on some phenomenological issues. For the spherically symmetric solutions
and in particular their applications to black hole studies there already exist a few good reviews
on the current status [176–178]. We refer the interested reader to these for additional details.
Before discussing particular features of the spherically symmetric solutions, we make some
general remarks.

6.1. General properties

Recall the form of the bimetric equations of motion in the presence of matter sources
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with the contributions from the interaction potential given in(5.3). It is clear that due to the
presence of these additional interaction terms, in general, the solutions to the bimetric
equations will significantly differ from those obtained in GR. From a phenomenological point
of view, such large new effects are not desirable since Einstein’s theory is well-tested over a
wide range of distance scales. In order not to be ruled out immediately, any modification of
gravity needs to give rise to solutions that do not deviate too much from those of GR. As we
already saw in section 5.4.2, in the limit of small m mf ga º and a vanishing source for f ,mn
all equations for the physical metric gmn will smoothly approach the form of the GR equations
and so will their linear perturbations. This is already good news for the viability of bimetric
theory. On the other hand, it may also render the theory less interesting because if all
solutions are (almost) indistinguishable from those of GR in the weak-field limit then there is
little room for predicting new signatures that could be observed. It is therefore interesting to
see if the above equations, away from the GR limit, can still give rise to solutions that behave
similarly to those of Einstein’s theory.

In section 5.3.1 we already encountered the proportional backgrounds as an example of
GR solutions in bimetric theory. However, in the presence of matter, these backgrounds only
exist if the stress-energy tensors satisfy the rather strict constraint T Tf g2a=mn mn . As we will
see below, the bimetric equations can also reduce to Einstein equations after inserting ansätze
for the metrics which possess particular symmetry properties (e.g. spherical symmetry). In
these cases, although the background solutions reproduce exactly the predictions of GR,
differences will generically occur at the level of perturbations and the theory can in principle
make testable predictions.

In this context, it is important to notice one more feature of bimetric theory: if either gmn
or fmn is assumed to be an exact solution to the Einstein equations, then the bimetric equations
will force the second metric to also solve (a different set of) Einstein’s equations31[147]. In
vacuum this can be seen as follows: recall that using the identity(5.26), we were able to
combine the bimetric equations into

31 In fact, this statement does not depend on the ghost-free structure but holds for any covariant bimetric interaction
potential.
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If in this equation we assume that, for instance, fmn is a GR solution with cosmological

constant L̃

f f , 6.3( ) ˜ ( ) = -Lmn mn

then (6.2) takes the form
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Taking the covariant divergence of this equation implies that the terms proportional to d n
m are

constant and hence the equation reduces to an Einstein equation for gmn
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This proof can straightforwardly be generalised to the equations including matter sources.
However, in this case GR solutions do not exist unless the sources for gmn and fmn are related
in a particular way [147]. Solutions of this type (with stress-energy tensors assumed to
resemble perfect fluids) have been found in [179].

Another interesting general feature of the bimetric solutions was noticed in [180]. There
it was found that the effective stress-energy tensors that the bimetric interactions generate,
i.e.the negative of Vg

mn and V f
mn , never satisfy the null-energy condition simultaneously unless

the two metrics are proportional. In more detail[180], found that if km is a null-vector with
respect to g ,mn i.e.g k k 0=mn

m n , then one can always define k S k1¯ ( )=m
r

m r- which turns out
to be a null-vector with respect to f ,mn i.e. f k k g k k 0¯ ¯ = =mn

m n
mn

m n . This follows since
f g S S g S S= =mn mr

r
s

s
n sr m

r
n
s and can be used to demonstrate that if e.g.Vg

mn satisfy the null-
energy condition V k k 0g mn

m n (where the direction of the inequality follows from our sign

convention in defining Vg
mn) then V f

mn will satisfy an opposite inequality V k k 0f ¯ ¯ mn
m n . Fur-

thermore the inequalities only saturate for proportional solutions, when the interactions
reduce to pure cosmological constant contributions (see section 5.3.1). Of course the null-
energy condition is usually applied to the matter sector within the context of GR so it is not
completely obvious what a violation actually means physically in this case. For example, if
we consider the case where only gmn couples to a matter source Tg

mn and take it that V f
mn does

not (does) satisfy the null-energy condition. Then generically Vg
mn will (will not) satisfy it

which implies that the standard physical interpretation of the null-energy condition on the
source term Tg

mn may change. This interesting observation is something which deserves further
study. One immediate consequence however was the prediction of worm-hole solutions in the
theory, which were subsequently found and analysed in [181].

6.2. Black hole solutions

Spherically symmetric solutions were first discussed in [182, 183] and have since then
received considerable attention [184–193]. As already mentioned in the introduction of this
section, there is no known analogue of Birkhoff’s theorem in bimetric theory and therefore
many of the uniqueness theorems of GR fail straight away. In fact, for spherically symmetric
ansätze, it is fairly straightforward to make an initial separation into two classes of general
solutions, the so-called bidiagonal and non-bidiagonal solutions. These labels are not that
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imaginative but they do keep to the point: the bidiagonal solutions are solutions for which
both metrics can be brought to a simultaneously diagonal form while the non-bidiagonal
solutions are those solutions which cannot. Another important class of solutions are the
proportional solutions discussed in section 5.3.1. Now, we can always use the isometries to
choose coordinates such that at least one of the metrics is diagonal and therefore the pro-
portional solutions fall into the broader class of bidiagonal solutions.

The most general spherically symmetric ansätze can be written in the form

g x x U t V r r

f x x A t B r C t r D

d d d d d ,

d d d d d d d , 6.6

2 2 2 2 2 2

2 2 2 2 2 2 2 ( )
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=- + + + W
mn
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m n

where U V A B C D, , , , , are all functions of the radial (r) and temporal (t) coordinates. We
have made use of the spherical isometry to fix the angular and radial coordinates such that the
angular measure d d sin d2 2 2 2q q jW = + is in the standard form and comes with the standard
factor of r2 for g ,mn which also puts gmn in diagonal form. This form has been heavily used in
the literature and serves to simplify parts of our discussions, but it should be noted that in
some situations, concerning in particular black hole solutions, it is preferable to work with
coordinates that are regular at the horizon, such as the advanced Eddington–Finkelstein
coordinates (see e.g. [178, 190]). Since gmn is diagonal it follows from the equations of motion
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This can vanish either if C = 0, which characterises the bidiagonal solutions, or if D rw=
with ω being a solution of

2 0. 6.91 2 3
2 ( )b b w b w+ + =

Notice that the second option, which characterises the non-bidiagonal solutions, does not exist
if two of the nb parameters with n 1, 2, 3= are zero. Furthermore, the condition forces ω to
be a constant. We will now discuss the two classes of solutions in some more detail.

6.2.1. Bidiagonal black hole solutions. We start by discussing the bidiagonal solutions,
which are obtained from (6.6) with C = 0. As a simple but interesting and illustrative warmup
we recall the proportional background solutions of section 5.3.1, with f c g2=mn mn . If either
metric is diagonal, then these are obviously bidiagonal. It should also be clear that any
vacuum solutions of the standard GR equations will in fact also be solutions of the bimetric
equations for the proportional backgrounds (with appropriate restrictions on the constant of
proportionality). In particular we may now consider bidiagonal black hole metrics. Since
these are proportional vacuum solutions the linearisation around these solutions follows the
analysis of section 5.3.2 and the fluctuations obey the massless equations
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and the massive equations
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where, in terms of the original fluctuations gd mn and fd mn , the massless field is given by

G g f2d d a d= +mn mn mn , and the massive field is obtained from c M f c g2 2d d d= -mn mn mn . We
also recall that (with m associated to the background field gmn)
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The massless equations (6.10) are precisely those of linearised GR and a standard treatment
shows that they propagate the two (±2) helicity states of a massless spin-2 field. Let us
therefore focus on the massive field equations (6.11). Due to the Bianchi identities obeyed by
the Einstein tensor (including the Λ terms) a covariant divergence of these yields
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where the last equality follows on-shell and provides four non-dynamical constraint equations
for Md mn . A second covariant divergence of these equations yields

E
m

M g M
2

. 6.14M FP
2

2( ) ( )d d d  =   - m n
mn

m n
mn

rs
rs

Tracing instead the field equations (6.11) we get
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It then follows that the particular linear combination
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constitutes another on-shell scalar32 constraint, g M 0d =mn
mn , which then also implies

M 0d =m
mn . Together these equations correspond to five constraints that can be used to

remove five degrees of freedom from the original ten components of the symmetric tensor
perturbations Md mn . Enforcing these constraints, the equations of motion for the massive spin-
2 fluctuations can therefore be reduced to the following system

m M R M M g M2 0, 0, 0. 6.172
FP
2( ) ( )d d d d - + =  = =mn m n

r s
rs

m
mn

mn
mn

This brief discussion provides a generalisation of the constraint analysis of section 2.2, when
augmented to the case of constant curvature backgrounds, and also complements the analysis
of section 5.3.2. Moreover, as first recognised in [195], the dynamical equations for Md mn in
the above form are actually identical to the equations of a 5D black string when projected
down onto its 4D sub-manifold, namely

32 An exceptional situation occurs when the parameters satisfy m2 3 FP
2L = , saturating the so called Higuchi bound

[81]. In this case the left-hand side of (6.16) vanishes identically, such that a new linear scalar gauge symmetry
emerges and the theory propagates a partially massless spin-2 field with only four degrees of freedom [85, 194]. We
will get back to this in section 7.
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where k2 denotes the wave number of the transverse Fourier mode. This equation is identical
to (6.17) with the replacement m kFP  . It has immediate and interesting implications since it
is well known that the solution of (6.18) exhibits the so called Gregory–Laflamme instability
[196] (for a broad review on this subject see [197]). Namely, the solution is unstable in the
parameter region k k0 c< < , where kc is of the order of the inverse Schwarzschild radius. In
the case of the 5D black string this instability concerns the mode longitudinal to the 5th
direction along the black string and the end point of the instability is known to result in a sort
of ‘pinching’ of the black string into an open necklace with beads of 4D Schwarzschild black
holes strung on it. In the case of the bidiagonal bimetric solution when the metrics are
proportional Schwarzschild (or Schwarzschild–de Sitter) metrics it follows that it too will
have a similar instability33. But since there is no 5th dimension, no such interpretation is
available and the status of the end point is presently unknown (one possibility is mentioned
below). It is clear however that the instability only manifests itself over a characteristic time-
scale comparable to the Hubble time H0

1- for a small enough mass parameter m HFP 0~ and it
would therefore be hard to detect any signature connected with this. A similar study of the
bidiagonal Kerr solutions have revealed that these additionally suffer from a super-radiant
instability [187]. For more details and discussions on this we refer the interested reader to the
reviews [176–178] and references therein.

Another simple and illustrative example is to consider the metric ansätze (6.6) as a static
perturbation of proportional Minkowski34 backgrounds, i.e. f c g c2 2¯ ¯ h= =mn mn mn . Thus we
consider the functions in (6.6), with C = 0 and no temporal dependence, as given by
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The equations of motion for the perturbations can then be solved perturbatively to give (see
e.g. [182, 184])
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where M1 and M2 are integration constants and we recall that the Fierz–Pauli mass mFP is
given by

33 An interesting exception is the Schwarzschild–de Sitter case with parameters fixed to the partially massless model
discussed in section 7. For that case the instability is absent [185].
34 Note that these backgrounds do not solve the bimetric equations in general, but the existence of such solutions
requires fixing either c or one of the nb parameters in terms of the others.
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The above expressions in (6.20) clearly have the form of Yukawa suppressed GR solutions
for spherically symmetric perturbations of flat space–time. They exhibit the vDVZ
discontinuity since, in the small mass limit m 0FP  , the combination
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does not vanish as it would in GR. On the other hand, we also see that both Bd and Dd diverge
for m 0FP  , so this limit is in fact not well-defined on the solution. These divergences in the
small-mass limit are remedied via the Vainshtein mechanism when going to higher orders in
perturbation theory. Although the full nonlinear forms of these solutions are not known
analytically their perturbative and numerical existence provides some initial hope of such a
completion. The perturbative form, going up to second order, has been used for initial studies
of e.g.strong lensing [184] and in confirming the Vainshtein mechanism in bimetric theory
[13, 183, 192]. Making a full perturbative ansatz has also allowed to find numerical solutions
to the nonlinear equations which are asymptotically flat and have massive hair. It has been
conjectured that these solutions are the end point of the linear bidiagonal Schwarzschild
instability discussed above [186]. Matching these solutions however requires the black hole to
be of cosmological size and they are therefore unlikely to be of astrophysical interest.

In more general setups, away from proportional backgrounds, all known analytical
solutions correspond to both metrics being of standard GR form and do not have massive hair.
On the other hand, it is known that the bidiagonal class allows also for numerical solutions
which are of non-GR form and do contain massive hair, typically with anti-de Sitter
asymptotics. So far these more exotic solutions have only been studied numerically and we
refer the reader to [177, 178] for more discussions of their explicit behaviour.

6.2.2. Non-bidiagonal black hole solutions. The non-bidiagonal solutions have C 0¹ and
D rw= in (6.6), with ω being a constant solution of (6.9). Furthermore, the Bianchi
constraint V 0g =m

mn implies that (see e.g. [177])
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where Sr
n are components of the square-root matrix S g f1= - . This condition together with

(6.9) suggests that the non-bidiagonal solutions are a very non-generic class in the sense that
the metric coefficients are forced to have a quite peculiar dependence on the nb parameters of
the action. If we assume that ω is a solution of (6.9) and that (6.23) is satisfied, we find that
the equations of motion decouple into two separate Einstein equations
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Therefore, this peculiar way of fixing the metric functions in terms of the nb parameters is an
alternative and more complicated way of tuning the interactions to be purely cosmological, as
opposed to the more obvious proportional solutions. In this context, recall the results of
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section 6.1, showing that whenever one metric is a solution to Einstein’s equations, the other
one must be an Einstein solution as well. That such solutions (both Einstein, but with different
cosmological constants) exist could perhaps have been anticipated by the complicated matrix
structure of the interaction terms All black hole solutions in the non-bidiagonal class are
therefore of standard GR type. An initial treatment of perturbations around these solutions can
be found in [191]. For radial modes the analysis simplifies drastically and it is possible to get
analytical expressions for the perturbations. It turns out that, while these are regular at the
horizon, they are not regular at infinity. This implies that unstable radial modes are not
allowed on physical grounds and that the corresponding black holes may in fact be stable, at
least in the perturbative sense. For a detailed discussion on the current status of perturbations
of various known black hole solutions we refer the reader to [178].

6.3. Cosmological solutions

On small scales GR makes very good predictions and, from a phenomenological point of
view, there is no need to look for a modification of the theory. On cosmological scales,
however, it seems that either quantum field theory or gravity (or both) have to be modified in
order to explain the observed value of the cosmic acceleration in a satisfactory way. In order
for this review to be self-contained and to set up some notation we have provided a condensed
summary of standard GR cosmology in appendix C.

Due to the conceptual problems of explaining the observed cosmic acceleration within
GR, the implications of a consistent theory of modified gravity for cosmology are of
immediate interest. Unfortunately, the original idea that a large vacuum energy contribution
from the matter sector could be screened out simply by a non-zero graviton mass that weakens
gravity at large scales turned out not to be realisable without fine tuning, as discussed in [46].
Nevertheless, one can take a less ambitious approach and assume that another, as of yet
unknown, mechanism (such as supersymmetry, if it was realised at low energies) is at work
and removes all vacuum energy. In this case, ordinary GR would predict a Universe without
cosmic acceleration, while in modified gravity theories, ‘self-accelerating’ solutions certainly
exist in various forms Massive gravity is a particularly interesting candidate for this purpose
since its interaction potential breaks diffeomorphism invariance and therefore the spin-2 mass
scale is expected to be protected from receiving large quantum corrections. The hope would
therefore be that the interactions of the graviton could give rise to a small rate of cosmic
acceleration, which, unlike the pure cosmological constant, can be regarded as being ‘tech-
nically natural’ in the sense of ’tHooft [198] (see e.g. [199] for a recent review on naturalness
in the context of cosmology). Of course, it should be pointed out that although the guide of
naturalness is philosophically appealing, in the end it may turn out that nature does not follow
that principle. Nevertheless, like Occam’s razor, it is a useful tool in discriminating between
alternative hypotheses.

Shortly after the construction of the ghost-free potential, it was discovered that the dRGT
model of massive gravity (with flat or even with general reference metric) does not possess
stable homogeneous and isotropic solutions [127]. For more work on cosmology in massive
gravity with fixed f ,mn see [128–133, 200]. On the other hand, in bimetric theory with
dynamical reference metric the desired class of solutions does exist [153–155]. The simplest
examples are the proportional backgrounds considered in section 5.3.1 which, however, only
solve the equations with proportional sources. In this case, the effective cosmological con-
stant in (5.11) receives contributions not only through vacuum energy from the matter sector
(as captured by 0b ) but also from all terms in the interaction potential. Even in the absence of

J. Phys. A: Math. Theor. 49 (2016) 183001 Topical Review

47



vacuum energy (i.e., for 00b = ), cosmological backgrounds can be accelerating and the scale
of acceleration is proportional to the technically natural mass scale m (see e.g. [201]).

In the following we provide a brief summary of results in bimetric cosmology. For a
more detailed discussion, we refer the reader to [202].

6.3.1. Homogeneous & isotropic backgrounds in bimetric theory. We will outline the
derivation of cosmological solutions in bimetric theory, following mainly [154]. For
simplicity, the source T f

mn of the fmn sector is set to zero, which allows us to interpret gmn as the
physical metric in the usual way, provided that it has standard matter couplings. In other
analyses, the second source term is kept nonzero [158, 203, 204], which in principle can serve
to mimic a dark matter component [149–152].

To keep the comparison of the bimetric solutions to those of GR as simple as possible, it
is convenient to make the usual Friedmann–Lemaître–Robertson–Walker (FLRW) ansatz for
the metric gmn which is coupled to matter35
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It is now important to notice that, in order to arrive at this form, we have used time
reparametrisations to remove one time dependent function in the most general homogeneous
and isotropic ansatz. We have therefore fixed the entire diffeomorphism invariance and there
is no gauge symmetry left to do the same to fmn . As a result, the most general homogeneous
and isotropic, bi-diagonal ansatz for the second metric reads
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involving two time dependent functions X(t) and Y(t). Note that we have assumed the
curvatures k of the two metrics to be the same. This does not constitute a loss of generality
because, starting with two different values for k, one can show that the Bianchi constraint
forces them to be equal [205].

Furthermore, as in GR, we use the perfect fluid form T p p pdiag , , ,g( ) ( )r= -m
n for the

stress-energy tensor Tg
mn of matter coupled to gmn . In GR any source is automatically

covariantly conserved as a consequence of the Bianchi identity whereas in bimetric theory the
sources for gmn and fmn are not necessarily conserved. We therefore need to make the
additional assumption of diffeomorphism invariance of the matter coupling which gives

T 0g
g =m
mn . This in turn implies that the continuity equation for matter (see equation (C.4)) is

also valid in the model under consideration.
Next, we consider the bimetric equations of motion in (6.1), with T 0f =mn and with one

index raised by the respective inverse metrics. In what follows we shall refer to their 00-
components simply as the gmn and fmn equation. Plugging the ansätze of the previous section
into (6.1a) we can make use of known GR results to straightforwardly obtain the gmn equation
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where m mg
2 4 2m = . The first two terms are the same as in the ordinary Friedmann equation

of GR, see(C.5). In order to determine how the source ρ influences the cosmological
evolution of the scale factor a(t), we need to determine the function Y(t) from the other
equations. We start with the Bianchi constraint V 0g =m

mn , which, when evaluated on the

35 More general non-bidiagonal ansätze for the metrics have been studied in [153]. As we discussed in section 6.2.2
these are identical to GR backgrounds.
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homogeneous and isotropic ansatz, reduces to
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In addition to these, we have to consider the fmn background equation whose form is slightly
more complicated than(6.28) due to the presence of the additional function X(t) in the ansatz
for fmn . Instead of presenting its complete form here, we first replace X t Y a( ) ˙ ˙= , which is
the dynamical solution to the Bianchi constraint above36. Then the fmn equation becomes
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where, as usual, m mf ga º Multiplying this equation by Y a2 2 and subtracting it from the
gmn equation (6.28) yields an algebraic equation
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From the quartic polynomial equation (6.31) one can obtain a solution for ϒ which can be
inserted into the gmn equation (6.28). After that, the latter will only contain a(t), a t˙ ( ) and t( )r ,
and thus becomes a modified Friedmann equation.

6.3.2. Classification of solutions. In general, the cosmological evolution equations derived
above allow for several branches of solutions which have been categorised and studied in
detail [148, 153–155, 201, 206–211]. Here we summarise the main results.

To start with, there are two options to satisfy the Bianchi constraint equation (6.29);
either the first or the second bracket must vanish.

(I) The non-dynamical (algebraic) branch: If at least two out of 1b , 2b and 3b are non-
vanishing, then a constant b can be chosen such that b b2 01 2

2
3b b b+ + = . In this case,

an algebraic solution to the Bianchi constraint is Y t b a t( ) ( )= . Even though in this case
the 00-components of the two metrics are not necessarily proportional, the contribution
from the interaction potential in(6.28) reduces to a cosmological constant term. The gmn
equation hence simply becomes the ordinary Friedmann equation (C.5) with a
cosmological constant m b b b3 32

0 1
2

2
3

3( )b b b bL = + + + and thus the background
solutions for gmn are degenerate with those of GR. At the level of linear perturbations,
several degrees of freedom appear without kinetic terms and are thus expected to be
strongly coupled [129, 203, 212]. On top of that, this branch seems to give rise to a non-
perturbative ghost [131] and a late-time instability for the tensor modes [107]. Due to
these pathologies, most of the literature focusses on branch (II) solutions. Note also that
branch (I) does not exist if two out of 1b , 2b and 3b are equal to zero.

(II) The dynamical branch: The alternative solution to the Bianchi constraint is X t Y a( ) ˙ ˙= .
In contrast to branch(I), this is an evolution equation and allows for much more general
solutions that can be very different from GR. In particular, ϒ is not constant on this
branch but a function of the matter density ρ, determined by(6.31).

36 The other algebraic solution, obtained from setting the first bracket in (6.29) to zero, will be discussed below.
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The second branch further splits up into several subbranches, corresponding to different
solutions of the quartic polynomial equation (6.31). These can be classified according to the
evolution of the ratio of scale factors, Y a¡ = [207].

(IIa) Infinite branch: This branch is characterised by an ϒ that becomes infinitely large at
early times and whose value decreases when moving forward in time.

(IIb) Finite branch: The solution is such that the ratio of scale factors ϒ evolves towards a
finite asymptotic value in the infinite past. This branch cannot be obtained in models
with 01b = (assuming 00b = ) [207] .

(IIc) Exotic branches: These are all other branches which generically lead to bouncing
cosmologies or static universes in the asymptotic past or future [210]. Even though it
is not impossible to make such scenarios compatible with observations, these branches
correspond to rather unconventional cosmologies and have not been studied in great
detail so far.

Using phenomenologically inspired requirements, one can immediately rule out a set of
bimetric models based on their cosmological background evolutions. For instance, out of the
models with only one non-vanishing nb , only the 0b - and the 1b -model can give rise to a
viable cosmology at the background level. Allowing for two non-vanishing nb , one can
generically discard models with 00 1b b= = . More details on the viability conditions and
exclusion of bimetric models based on background cosmology can be found in [201, 207].

6.3.3. Self-acceleration & technical naturalness of the Hubble scale. In view of the dark
energy problem, it is of particular interest to investigate whether bimetric theory can give rise
to an expansion history compatible with observations even when there is no vacuum energy
arising from the matter sector. If a background solution can mimic the behaviour of vacuum
energy, it is referred to as ‘self-accelerating’. Clearly, it would be even more interesting if it
was possible to include a large vacuum energy contribution and still obtain a small
acceleration rate. This can indeed be achieved in bimetric theory by (fine-)tuning the nb
parameters to cancel terms from the interaction potential against the vacuum contribution.
However, there is no mechanism (or symmetry) protecting the tiny difference of these two
contributions and thus a configuration with small effective cosmological constant cannot be
regarded as technically natural in this setup. At this stage bimetric theory is therefore in no
better position than GR to solve the old cosmological constant problem.

Nevertheless, it is still possible to view the spin-2 interaction potential as the source of
dynamical dark energy, much in the same spirit as in quintessence models [213]. To this end
one assumes that all vacuum contributions in the source Tg

mn vanish and furthermore sets the
bare cosmological constant term to zero by fixing 00b = . A thorough comparison to
observational data of the whole bimetric parameter space but with vanishing 0b was
performed in [201]. Self-accelerating solutions are found for many different combinations of
nonzero nb parameters, and the fits to data are just as good as for the ordinary ΛCDM model
of GR. As could have been anticipated, the best fit value for the mass of the massive spin-2
field is on the order of the Hubble scale H0. This tiny mass scale creates the hierarchy problem
in GR with an ordinary cosmological constant which is not protected against large quantum
corrections by any symmetry. The situation is different in bimetric theory where in the zero-
mass limit the full diffeomorphism symmetry that transforms the two metrics separately is
restored. This symmetry protects the spin-2 mass scale against large corrections and renders
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the small Hubble scale technically natural. For explicit calculations confirming this last
statement, we refer the reader to [170, 214].

6.3.4. Perturbations. In order to further study the viability of bimetric cosmology, one
derives the linear equations for perturbations around the above cosmological backgrounds. In
contrast to what we encountered for the proportional backgrounds in section 5.3.1, it is not
possible to diagonalise the fluctuations into spin-2 mass eigenstates around more general
solutions. For the homogeneous and isotropic backgrounds, the best one can do is to perform
a decomposition into tensor, vector and scalar modes and try to decouple their dynamics as
much as possible. Rather general analyses of the spectrum were already performed in
[212, 215] (and later in [216]), but since the resulting differential equations are not always
easy to handle, developing a complete understanding of cosmological perturbation theory is
still an ongoing process.

As already mentioned in section 6.3.2, branch (I) solutions are plagued by pathologies
such as strong coupling behaviour and a non-perturbative ghost instability. Let us therefore
focus on linear perturbations in the dynamical subbranches.

Infinite branch (IIa): While specific infinite branch solutions for models with
02 3b b= = are free of scalar instabilities [208], in general the perturbations around this

class of FLRW backgrounds suffer from ghosts in both the scalar and tensor sectors
[209, 210, 217]. Due to these pathologies, branch IIa solutions do not correspond to
consistent backgrounds and must be discarded on theoretical grounds. Nevertheless, for an
interesting study of the integrated Sachs–Wolfe-effect in this branch which appeared before
its problems were established, see [218].

Finite branch (IIb): Around this branch linear perturbations are generically ghost-free
and well-behaved, except for a scalar gradient instability which occurs at early times
[208, 212, 217, 219]. While, from a theoretical point of view, this growing scalar mode is not
a consistency problem, it does invalidate the use of linear perturbation theory. For generic
parameters, the instability sets in at recent times and, as a consequence, bimetric theory
cannot be invoked to predict phenomena in the early Universe, at least not with standard
perturbative techniques. However, it was demonstrated in [148] that, in the GR limit (see
section 5.4.2), the scalar instability is pushed backwards to arbitrarily early times. Hence, for
small enough m mf ga = , linear perturbation theory around the finite branches remains valid
and the predictions for cosmology automatically resemble those made by GR. Another
suggestion is that nonlinear effects related to the Vainshtein mechanism may render the
instability irrelevant [220].

Exotic branches (IIc): As already mentioned, the background evolution on these
branches is rather unusual and hence this type of solutions has not received much attention.
The perturbations around these backgrounds generically seem to have pathologies [210].

To summarise, the only well-studied models that give rise to viable cosmological
backgrounds and perturbations lie on the finite branch. In order to maintain the predictivity of
cosmological perturbation theory, it is furthermore necessary to bring bimetric theory close to
GR, either by requiring a sufficiently small value of m mf ga = or by invoking the
Vainshtein mechanism. The advantage of the bimetric setup is the occurrence of a technically
natural dark energy scale set by the spin-2 mass. However, eventually all of this will be useful
only if one finds an explanation for the absence of the large vacuum energy contribution
coming from the matter sector.
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7. Partial masslessness

A massive spin-2 field in de Sitter (dS) background exhibits several interesting features that
are shared neither by lower-spin particles nor by spin-2 excitations in flat space. For a special
value of the Fierz–Pauli mass in units of the background curvature, the linear theory possesses
an additional gauge symmetry which removes one of the spin-2 helicity components. In this
case, where the field loses one propagating degree of freedom, it is referred to as partially
massless (PM). The particular mass value for which this situation occurs is called Higuchi
bound and it divides the parameter region into unitary and non-unitary sub-sectors [81].
Below the Higuchi bound the helicity-zero mode of the spin-2 particle develops a ghost
instability, whereas above the bound all helicity states are well-behaved.

The existence of a nonlinear theory that involves a massive spin-2 field enables us to
address the question whether the concept of partial masslessness is restricted to the linear
theory around de Sitter backgrounds or whether it may be extended to the nonlinear level. By
definition, the demand on a nonlinear PM theory is the presence of an extra gauge symmetry,
even away from de Sitter backgrounds.

7.1. PM spin-2 field on de Sitter background

Let us begin by reviewing the linear theory of a PM spin-2 particle in a de Sitter background,
as first discussed in a sequence of papers by Deseret al[84–86, 194, 221–223]. Consider a de
Sitter background metric Ḡmn whose curvature satisfies R G G( ¯ ) ¯= Lmn mn with positive cos-
mological constant Λ. The linearised action for a massive spin-2 fluctuation propagating on
this background is

S x h h h h h h h hd , 7.1m
dS

1
2

4 1
2

2
2

2FP
2( )¯ ( ) ( )⎡

⎣⎢
⎤
⎦⎥ò= - L - + -mn

mnrs
rs

mn
mn

mn
mn

where the linearised Einstein operator ̄mn
rs is the same as in (518). The corresponding

equations of motion for hmn reads

h h G h h G h 0. 7.2m1
2 2

FP
2( )¯ ¯ ( ¯ ) ( ) - L - + - =mn

rs
rs mn mn mn mn

For general values of the Fierz–Pauli mass, this equation possesses no gauge symmetries. As
we showed in section 6.2.1, it gives rise to five constraint equations that reduce the number of
propagating degrees of freedom to five, as appropriate for a massive spin-2 particle.

A remarkable feature of (7.2) without any analogue in flat space is that if the Fierz–Pauli
mass saturates the Higuchi bound, mFP

2 2

3
= L, the equation is invariant under a new gauge

symmetry. The corresponding linear gauge transformation reads

h x G x , 7.3
3

( ) ¯ ( ) ¯ ( ) ( )x xD =  ¶ +mn m n mn
L

in which x( )x is a local gauge parameter.
Besides computing the variation of(7.2) under the gauge transformation explicitly, there

is another straightforward way to see the existence of a gauge symmetry in the equation for
the massive spin-2 field with mass at the Higuchi bound. First take the double divergence
of(7.2) to arrive at

G G G G h 0. 7.4m

2
FP
2

( ¯ ¯ ¯ ¯ ) ¯ ¯ ( )-  =mr ns mn rs
n m rs

The kinetic terms have dropped out after using the linearised Bianchi identity. Furthermore,
the trace of (7.2) is given by
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G G G G h m h 0. 7.53
2 FP

2( )( ¯ ¯ ¯ ¯ ) ¯ ¯ ( )-  + L - =mn rs mr ns
n m rs

If the mass is at the Higuchi bound, the terms without derivatives in this equation vanish
identically, while the derivative terms are identical to those in(7.4). Hence we find that for
mFP

2 2

3
= L the traced equations of motion are identical to their double divergence or, in other

words, the sum of the double divergence and the (correctly normalised) trace is identically
zero. A gauge identity of this type even implies that the linearised action(7.1) is invariant
under the corresponding gauge transformation. This can be seen by noticing that invariance of
the action under(7.3) requires

S
S

h
h

S

h
x G x 0. 7.6dS

dS dS
3( )( ) ¯ ( ) ¯ ( ) ( )d

d
d
d

x xD = D =  ¶ + =
mn

mn
mn

m n mn
L

Since S

h

d
d mn

is nothing else than the equation of motion for hmn , after integrating by parts, we

find that SD indeed vanishes due to the gauge identity.
The conclusion is that, owing to the gauge redundancy, the spin-2 field described by (7.2)

with mass at the Higuchi bound has only four dynamical degrees of freedom, one less than is
the case for an ordinary massive spin-2 mode. The existence of the additional gauge sym-
metry around de Sitter background is in agreement with the representation theory of the de
Sitter group SO 1, 4( ), which allows for ‘short’ representations of higher-spin fields. These
representations contain less degrees of freedom than the massive ones and have been dubbed
PM. For a discussion of this topic, consult e.g. [224].

An interesting feature of PM fields is that the enhanced symmetry could potentially
improve the quantum behaviour of spin-2 theories. For instance, the gauge invariance protects
the difference of cosmological constant and spin-2 mass against receiving large quantum
corrections. Since the spin-2 mass scale itself is protected by diffeomorphism invariance of
the massless theory, this could render a small value for the cosmological constant technically
natural. Unfortunately, matter couplings of hmn destroy the gauge symmetry already at the
linear level, unless the matter source is conformally invariant. An idea how to avoid this
problem is presented in [225]. It is also worth mentioning that the linear PM theory possesses
interesting properties similar to the electromagnetic duality in Maxwell’s theory [226, 227].

7.2. The search for a nonlinear PM theory

After the linear PM theory for spin-2 fields on de Sitter background had been discovered, it
was soon attempted to construct higher-order interactions for the perturbation hmn that would
leave the gauge symmetry intact. At cubic order in hmn around dS backgrounds such a
construction turned out to be possible in d = 4 space–time dimensions [228–230]. On the
other hand, in d 4> , it was found that gauge invariant cubic vertices can only exist if one
also includes higher-derivative terms into the theory [228]. The construction of a fully
nonlinear action with a PM gauge symmetry remains an open task. Many recent findings
point towards the fact that such a theory cannot exist, in particular not as a theory involving
nothing but a PM spin-2 field [134, 231–237]. We will summarise these arguments in
section 7.4.

It is natural to expect the nonlinear PM theory (if it exists) to be found within the family
of ghost-free nonlinear theories for massive spin-2 fields. A first investigation of this pos-
sibility was carried out in [238] where the authors aimed to identify a PM theory in nonlinear
massive gravity with the reference metric taken to be a fixed de Sitter background. Their
construction used Stückelberg fields in a generalised decoupling limit and showed that, for a
certain choice of the nb parameters in the potential, a scalar degree of freedom is not
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propagating. Here we will follow the slightly simpler strategy of [239] which derived the
parameters for the PM candidate theory in bimetric theory37. As it turns out, this particular
bimetric model possesses several rather unexpected properties which could be of interest even
if the no-go results against a nonlinear PM theory cannot be evaded. It is also possible that the
nonlinear PM theory requires the input of additional degrees of freedom (e.g. higher-spin
fields) and the framework of bimetric theory allows us to study merely the remnants of the
enhanced symmetry present in the unknown extended setup.

All our considerations here will be in four space–time dimensions. It is possible to
generalise some of the results to higher dimensions if the bimetric action is augmented by the
Lanczos–Lovelock (LL) terms, which we shall come back to in section 8.1.

7.2.1. Identifying PM candidates. Our first observation is that, in bimetric theory, the
equation of motion (5.20b) for the massive fluctuation Md mn around proportional backgrounds
is of the same form as (7.2) with g

¯L = L . As a consequence, if the cosmological constant is
assumed to be positive and if the Fierz–Pauli mass in (5.21) is on the Higuchi bound, a gauge
symmetry of the form (7.3) is present in the linear theory around proportional backgrounds. In
bimetric notation, the corresponding infinitesimal gauge transformation of the massive
fluctuation reads

M x G x . 7.7
3

g( ) ¯ ( ) ¯ ( ) ( )
¯

d x xD =  ¶ +mn m n mn
L

On the other hand, the massless fluctuation transforms under the PM symmetry at most by a
term that resembles a coordinate transformation, G x( ) ¯ ( )d xD ~  ¶mn m n . This follows from the
fact that its equation of motion (5.20a) does not have any extra gauge symmetry besides the
usual linearised diffeomorphism invariance. Hence, we can always undo the PM
transformation of Gd mn by a coordinate transformation. Modulo GCTs, we can therefore
demand G 0( )dD =mn .

The question is now under what conditions the above symmetry transformations for the
fluctuations around dS background have a chance to be extendable to the nonlinear level.
Since the nonlinear theory is formulated in terms of the variables gmn and f ,mn we first need to
translate the transformations of mass eigenstates at the linear level into transformations of the
fluctuations of the metrics. Assuming that we simultaneously perform a GCT to achieve

G 0( )dD =mn , this translation can be obtained uniquely using the expressions for the massive
and massless fluctuations given in (5.19). The result is

g f M . 7.8c

c c
2 2

1

2

2( ) ( ) ( ) ( )( )
( ( ) )

d a d dD = - D = Dmn mn
a
a mn

-
+

The crucial observation now is that, in a theory with a gauge symmetry at the nonlinear level,
it must be possible to shift these transformations of the fluctuations gd mn and fd mn to the
backgrounds ḡmn and f̄mn . This follows simply from the fact that the split into background and
fluctuations is not unique and one can always take out part of the fluctuation to redefine the
background. Therefore we demand that the symmetry transformations (7.8) should also leave
the background equations invariant. But since we are dealing with the proportional solutions,
on which the background equations are reduced to an Einstein equation for ḡmn along with

g fL = L , see(5.12), we restrict ourselves to constant gauge transformations D̄ with

37 Note that the parameters of the PM model in massive gravity obtained in [238] are different from those first
derived in [239] and later confirmed by [233, 235]. The reason for this mismatch can be traced back to a wrong
choice of background, and correcting for this one can use the method of [238] to arrive at the parameters that are
consistent with the other references.
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x 0( )x x= = const., such that M G
3

g0( ) ¯¯
dD =mn

x
mn

L
. In this way we ensure that the

transformation does not take us away from the proportional backgrounds and avoid
unnecessary complication. The restriction to constant gauge transformations is a strong
simplification, but as we will see now, demanding the background equation to be invariant
under these is constraining enough to identify the PM candidate theory. Namely, it should be
evident from (7.8) that shifting the constant transformations to the backgrounds ḡmn and

f c g2¯ ¯=mn mn results in a shift in c2

g c f c g g c
2

3
. 7.9g

2 2
0¯ ¯ ( ) ¯ ( ¯ ) ¯ ( ¯ ) ¯ ( )xD = D - D = Lmn mn mn mn

In general this cannot lead to an integrable38 symmetry of the background equations because c
is determined by g fL = L and can therefore not be shifted. If this is the case, then a nonlinear
PM symmetry cannot exist. The only possibility to avoid this immediate no-go statement is to
demand that c is not fixed by the background equation. Then, the equation g fL = L that is
automatically satisfied in this case (i.e. without fixing c) can be thought of as the gauge
identity evaluated on the proportional backgrounds. Since the proportional ansatz for the two
metrics partly fixes the gauge, only constant scalings are left as residual transformations.

7.2.2. PM candidate theory. In four space–time dimensions, the explicit expressions(5.11)
for the cosmological constants in terms of the nb parameters, the ratio of Planck masses α and
the proportionality constant c can be used to write the background condition g fL = L as a
polynomial equation for c

c c c c3 3 3 0. 7.101 2
2

0 3
2

1
2

4
2

2
3 2

3
4( ) ( ) ( ) ( )b b a b b a b b a b a b+ - + - + - - =

This equation clearly fixes c unless all coefficients of different powers of c vanish separately.
A proportionality constant c that is undetermined by the background equation therefore
requires the following parameter choices in the bimetric interaction potential

0, 3 . 7.111 3
2

0 2
2

4 ( )b b a b b a b= = = = -

We will frequently refer to these values as the PM parameters. Note that our requirement on
the nb parameters fixes all but one of them uniquely in terms of the others andα. The one
remaining parameter is of course degenerate with the scalem4 in the interaction potential and
sets the scale for the Fierz–Pauli mass and the cosmological constant. Moreover, it is easy to
check using the expressions (5.21) and (517) for mFP

2¯ and gL̄ , that the parameter choice (7.11)
automatically puts the mass on the Higuchi bound. Therefore the theory of linear
perturbations around the backgrounds at hand exhibits the usual PM gauge symmetry. It is
worth emphasising that we did not demand this in any way; it followed from an independent
requirement on the background equations39. Starting from the proportional backgrounds the
finite form of the scaling symmetry is given, for any constant a, by [239]

38 Integrability of the symmetry transformation means that it can be performed more than once and still leave the
equations invariant. This is a natural requirement on any gauge symmetry. Without the integrability condition it is
sufficient to set the mass to the Higuchi bound in order to have an invariant background.
39 On the other hand, note that if we assume that there is a unique PM theory, then requiring m gFP

2 2

3
¯ ¯= L is sufficient

to determine its parameters. Namely, in this case, the symmetry (5.6) of the interaction potential enforces
n

n
n

n
4

4a b a b=-
- because otherwise the theory obtained from replacing n

n
n

n
4

4a b a b-
- would also be PM,

contradicting the uniqueness requirement. It is easy to see that this constraint on the nb parameters together with the
Higuchi bound condition already implies (7.11).
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By restricting to constant gauge transformations, clearly, we are not dealing with the full
PM symmetry at the nonlinear level. Note, however, that since the set of constant
transformations is a subset of the full gauge group, the theory we obtain by requiring
invariance under this subset must contain the theory with the full gauge group (if it exists).
Moreover, since in four-dimensions the restriction to constant gauge transformations is
sufficient to uniquely determine the nb parameters, we conclude that the resulting theory is
already the unique candidate for having the full PM symmetry.

The scale invariance of the equations of motion for proportional backgrounds is not the
only interesting property of the theory specified by the PM parameters. The PM candidate
exhibits additional astonishing features that further support the existence of a gauge symmetry
at the nonlinear level. For instance, consider again the homogeneous and isotropic solutions
which we presented in section 6.3.1. We saw that, after solving the Bianchi constraint, it was
possible to arrive at (6.31), an algebraic equation for the ratio of the two scale factors,
Y t a t( ) ( ). Inserting the PM parameters (7.11) into this equation in vacuum, we find that it
becomes an identity. Clearly, it is the analogue of the equation g fL = L for proportional
backgrounds. But instead of a constant, the equations evaluated on the cosmological ansatz
now leave a time-dependent function undetermined. This shows that the cosmological
evolution equations of PM bimetric theory are invariant under a symmetry that is local
in time.

Since, in four-dimensions, the proportional backgrounds correspond to maximally
symmetric spacetimes with ten independent Killing vectors and the homogeneous and
isotropic solutions still possess six isometries, one might speculate that the presence of a
symmetry on these solutions could somehow be related to the amount of symmetry of the
underlying geometry. To obtain more general results, it is therefore important to investigate
the structure of our PM candidate theory beyond the proportional and cosmological
backgrounds. We shall come back to this point in the next subsection where we show that the
equations in the PM theory are Weyl invariant to lowest order in a derivative expansion.

Massive gravity limit. Let us comment briefly on the massive gravity limit. The PM
parameters (7.11) in four space–time dimensions provide an example for a theory in which
the coefficients in the interaction potential depend on the ratio m mf ga = that is taken to
infinity in the massive gravity limit which we discussed in section 5.4.3. In this case, we have
to be more careful when taking the limit because the nb parameters will scale as well. The
conditions (7.11) fix the relative scale among them but their absolute scale may still be chosen
freely. Suppose that 2b does not scale when the limit m mf ga =  ¥ is taken. Then

00b  and 4b  ¥, whereas m mf4
4 2bL = = const. In the massive gravity limit, the

equations of motion for the PM theory thus reduce to

g g Y S f f
3

0, 0. 7.132( ) ( ) ( ) ( ) ( )( ) +
L

= + L =mn ml
l
n mn mn

These are exactly the equations singled out in [233, 235] which investigated the possibility of
realising nonlinear partial masslessness in massive gravity with fixed reference metric. The
methods invoked in those references are completely different from ours and could provide
independent support for the existence of a nonlinear PM symmetry. On the other hand, as we
already mentioned previously, [233, 235] also provided evidence for the absence of an
additional gauge symmetry present in (7.13). These results may extend to the bimetric case
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but such a generalisation is not obvious due to the singular nature of the massive gravity
limit [147].

7.3. Connection to conformal gravity

As shown in [240], the PM candidate model is closely related to the well-known theory of
conformal gravity whose action is invariant under Weyl transformations of the metric. In the
following we will briefly review conformal gravity and then summarise the steps that
establish its connection to the PM bimetric model.

7.3.1. Review of conformal gravity. In four space–time dimensions, there exists a particular
higher-derivative action with an additional gauge symmetry [241]

S x g R R Rd
1

3
, 7.14CG

4 2 ( )⎜ ⎟⎛
⎝

⎞
⎠òs= - -mn

mn

with dimensionless coefficient σ. This action is invariant under Weyl transformations of the
metric,

g x g , 7.152⟼ ( ) ( )xmn mn

where x( )x is a local gauge parameter. The cosmological constant and the Einstein–Hilbert
term are not invariant under the transformation (7.15); hence they do not appear in the above
conformal gravity action.

The equations of motions that follow from variation of the conformal gravity action
(7.14) imply the vanishing of the Bach tensor forgmn [242]

B P P W P 0. 7.162 ( )( )º - +   + =mn mn
r

m n r rmns
rs

Here, we have given the definition of Bmn in terms of the Schouten tensor

P R g R
1

6
, 7.17( )º -mn mn mn

as well as the Weyl tensor40

W R g R g R g g R
1

3
. 7.18( )[ ] [ ] [ ]º + - +rmns rmns m n s r r n s m r n s m

The Bach equation (7.16) is also invariant under Weyl transformations in four space–time
dimensions.

The conformal gravity action is closely related to the linear theory for a PM spin-2 field
discussed in section 7.1. In order to see this, one can introduce an auxiliary field jmn and a
parameter Λ to write down an equivalent action [243],

S x g R4 d 2 . 7.19CG
2 4 1

6
2( ) ( ) ( )( ) ⎡⎣ ⎤⎦òs j j j j j= L - L + + L + L -mn

mn
mn

mn

Linearisation around a constant curvature background and diagonalisation into mass
eigenstates shows that, for 0s > , the theory propagates a healthy massless and a ghost-
like massive spin-2 particle. Moreover, the Fierz–Pauli mass of the massive fluctuation has
the value corresponding to the Higuchi bound, mFP

2 2

3
= L, which implies the presence of the

PM gauge symmetry (7.3) for jmn . The massless fluctuation does not transform under this
symmetry. In fact, it is a simple exercise to check that, in addition to the obvious

40 The conformal gravity action(7.14) can also be expressed, modulo the Euler invariant, as the square of the Weyl
tensor, g W WCG µ rmns

rmns.
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diffeomorphism invariance, the full nonlinear auxiliary action (7.19) is invariant under the
following linear gauge transformations [231]

g x g g x2 , . 7.20
3

( ) ( ) ( ) ( )d x dj x= =  ¶ +mn mn mn m n mn
L

Note that the nonlinear field gmn transforms under the conformal part of the PM symmetry
because its fluctuation does not correspond to the massless mode but is a linear superposition
of mass eigenstates. Its transformation is of course nothing but the linear version of the Weyl
transformation (7.15).

Conformal gravity, or its equivalent form (7.19), therefore describes only six
propagating degrees of freedom instead of seven that would correspond to a massless
and a massive spin-2 field. For more detailed discussions of its spectrum we refer the reader
to [244–247]. Like any other Weyl invariant theory, SCG does not contain any dimensionful
couplings and therefore avoids the non-renormalisibility problem of GR. Being a
renormalisable field theory, conformal gravity has been suggested as a quantum theory
for gravity. It has also been shown to allow for viable cosmological solutions and even fit
Galaxy rotation curves, providing a possible solution for at least part of the dark matter
problem [248].

Unfortunately, all of its features remain irrelevant unless a cure for the ghost problem
in conformal gravity is found. Suggestions for altering the theory in order to make it
healthy include, for instance, a modification of quantum mechanics [249] and the addition
of specific boundary conditions [247], but none of these have been sufficiently convincing
for the theory to be accepted as a consistent alternative to GR. In order to avoid the
inconsistencies that plague theories with a finite number of higher derivatives, another
possible solution is to complete the equations of motion(7.16) of conformal gravity with
an infinite number of derivatives for which Ostrodgradski’s theorem does not hold.
Higher-derivative terms will, of course, break the conformal symmetry because they
necessarily enter with a suppressing mass scale. On the other hand, one could imagine that
the symmetry transformation needs to be completed with an infinite number of higher-
derivative terms as well, in order to be a gauge symmetry of the full theory. In that case,
both the equations of motion and the symmetry transformation could be thought of as a
perturbative expansion in derivatives. Order by order, the equations would be invariant
under the gauge symmetry, starting with the Bach tensor and its Weyl invariance at lowest
order. Although this idea sounds promising, without any further input it is difficult to
guess the form of the higher-derivative corrections to the Bach equation that could give
rise to such a gauge symmetry. It would therefore be helpful to have a guideline telling us
how to construct these terms This is where the PM candidate of bimetric theory comes
into play.

7.3.2. Perturbative solution to the gμν equation. We review here the results of [240]. Our aim
is to combine the bimetric equations of motion to eliminate one of the metrics and derive an
effective equation involving only the other. To this end, we will solve the gmn equation
algebraically for the square-root matrix Sm

n as a perturbation series in curvatures ofgmn . From
this we deduce a perturbative solution for fmn that can be used to eliminate fmn from its own
equation of motion, resulting in a perturbative equation for gmn . We will derive the lowest
orders of this equation for general nb parameters and then see that it exhibits remarkable
features when we restrict to the PM parameters(7.11) in the subsequent subsection. Of
course, we could switch the roles of the metrics and in a similar manner derive an effective
equation for fmn .
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It will prove convenient to first rewrite the Einstein tensor in terms of the Schouten tensor
defined in (7.17) and raise one index with gmn . This gives41

P P Y STr 1 , . 7.21
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Then we make the following perturbative ansatz for the square-root matrix S g f1= -
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with arbitrary complex coefficients a b c, , ,i i ¼. Allowing the parameters to assume complex
values is reasonable as long as the coefficients that will finally appear in the effective equation
for gmn remain real.

In the model where only 0b , 1b and 4b are non-vanishing, the solution takes the very
simple closed form

S P g
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For more general parameters, the expansion does not terminate and we can only determine the
coefficients in the ansatz order by order in curvatures. As a side-remark: the existence of this
exact solution in the 1b model is rather remarkable. For example, linearising the equations of
motion in this model we can use the above relation to fully remove any occurrence of fmn in
the linearised equations. In particular, in the massive gravity limit this means that it is possible
to obtain equations for a massive spin-2 field propagating on any background without any
reference to a second metric [104, 105].

In order to simplify the expressions in the following, we introduce a new set of linear
combinations of the nb parameters
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Note that on proportional backgrounds, f c g2=mn mn and s0 is proportional to the
cosmological constant gL defined in(5.11) if in that expression one replaces c by a.

The lowest orders in the solution for S are determined to be of the following form
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This is the most general covariant solution for fmn obtained from the gmn equation. An
immediate consequence of equation (7.26) is that if the solution for gmn has constant
curvature, P gµmn mn , then f gµmn mn , i.e.the two metrics are proportional to each other. But,
as we already mentioned in section 6.1, there exist solutions for which both metrics have

41 Mainly for the sake of notational simplicity, we have set the source for gmn to zero. This simplification constitutes
no loss of generality because in the final results of our computation it can always be reinstated by making the
replacement, P P m T TTr .g
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m
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m
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constant curvature while not being proportional to each other. This class of (non-covariant)
solutions is therefore not captured by our ansatz for S in(7.22).

Next we use the solution(7.26) for fmn to eliminate it in its own equation of motion. This
will lead to a set of effective equations for gmn containing an infinite number of derivatives,
due to the presence of the inverse f mn in these equations. Inserting (7.26) into the Einstein
tensor for fmn we find
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The contributions from the interaction potential to the fmn equation evaluated on(7.26)
become
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in which the expansion coefficients are given by

c s s s c s s c s s2 2 , 3 2 , 3 2 , 7.291 1
2

1 2 2 1
2

2 3 1
2

2( ) ( )= + W + = - - W = - W

where we have defined

a a a a3 3 . 7.301
2

2
3

3
4

4 ( )b b b bW = + + +

Note that this would be proportional to fL in (5.11) if f a g2=mn mn . Combining the kinetic and
potential terms, we can write the entire fmn equation of motion as a higher-derivative equation
for gmn
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where we have collected some of the terms with four derivatives into the Bach tensor defined
in(7.16). We have thus arrived at an effective equation involving only gmn in which the terms
with more than four derivatives can be computed order by order following the same procedure
as outlined above. The terms in the first line of (7.31) are the cosmological constant, the
Einstein tensor and a correction proportional to the Schouten tensor. The equation hence
reduces to GR in the small curvature limit only if a s1 02 2

1
2( )( )a mW  . Note that the first

of these brackets directly sets the size of the observed cosmological constant. The
phenomenological relevance of this equation for weak gravitational fields has not been
studied so far, but doing so would require adding a source in accordance with our remark in
footnote 38.

Before coming to the PM case, let us make one more remark: plugging the perturbative
solution (7.26) back into the bimetric action results in an effective action of the form
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where cΛ, cR and cRR are functions of the bimetric parameters. We recognise the conformal
gravity combination at fourth order in derivatives and notice that the above action, at
quadratic order in curvatures, represents the generalisation of three-dimensional New Massive
Gravity [250] to four-dimensions which is also known to propagate seven degrees of freedom
[241, 251]. However, the action(7.32) is not equivalent to the original bimetric action since
we have used the equation for gmn instead of the one for fmn to obtain a solution for fmn . The
equations derived from the above action differ from the bimetric equations by the product of a
differential operator. Only by restricting to solutions where the zero modes of this operator are
absent will the equations give the same solutions. The additional terms that would arise using
the correct procedure, i.e.integrating out fmn by its own equations of motion, are nonlocal
because a derivative operator needs to be inverted in order to solve the fmn equation for fmn .
This is discussed in detail in [240, 252]. In the following, we will not work with any effective
action but restrict ourselves to the equations of motion where this ambiguity does not arise.

7.3.3. PM case. Let us determine the set of parameter values for which the higher-derivative
equation (7.31) obtained from bimetric theory reduces to the Bach equation (7.16) at lowest
order in derivatives. This means that we require

a0, . 7.332 2 ( )aW = = - -

In addition to this, satisfying the gmn equation at lowest order in curvatures requires that the
combination s0 defined in(7.24) vanishes. Using a2 2a= - - in the expressions for Ω and s0,
it is easy to see that these requirements combine into two complex equations
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which need to be solved for the nb parameters. The real and imaginary parts must vanish
separately and the unique solution is
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Remarkably, these values precisely corresponds to the PM parameter choice in (7.11). We
conclude that the PM candidate is the unique member of the family of bimetric theories with
the feature that to lowest order in a derivative expansion the effective equation for gmn is
identical to the Weyl invariant equation of conformal gravity
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Moreover, it is straightforward to show that the method that we used here to arrive at an
effective equation for gmn can yield a similar result for f :mn the effective equation for f ,mn
obtained from solving the fmn equation for gmn and plugging the solution into the gmn equation,
also sets the Bach tensor for fmn to zero at lowest order in derivatives. This can directly be
deduced from the symmetry property(5.7) of the equations of motion and the invariance of
the PM parameter choice under n

n
n

n
4

4a b a b-
- .

In this way, the nonlinear PM bimetric theory proposes a ghost-free completion of
conformal gravity. The presence of a gauge symmetry to lowest order in a derivative
expansion can be regarded as further support of the existence of an additional gauge
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symmetry in the theory. In particular, note that the above analysis is not based on de Sitter
(nor FLRW) background.

If existent, the PM symmetry could be viewed as the generalisation of the gauge
invariance of conformal gravity to higher orders in derivatives. In principle, it is possible to
explicitly demonstrate the invariance of the equations under symmetry transformations that
are extended to higher orders in derivatives. Using the perturbative solution to the gmn
equation together with the analogous expression obtained from the fmn equation, the gauge
invariance has been shown to exist up to sixth order in derivatives [253].

7.4. Arguments against a nonlinear PM theory

As mentioned before, the literature contains a large variety of no-go theorems that forbid the
existence of a nonlinear theory for PM spin-2 fields. Most of these counter arguments refer to
an action involving no other degrees of freedom besides the PM field but some of them may
eventually also apply to bimetric theory. Let us summarise them briefly:

• In the massive gravity limit of the PM bimetric model, first obstructions were already
encountered by the authors of [235] and it was shown in [232, 233] that the equations of
motion do not satisfy the nonlinear Bianchi identity which is expected in a PM theory.
More explicitly, the authors showed that the nonlinear covariant constraint which
removes the Boulware–Deser ghost does not identically vanish. This result was argued to
extend to bimetric theory [234] where, however, the situation is less clear since the
nonlinear version of the constraint is not known. In fact, a covariant constraint does not
even seem to exist for general backgrounds [108].

• The linear spectrum of conformal gravity always contains a ghost [231]. Although the full
nonlinear bimetric theory is ghost-free, it is possible that the appearance of the Weyl
invariant Bach tensor(7.36) in our perturbative approach is intimately related to the fact
that we are expanding in small curvatures, i.e.around flat solutions which suffer from the
same pathology as conformal gravity. Flat backgrounds in the PM theory require
choosing c 12 = - , which renders the kinetic term of the massive perturbation ghost-like
[253]. Hence, the Weyl invariance at lowest order in the equations of motion(7.36)
seems to be obtainable only at the cost of giving up unitarity.

• The authors of [134] argued that, in order to give rise to a nonlinear PM symmetry, the
scalar mode of the massive field needs to disappear entirely from a ‘decoupling limit’ of
bimetric theory. It was then demonstrated that, even though the pure scalar interactions
are indeed absent, the mode reappears in interactions with the vectors42. The fact that the
vectors vanish on maximally symmetric backgrounds explains why one sees a PM gauge
symmetry to linear order around dS space but not beyond.

• Imposing a closure condition on the PM transformations, the authors of [237] showed that
no nonlinear Lagrangian involving at most two derivatives on the fields can realise the
required symmetry for a single spin-2 field in a gravitational background. The setup is
more general than ghost-free massive gravity but it still does not include the
bimetric case.

42 From our point of view, it is not obvious if this analysis is actually able to rule out the gauge symmetry because,
firstly, the backgrounds that [134] assumed for the metrics do not solve the equations of motion and, secondly, the
constraint that removes the ghost is not imposed. As a consequence of the latter, the vector-scalar interactions involve
higher-derivative terms of the scalar mode that are known to disappear after accounting for the constraint.
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• More group theoretical evidence against a nonlinear PM symmetry for spin-2 fields
coupled to gravity was provided in [236] where it was shown that no unitary theory exists
and the unique non-unitary example is conformal gravity. However, for technical reasons
which are discussed in [253], these arguments do not directly carry over to bimetric
theory.

• In [254] the authors provide arguments against the existence of a PM theory with a non-
abelian Yang–Mills like extension. Again, these arguments cannot directly be applied to
the bimetric setup.

If the above results eventually turn out to also be extendable to bimetric theory, this
would imply that the PM symmetry can indeed not be realised as a nonlinear theory involving
only spin-2 fields. But even in this case, the bimetric candidate model seems to possess
interesting properties that could pave the way towards understanding partial masslessness
from a background-independent point of view. A promising future direction could be the
combination of bimetric theory with higher-spin degrees of freedom. Finally, let us point out
that finding an additional scalar symmetry is not merely an interesting exercise but could
indeed prove to be very useful from several perspectives. First of all, it would guarantee that
the helicity-zero mode is absent even nonlinearly. This will have an enormous effect on the
phenomenology since the scalar mode is usually responsible for various instability issues and
causes the most tension with observations. Secondly it would provide an argument for why a
small cosmological constant is technically natural since its value is tied to the mass of the
spin-2 field via a symmetry, while a small mass is itself technically natural since its vanishing
restores full diffeomorphism invariance. Thirdly, the absence of the scalar mode may lead to
improved quantum behaviour of the theory. Indeed, since the symmetry if it exists is given by
Weyl scalings to lowest order in a derivative expansion, the theory may have much better
renormalisation properties than GR.

8. Extensions of bimetric theory

Extensions of massive gravity have been proposed mainly by introducing new scalar degrees
of freedom and in the context of cosmology. For instance, a scenario in which the spin-2 mass
is obtained through a scalar condensate has been suggested in [127] and a quasi-dilaton
extension of the massive gravity action was constructed in [255, 256]. Similarly f(R)
extensions have been studied in e.g. [138–142] and other scalar fields with non-minimal
coupling terms have also been added to the bimetric action, as in [257].

In the following we shall focus on more direct generalisations which preserves the
structure of the bimetric theory itself without adding additional degrees of freedom, except the
most natural generalisation to include interactions of multiple massive spin-2 fields43. First,
we discuss its generalisation to higher-dimensions, where new kinetic terms satisfy the
requirement of classical consistency. Then we shall review interactions of multiple spin-2
fields and, in the same context, also present the vierbein formulation of bimetric theory.

8.1. Higher derivative LL extension

According to the constructive consistency proof in section 3.4, the interaction potential of the
Hassan–Rosen bimetric theory includes all ghost-free non-derivative terms. Therefore, the
only option to obtain an extended version of the theory is to add more derivative terms to the

43 Interactions between multiple massless spin-2 fields are forbidden on quite general grounds [258].
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action. The literature contains several no-go theorems on generalising the kinetic structure of
the spin-2 fields in four-dimensions to anything beyond the Einstein–Hilbert
term44[135, 136, 259]. On the other hand, in dimensions greater than four, the LL invariants,
which either vanish or are topological in d = 4, are expected not to reintroduce the Boulware–
Deser ghost [263–267]. These are defined as totally antisymmetric contractions of Riemann
tensors R mn

ab
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The definition of the antisymmetric product and relations to analogue expressions in terms of
Levi–Civita symbols is given in appendix A. In spite of being higher-derivative operators, the
LL invariants are believed to avoid inconsistencies that are usually introduced by such terms
This is due to the antisymmetric structure in (8.1) which ensures the absence of more than two
time derivatives acting on one field in the action. It is interesting that the same structure
appears in the interaction potential of ghost-free bimetric theory, but of course this is not a
complete coincidence: in the decoupling limit of nonlinear massive gravity it can be seen that
the antisymmetric structure removes higher time derivatives from the longitudinal modes of
the Stückelberg fields [57, 58].

8.1.1. Extended action and equations of motion. In order to extend ghost-free bimetric theory
to d-dimensions, we first write the Hassan–Rosen bimetric action in the more general form
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where the elementary symmetric polynomials are still defined through the same recursion
formula(A.2). The consistency proof of [76], as outlined in sections 3.4 and 5.2, generalises
straightforwardly to the higher-dimensional case. It has also been shown that the mass
spectrum is very similar to the four-dimensional case and contains a massless and massive
excitation [143].

Next, guided by the above considerations, we extend the Hassan–Rosen action by the
following terms, as done in [143, 268]
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where we have introduced two sets of couplings, ln
g and ln

f , of mass dimension n2 1( )- . It is
well known that the LL invariant n( ) is topological in d n2= and vanishes for n d2 > which
is why the sums in (8.3) terminate at integer part of d 2.

The equations of motion for gmn and fmn that follow from the LL extended bimetric action
are

44 See, however, [260–262]. Moreover, note that the structure of the kinetic terms is of course only determined up to
field redefinitions.
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Here, n( )mn are the Lovelock tensors that follow from variation of (8.3) and Vg
mn and V f

mn are the
contributions from the interaction potential which were defined in (5.3) and in which the
summations now run from 0 to d. We will not need the explicit expressions for the Lovelock
tensors, but let us note the important property
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which will be useful later on.

8.1.2. Proportional backgrounds. As in pure bimetric theory in d = 4 we are interested in
finding the proportional background solutions to (8.4) and study perturbations around those.
Again, these backgrounds correspond to maximally symmetric spacetimes, for which the
curvatures satisfy
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invariant is proportional to nl
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Next, we trace the equations of motion (8.4) in order to obtain two scalar equations and insert
(8.6) for the curvatures. Furthermore, we make use of the identity (8.5) and plug in the
proportional ansatz, f c g2¯ ¯=mn mn . Finally, in the equation for f ,mn we use

c g c gn
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Here, gL and fL are the contributions from the potential evaluated on the proportional
backgrounds which were defined earlier in (5.11). Note, however, that these no longer
correspond to the physical cosmological constants and are not necessarily equal.

For general parameters nb , ln
g, and ln

f , the two algebraic equations in (8.8) serve to
determine the background curvature λ as well as the proportionality constant c2. Note also
that in the absence of the LL contributions, i.e.for l l 0n

g
n
f= = , we re-arrive at the bimetric

background equations, R g d

d g
2

2
( ¯) = L

-
and g fL = L .

8.1.3. Mass spectrum. Computing the linearised equations of motion around general
background solutions to (8.4) is quite involved, even when the potential contributions vanish.
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However, as has been observed in [267], around constant curvature backgrounds with
cosmological constant λ, the fluctuation equations of GR augmented by the LL terms with
couplings ln

g assume the same form as the ones obtained from Einstein’s equations. The only
difference is that, in the linearised equations of the LL extended theory, the Planck mass mg

needs to be replaced by an effective mass parameter mg˜ defined through
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It is a remarkable feature of the Lovelock invariants that, in spite of being higher-derivative
operators in the nonlinear theory, they give rise to linearised equations that are only second
order in derivatives.

For the bimetric case the above result implies that the linear equations for the theory with
LL terms are the same as in pure bimetric theory if one replaces mg by mg˜ as above and mf by
mf˜ given by
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Hence, using the results of [267], without any further computation we can conclude that the
linear equations in a maximally symmetric background with cosmological constant λ will
again diagonalise into a massless and massive equation, where in the latter the Fierz–Pauli
mass (5.21) is now given in terms of mg˜ and mf˜ .

8.1.4. Partial masslessness in d > 4. To conclude the discussion of the LL extension of
bimetric theory, let us comment on the possibility to extend the linear symmetry of PM fields
to the nonlinear level within this generalised setup. Since the proportional backgrounds and
their perturbations possess the same structure as in pure bimetric theory in d = 4, the linear
equations are again invariant under a PM symmetry if the mass is on the Higuchi bound
which in d-dimensions corresponds to the value m

dFP
2 2

1
l=

-
. The arguments given in

section 7.2.1 leading to a PM candidate theory can straightforwardly be applied to the higher-
dimensional case. The criterion of leaving the proportionality constant c undetermined by the
background equations (8.8) singles out unique PM candidate theories which have been
identified in [143] up to d = 8. All the interaction parameters are fixed with respect to each
other in these models and, in particular, the LL coefficients l gn and l fn are nonzero. This result
confirms earlier findings [228] which revealed that the linear PM symmetry cannot be
extended in d 4> unless higher-derivative terms are included into the action.

8.2. Multiple interacting spin-2 fields

Ghost-free bimetric theory contains the correct number of degrees of freedom for a massless
and a massive spin-2 mode. While no-go theorems forbid consistent interactions among more
than one massless spin-2 field [258], it is possible to extend bimetric theory by additional
massive spin-2 degrees of freedom. Hinterbichler and Rosen first wrote down these ghost-free
interactions using vierbeins instead of metrics45[269]. In the following we will derive the
consistent multi-spin-2 interactions in the metric formulation and then review their for-
mulation in terms of vierbeins. More work on the vierbein formulation of massive gravity,
bimetric and multimetric theory can be found in [68, 101, 102, 136, 270–282].

45 The formulation of the full ghost-free bimetric potential in terms of vierbeins first appeared in [153].
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8.2.1. Multiple bimetric couplings. When constructing a theory for more than two spin-2
fields, of course, the main requirement on its structure remains the absence of the Boulware–
Deser ghosts. The interaction potential for  fields therefore has to be chosen such that the
action in Hamiltonian formulation gives rise to 4 1( )+ - constraints. Out of these, four
should be first class constraints, generating the group of GCT, while the remaining 1( ) -
are expected to be second class and serve to remove all Boulware–Deser ghosts from the
spectrum.

An obvious way to satisfy these requirements is to simply add up several copies of the
Hassan–Rosen action(5.1) for fields fmn and g I( )mn with I 1, , 1= ¼ - , to obtain a theory
in which one of the metrics is coupled to all the others
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This will be consistent because in every interaction potential one can redefine the ADM
variables for g I( )mn to make it linear in the lapse and shift of fmn as well as the lapse of g I( )mn ,
such that one obtains the desired 4 1( )+ - constraints.

The left panel of figure 1 shows how such a coupling can be visualised in a graph [269].
Each solid dot represents a different spin-2 field and the lines stand for standard Hassan–
Rosen bimetric couplings between them. Fields corresponding to dots that are not connected
by a line do not directly interact. Due to the corresponding picture with one metric in the
centre, we shall refer to interactions of the form(8.11) as ‘centre couplings’.

Another option to obtain consistent multiple bimetric interactions is to build a ‘chain’ of
 coupled spin-2 fields g I( )mn , where I 1, ,= ¼ . That is to say, we take an action of the
form

S g I S g I g I, 1 , 8.12
I

chain
1

1

HR[{ ( )}] [ ( ) ( )] ( )


å= +
=

-

for which the corresponding graph is depicted in the right panel of figure 1. This construction
works because in the first term one can redefine the ADM variables for g(1) such that it
becomes linear in the lapse and shift of g(2) as well as the lapse of g(1). In the second term
one performs a similar redefinition for the shift of g(2) which, since the redefinition is linear in
the lapses, does not destroy the linearity in the lapse of g(2) in the first term. Note however
that the second term will no longer be linear in the shift of g(2). Continuing with this
procedure in all the terms results in an action that is linear in the lapse and shift of g ( ) and in
all the other lapses.

In fact, it is also possible to combine the two above constructions in the following
manner: first introduce a chain coupling for fields f(K), K 1, ,= ¼ , and then to each f(K)
attach K fields g IK K( )( ) , I 1, ,K K= ¼ , in a centre coupling. This gives rise to the most

Figure 1. The centre couplings (left) and the chain couplings (right).
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general ghost-free multimetric action

S S f K S f K g I, . 8.13
K

K Kmulti chain
1

centre[{ ( )}] [ ( ) { ( )}] ( )( )



å= +
=

In this theory the total number of fields is K k1  = + å = . An example for a graph is
shown in the left panel of figure 2. Note that the actionSmulti still consists purely of multiple
copies of the Hassan–Rosen bimetric action; we have not introduced any type of new
interaction term. Of course, in the above construction, it is also possible to add further chain
or centre couplings to each of the g IK K( )( ) . However, it is important to realise that not all
possible bimetric couplings are allowed. In particular, one may not couple the metrics in a
‘loop’, which means adding terms such as S f K f K, 2HR [ ( ) ( )]+ or S f K g I1 , K KHR [ ( ) ( )]( )+
to (8.13). To see why this fails, consider a simple loop coupling among three metrics

S g f h S g f S f h S h g, , , , , , 8.14loop HR HR HR( ) ( ) ( ) ( ) ( )= + +

whose graph is depicted in the right panel of figure 2. Now imagine that in the first term one
redefines the shift of g to render it linear in the lapse and shift of f and the lapse of g. Then, in
the second term redefine the shift of f such that the first two terms afterwards are linear in the
lapse and shift of h and the lapses of g and f. In the third term, one would now have to
redefine the shift of h, but from the particular form(3.19) of the redefinition it is clear that
afterwards, the action will again contain the original shift variable for g which cannot be
expressed in terms of the redefined variables only. Therefore there is at least no obvious
consistent redefinition of ADM variables that renders (8.14) linear in all the lapses and we
conclude that the loop couplings most likely give rise to Boulware–Deser ghosts. This is in
agreement with results of a similar analysis performed in [283].

8.2.2. Vierbein formulation. The multimetric action(8.13) consists of several copies of the
Hassan–Rosen action(5.1). It is possible to rewrite the latter in terms of different variables
which avoid the appearance of the square-root matrix46. To this end, let us introduce the
tetrads or vierbeins defined for each metric

g I E I E I , 8.15a
ab

b( ) ( ) ( ) ( )h=mn m n

or in matrix notation, g I E I E IT( ) ( ) ( )h= . The expression for the metric in terms of vierbeins
is invariant under local Lorentz transformations Ib

a ( )L that act on the upper index of E Ib ( )m
according to E I I E I( ) ( ) ( ) L with Th hL L = . Associated to each vierbein, there are thus
six gauge invariances which serve to reduce the number of physically relevant components
from 16 to 10. Any metric theory that is reformulated in terms of vierbeins is automatically

Figure 2. The combined chain and centre couplings (left) and a forbidden loop coupling
(right).

46 For suggestions to remove the square-root matrix by introducing auxiliary fields, see [64, 284].
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invariant under these transformations and, in particular, the Einstein–Hilbert terms S IEH ( ), in
which the metric g(I) is replaced by the vierbein, are Lorentz invariant.

In terms of the respective vierbeins, the square-root matrix g g1 21( ) ( )- built out of two
metrics g(1) and g(2) becomes

S g g E E E E1 2 1 1 2 2 . 8.161 1 1 T 1 T( ) ( ) ( ) ( ( ) ) ( ) ( ) ( )h h= =- - - -

It is now convenient to fix the Lorentz gauge for one of the vierbeins such that
E E2 1 1 1( ) ( ) h- - is a symmetric matrix. We thus impose the so-called ‘symmetric’ gauge (or
Deser-van Nieuwenhuizen gauge [285])

E E E E1 2 2 1 . 8.171 T 1 T 1 1( ( ) ) ( ) ( ) ( ) ( )h h=- - - -

In this particular Lorentz frame, we can easily evaluate the square-root as

S E E E E E E1 2 1 2 1 2 . 8.181 1 1( ) ( ) ( ) ( ) ( ) ( ) ( )= =- - -

Using the identity

E E E E Edet , 8.19c c c c c c
1 1 1 1

d1 1 2 3 4
1

1
2

2
3

3
4

4( ) ( ) ( ) ( ) ( ) ( ) = n n n n
n n n n

¼
- - - -

we can then write the bimetric action in the form

S S S S S m x V1 2 , 2 d , 8.20
n

nHR EH EH int int
4 4

0

4

( ) ( ) ( )ò å= + - º
=

where S IEH ( ) are the standard Einstein–Hilbert actions for E(I) and

V b E E E E1 1 2 2 , 8.21n n a a a a
a a a an n

n n
n

n
n

n
1 1 4

1 1 4
1

1
1

1
4

4
( ) ( ) ( ) ( ) ( ) = ¼m m m m

m m m m
¼ ¼

¼ ¼+
+

+
+

where bn n n

2

4
n

!( )!
= b

-
are the same parameters as in(3.33). Since we have only fixed one of the

two Lorentz gauges, this interaction potential still has one overall local Lorentz invariance
under which both vierbeins transform in the same way.

It is important to note that the vierbeins in(8.21) must satisfy the symmetrisation
condition(8.17), otherwise the vierbein formulation is not equivalent to bimetric theory for
general values of bn. More precisely, if we started from(8.21) without imposing the condition
by hand, then the dynamics of the vierbein theory would allow for configurations that do not
give back the ghost-free bimetric formulation. As discussed in [269], for each vielbein there
exist six combinations of its equations of motion that do not contain any derivatives. These
read

S

E I
E I

S

E I
E I 0. 8.22

a
c

cb b
c

ca
int int

( )
( )

( )
( ) ( )d

d
h

d
d

h- =
m

m
m

m

For models with b b 02 3= = or b b 01 2= = , these equations imply the symmetrisation
condition(8.17) and the equivalence to bimetric theory is dynamically guaranteed. For more
general parameters, the symmetrised vierbeins still solve the equations but other solutions
also exist [286, 287]. These disconnected branches give rise to different theories which
contain the Boulware–Deser ghost instability [288].

Another important aspect, first pointed out in [286], is that one cannot always arrive at
the symmetrised form(8.17) by acting with a Lorentz transformation on general vierbeins.
For configurations that do not allow this, the square-root cannot be evaluated as in(8.18). In
fact, the condition on the combination of vierbeins to be symmetrisable by a Lorentz
transformation is exactly the same as the one we derived in section 3.3.3 on the metric
components by requiring that the square-root exists [99]: ensuring that the Lorentz boost
velocity va satisfies v v 1a

ab
bd < is equivalent to requiring the existence of a real solution to the
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scalar square-root x that appears in the ADM decomposition of g f1- in (3.27). This
condition in turn ensures that one can always impose the ‘symmetric’ gauge by a Lorentz
transformation.

8.2.3. More general interactions? So far we have used the earlier results of the bimetric
ADM analysis in order to couple several spin-2 fields to each other using only bimetric
interactions. The next question is whether there exist more general couplings than the bimetric
vertex. We introduce graphs for two examples of such n-point vertices in figure 3. A priori,
such couplings could be very different from the bimetric ones and the ADM analysis has to be
redone from the start.

In [269] it was proposed that the interactions of vierbeins could be generalised to

S
m

x T U

U E I E I E I E I

4
d ,

with , 8.23
I

I I I I
I I I I

I I a a a a
a a a a

int

4
4

1 2 3 4

1 2 3 4
1 2 3 4

1 4
1 2 3 4

1 2 3 4
1

1
2

2
3

3
4

4
( ) ( ) ( ) ( ) ( )

{ }

 

òå=

= m m m m
m m m m¼

where T I I I I1 2 3 4 are coupling constants symmetric in all the indices I In { }Î which run from 1 to
 . The total multivielbein action would then be given by

S S I S . 8.24
I

multi
1

EH int( ) ( )


å= +
=

Note that the antisymmetric structure of (8.23) ensures that there cannot be more than four
vierbeins (or in d-dimensions, not more than d vielbeins) interacting in one vertex.

However, the results obtained in [288] severely constrain the structure of the ‘tensor’ of
coupling constants T I I1 4¼ and only diagrams of the type displayed in figure 1 are allowed. The
more general couplings displayed in figure 3 which would arise from an unconstrained T I I1 4¼

and give rise to diagrams with at most four lines ending in one vertex are excluded. The same
holds for the loop couplings in the right panel of figure 2. Although these forbidden terms
have been shown to possess a ghost-free decoupling limit, they do spoil the consistency of the
full theory [136, 288] and the reason can be traced back to the fact that the corresponding
equations of motion are incompatible with the symmetrisation condition(8.17). In summary,
the only consistent vierbein couplings are those that give rise to a metric formulation of the
type(8.13).

9. Discussion and outlook

In this article we summarised the recent developments of nonlinear theories involving mas-
sive spin-2 fields. It was shown how to construct the unique ghost-free interaction potential of
nonlinear massive gravity with fixed reference metric, which we afterwards generalised to the

Figure 3. A three- and a four-point vertex.
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fully dynamical bimetric theory. The latter describes the interactions of a massless spin-2 field
with a massive one and, when coupled to matter, captures the behaviour of gravity in the
presence of an additional tensor field. We have seen that there exists a limit in the parameter
space of bimetric theory which takes the theory arbitrarily close to GR. In this limit, viable
cosmological solutions can be found where, in the absence of vacuum energy, the dark energy
scale is set by the spin-2 mass which is protected against receiving large quantum corrections.
We have discussed the idea of nonlinear theories for PM spin-2 fields and in the process
established a connection between bimetric theory and conformal gravity. Finally, we have
reviewed the extension of bimetric theory to dimensions greater than four and to couplings
between more than two spin-2 fields.

On the phenomenological side, one of the most interesting open questions is what
possible implications the existence of a massive spin-2 field in nature could have on the dark
matter problem. Several scenarios where dark matter components are attributed to the matter
sector of the second metric fmn have already been considered in [149–152]. From our point of
view, however, the more interesting option is to regard the second metric as the dark matter
field. Since the spin of the dark matter particle is unknown, such a scenario is not immediately
excluded and, as we already discussed in section 5.4.2, the largeness of the physical Planck
mass automatically weakens the interactions of the massive spin-2 field with all Standard
Model particles.

On the theoretical side, it would be of great importance to understand the origin of the
mass term for the spin-2 field at a fundamental level. For spin-1 fields, it is well-known that
the consistent picture at the quantum level is to generate their mass via spontaneous breaking
of the gauge symmetry in the massless theory. To this end, it is necessary to invoke additional
(Higgs) fields whose vacuum expectation values break gauge invariance and set the spin-1
mass scale. Since aspects of field theories generically do not become simpler with increasing
spin, it is natural to expect an underlying mechanism that generates the mass term also for
spin-2 fields. Such a ‘spin-2 Higgs mechanism’ should break the two independent copies of
diffeomorphism invariance in the gmn and fmn sectors down to their diagonal subgroup, which
is the residual gauge symmetry of bimetric theory. The precise nature of the fields that are
needed to trigger this symmetry breaking spontaneously is still unknown; a realisation on
anti-de-Sitter space has been suggested in [289, 290]. For a more detailed discussion of the
topic, we refer the reader to the recent article [291].

Related to the origin of the mass term is the behaviour of bimetric theory at the quantum
level. Quantum corrections at one-loop order in the effective field theory picture have been
computed in massive gravity [214] and bimetric theory [170] and the results confirmed the
stability of the spin-2 mass scale. On the other hand, without knowing the underlying
mechanism that generates the interaction potential for the two metrics, it is difficult to tell to
what extend these results can be trusted.

Theories with extended symmetries are known to generically exhibit an improved
quantum behaviour. An example for the spin-2 case is the action for conformal gravity with
its Weyl symmetry. Unfortunately, this theory suffers from a ghost but we have seen that
bimetric theory contains a ghost-free model which seems to be closely related to the Weyl
invariant action. Understanding its properties further and investigating possibilities to realise
the gauge symmetry for PM at the nonlinear level (most likely by invoking additional degrees
of freedom) could give us important new insights on the nature of quantum gravity.

Since consistent theories involving spin-2 fields are so rare, we do not expect to
encounter a large variety of possibilities to extend them further. As it stands now, it does not
seem to be possible to extend the kinetic sector in four-dimensions [135, 136, 259] and the
interaction potential is the only consistent one by construction. Up to field redefinitions, the
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structure of the ghost-free bimetric action is therefore unique. On the other hand, it is of
course worth studying couplings to fields with different and, in particular, higher spins. The
spectrum of presently known higher-spin theories contains only massless spin-2 fields (see,
for instance, [292–294]). It would be interesting to see whether bimetric theory can give hints
on the form of more general interactions including massive spin-2 degrees of freedom. At this
stage, we can only hope that one day we will be able to write down the most general
interactions for massless and massive spin-2 fields.
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Appendix A. Technical details of interaction potential

In the text, for notational simplicity, we frequently write the interactions in terms of ele-
mentary symmetric polynomials en(S). These can be defined in various equivalent ways, for
example via the following commonly used equalities which hold for any square d×d matrix
S,

e S S S
n

S S

n d n
S S

1

1
. A.1

n
n

n
n
n

n

n

n n d
n n d n

n

1

1
1
1

1

1

1 2 1
1 2 1 1

1

( )
!
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=
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n n
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n
m
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¼ ¼+
+

 






Here we have expressed them in terms of antisymmetrisation, the generalised Kronecker delta
and the Levi–Civita symbol respectively, all normalised by unit weight. Obviously the last
equality only makes sense when d is the dimension spanned by the indices. They can also be
defined through a dimension-independent recursion formula

e S
n

S e S e S
1

1 Tr , with 1. A.2n

n

k

n
k n k

k

1

0

1

0( ) ( ) ( ) ( ) ( ) ( ) ( )å=
-

- =
+

=

-
-

In d-dimensions, they satisfy e S Sdetd ( ) ( )= and e S 0n ( ) = for n d> . Their explicit
expressions for n 4 read

e S e S S e S S S

e S S S S S

e S S S S S S S S

1, , ,

3 2

6 3 8 6 , A.3

0 1 2
1
2

2 2

3
1
6

3 2 3

4
1
24

4 2 2 2 2 3 4

( ) ( ) [ ] ( ) ([ ] [ ])

( ) ([ ] [ ][ ] [ ])

( ) ([ ] [ ] [ ] [ ] [ ][ ] [ ]) ( )

= = = -

= - +

= - + + -

where square brackets denote a matrix trace. Moreover, the en obey the following useful
identity for any matrix S and parameter λ
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e S
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n k
e S . A.4n

k
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A special case (n = d) of this is

S e Sdet . A.5
n

d
n

n
0

( ) ( ) ( )ål l+ =
=



This means that the consistent interaction potential can be regarded as a deformed
determinant[46]. The variation of the en(S) can be computed from e.g.(A.2) and is given
by47

e S S S e S n1 Tr , 1, A.6n
k

n
k k

n k
1

1( ) ( ) [ ] ( ) ( )åd d= - -
=

-
-

with e S 00 ( )d = (since e S 10 ( ) = ). Together with S S S S2 Tr Trk k1 2 2[ ] [ ]d d=- - and
S g gS g f2 1 2 1d d d= - +- - (which follows from S g f2 1= - ) it is then straightforward to
derive the field equations of the theory. Explicitly, the contributions from the interaction
potential to the equations of motion in (5.3) are

Y S S e S1 . A.7n
k

n
k n k

k
0

( ) ( ) ( ) ( ) ( ) ( )( ) åº -n
m

n
m

=

-

In d-dimensions, they satisfyY 0n( ) = for n d . In particular,Y 0d( ) = is simply the statement
of the Cayley–Hamilton theorem, that any square matrix satisfies its own characteristic (or
secular) equation.

Finally we note that all of the above expressions can easily be rewritten in terms of the
inverse S 1- by using the identity

e S
e S

e S
. A.8n

d n

d

1( ) ( )
( )

( )=- -

Appendix B. Derivation of redefined shift vector

Here we derive the expressions for the redefinition(3.19) of the ADM shift vector N Ni ij
jg=

and the matrices  and  in (3.27), following [61]. We start from the most general ansatz for
the redefinition

N c Nd , B.1i i i ( )= +

where c i and d i are functions of ijg , the new shift vector n i and the ADM components of fmn .
They will be determined in what follows. Recall that the redefinition has to be linear in the
lapse N in order not to introduce nonlinearities into the Einstein–Hilbert term(3.4). Next we
turn to equation (3.18) and take the square of both sides to arrive at

g f
N N

1 1
. B.21

2
2 2( ) ( )   = + + +-

The left-hand side of this equation can be expressed in terms of ADM variables using (3.3)
and (3.12). We get

47 See e.g. [105] for an explicit derivation.
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In this expression we replace N i in terms of n i using our ansatz(B.1). Next, we collect the
pieces according to their order in N1 , which gives
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Comparing this to the right-hand side of (B.2) and equating the coefficients in front of equal
powers of N1 , we see that
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Since 0 is a projector on a one-dimensional subspace, its square-root can easily be evaluated,
resulting in
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The special structure of 2 also allows us to evaluate its square-root which gives
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Using these expressions for  and  in the third equation of(B.6), we obtain

d
L
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, B.9i
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i k kl
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where we have also made use of the symmetry property D Dik
k

j jk
k

if f= which follows
directly from the definition ofD in(B.8). This equation determines a particular combination
of the unknown functions d i and c i in the redefinition. The redefinition is thus not uniquely
determined. One simple option to fix the ambiguity is to choose the new shift vectors as
n c Lk

L
k kl

l
1 ( )f= - . Then the above condition reduces to d D ni i

k
k= and the redefinition

becomes

N c Nd L Ln ND n , B.10i i i i i
k

i k ( )= + = + +

where L Li ij
jfº . The definition of the matrix D in(B.8) depends on d i and therefore gives

rise to the following matrix equation that needs to be solved for D

x D Dn Dn x n n, 1 . B.11l
lk

k1 T( ( ) ) ( )g f f= - º --

As shown in [61], the solution to this equation is given by(3.20).
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Appendix C. Short summary of standard GR cosmology

Here we very briefly recapitulate the derivation of the cosmological evolution equations in
GR. Consider Einstein’s equations of motions for gmn

R g R
M

T g
1

2

1
, C.1

Pl
2

( ) ( )r- = -mn mn mn mnL

where Tmn is the stress-energy tensor obtained from variation of the matter Lagrangian and we
have defined the constant energy density MPl

2r º LL . When looking for homogeneous and
isotropic solutions in GR, one makes a Friedmann–Robertson–Walker ansatz for the metric

g x x t a t
kr

r rd d d
1

1
d d , C.22 2

2
2 2( ) ( )⎜ ⎟⎛

⎝
⎞
⎠= - +

-
+ Wmn

m n

in which k 0, 1, 1= - + parameterises the curvature of the Universe (flat, open, closed), a(t)
is the scale factor, and d d sin d2 2 2q q jW = + . In accordance with homogeneity and
isotropy, the stress-energy tensor is taken to be that of a perfect fluid

T p p pdiag , , , , C.3g( ) ( ) ( )r= -m
n

where t( )r and p(t) are the time dependent energy density and pressure of the fluid,
respectively. As a consequence of the Bianchi identity, the source is automatically covariantly
conserved which implies the continuity equation

a

a
p3 0, C.4˙ ˙ ( ) ( )r r+ + =

where dots denote time derivatives. Plugging the diagonal ansätze(C.2) and(C.3) into
Einstein’s equations (C.1) gives a set of four equations. The 00-component is Friedmann’s
equation
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, C.5

2

2
Pl
2

˙ ( )⎜ ⎟
⎛
⎝

⎞
⎠

r r
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+ L

which is often expressed in terms of the Hubble function H a a˙º . Due to the isotropic
ansatz, the ii-components of the equations are all equivalent and therefore provide only one
additional independent equation. The most common way to present it is by taking the traced
Einstein equations and using(C.5) to arrive at the acceleration equation

a

a M
p

¨ 1

6
3 . C.6

Pl
2

( ) ( )r r= - + +L

In order to characterise different components of the cosmological fluid, one introduces the
equation of state parameter w defined as the ratio of pressure and energy density, p wr= .
One can then rewrite the continuity equation (C.4) as

a
w

a

d

d
3 1 0, C.7( ) ( )r r

+ + =

which is solved by

a . C.8w
0

3 1 ( )( )r r= - +

Here, 0r is a constant to be determined by boundary conditions. Inserting this solution into the
Friedmann equation (C.5) with k = 0 and 0r =L gives the following evolution of the scale
factor for w 1¹ -
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The behaviour for w 1= - is

a H
a

a
e , const. C.10Ht ˙ ( )µ º =

Moreover, from the acceleration equation (C.6) we infer that, in the absence of a bare
cosmological constant, the expansion of the Universe accelerates for w 1 3< - and
decelerates for w 1 3> - . Three cases are of particular interest: w = 0 characterises non-
relativistic matter, w 1 3= corresponds to relativistic matter (‘radiation’), and w 1= -
describes a cosmological constant. The energy density for non-relativistic matter therefore
scales as a 3- , i.e.inversely proportional to the volume. Non-relativistic matter experiences an
additional redshift and its energy density goes as a 4- . None of these can explain an
accelerated expansion of the Universe. In contrast, a cosmological constant which of course
has constant energy density leads to an exponentially accelerated expansion.

It is common to measure the contributions of different fluid components in terms of their
density parameters

M H3
, C.11i

i

PL
2

0
2

( )
r

W =

where i stands for either radiation, non-relativistic matter or the cosmological constant and H0

denotes the Hubble parameter at the present time. One also defines a curvature contribution,

k
k

a H2
0
2W = - , and in terms of these the Friedmann equation becomes

H

H
. C.12krad mat

2

0
2

( )W + W + W + W =L

In particular, at the present time the density parameters add up to one. Latest observational
data [31] suggest the following (approximate) values for the cosmological parameters at the
present time

H 70 km s Mpc , 10 , 0.3,

0.7, 10 . C.13k

0
1 1

rad
5

mat
3 ( )

~ W ~ W ~
W ~ W <

- - -

L
-

These values imply that our Universe is flat and dominated by a cosmological constant
component. As already discussed above, the energy density corresponding to this
cosmological constant is extremely small compared to energy scales of the Standard Model
of Particle Physics. Since so far we lack an explanation for this small value, the curious
energy component rL is often referred to as dark energy. On top of that, observations also
show that the matter component mW is not dominated by familiar baryonic matter, but rather
mainly consists of an unknown dark matter component.

Consequently, under the assumption that GR is indeed the theory of gravity, we must
accept that 95% of the Universe’s energy content is not at all understood. Nevertheless, when
this obscurity is ignored, the so-called ΛCDM model (GR with a cosmological constant and
cold dark matter) fits the observational data very well.
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