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Abstract. We assume that all graphs in this paper are finite, undirected and no loop and multiple
edges. Given a graph G of order p and size ¢q. Let H’, H be subgraphs of G. By H’-covering,
we mean every edge in E(G) belongs to at least one subgraph of G isomorphic to a given graph
H. A graph G is said to be an (a,d)-H-antimagic total labeling if there exist a bijective function
f:V(GUE(G) — {1,2,...,p+q} such that for all subgraphs H' isomorphic to H, the total H-weights
w(H) =3 v f(0)+2 cpearn f(e) forman arithmetic sequence {a, a+d, a+2d, ..., a+(s—1)d},
where a and d are positive integers and s is the number of all subgraphs H’ isomorphic to H. Such a
labeling is called super if f : V(G) — {1,2,...,|V(G)|}. In this paper, we will discuss a cycle-super
(a,d)-atimagicness of a connected and disjoint union of semi jahangir graphs. The results show that those
graphs admit a cycle-super (a,d)-atimagic total labeling for some feasible d € {0, 1,2,4,6,7, 10, 13, 14}.

We use a handbook of graph theory written by Gross et. al [4] to define all basic definitions of graph
in this paper. For p and ¢ are respectively the order and size of graph, by a labeling of a graph, we
mean any mapping that sends some set of graph elements to a set of positive integers. The labelings are
called vertex labelings or edge labelings If the domain is respectively a vertex-set V(G) or a edge-set
E(G). Moreover, the labelings are called total labelings if the domain is V(G) U E(G). Simanjuntak
et al. in [13] introduced an (a, d)-edge-antimagic total labeling of G of order p and size ¢. It is a one-
to-one mapping f taking the vertices and edges of G onto {1,2,...,p + ¢} such that the edge-weights
We(uv) = f(u)+ f(v)+ f(uv),uwv € E(G) form an arithmetic sequence {a,a+d,...,a+ (¢—1)d},
where the first term a is ¢ > 0 and the common difference d is d > 0. Such a labeling is called super if
the smallest possible labels appear on the vertices.

Gutiérrez, and Llado in [3, 8] expanded the edge-magic total labeling into a magic total covering.
They defined that a graph G admits an H’-magic covering, where H’ is subgraph of G isomorphic to a
given graph H, if the total H-weights w(H) = >_,cy ) f(v) + X cepmry f(e) = A(H) is a constant
magic sum and A\(H) is a constant supermagic sum of H if f : V(G) — {1,2,...,p}. Some relevant
results can be found in [7, 9, 10, 12]. Recently Fenovcikova et. al [2] proved that wheels are cycle
antimagic.

Motivated by these two previous labelings, Inayah et al. [5] introduced the (a,d) — H- antimagic
total labeling. A graph G is said to be an (a, d)-H-antimagic total labeling if there exist a bijective
function f : V(G) U E(G) — {1,2,...,p + ¢} such that for all subgraphs H’ isomorphic to
H, the total H-weights w(H) = > cy ) f(v) + Xcepr f(e) form an arithmetic sequence

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1



ICMAME 2015 IOP Publishing
Journal of Physics: Conference Series 693 (2016) 012006 doi:10.1088/1742-6596/693/1/012006

{a,a +d,a + 2d,...,a + (s — 1)d}, where a and d are positive integers and s is the number of all
subgraphs H’ isomorphic to H. Similarly, such a labeling is called super if f : V(G) — {1,2,...,p}.
Inayah et. al [6] proved that, shack(H,k) which contains exactly & subgraphs isomorphic to H is
H-super antimagic, for H is a non-trivial connected graph and k& > 2 is an integer.

We will discuss the existence of a cycle-super (a,d)-atimagicness of a connected and disjoint union
of semi jahangir graphs. For H-supermagic graphs, we have found some results. For example Rizvi,
et.al. [11] proved the disjoint union of isomorphic copies of fans, triangular ladders, ladders, wheels,
and graphs obtained by joining a star K ,, with K, and also disjoint union of non-isomorphic copies
of ladders and fans are cycle-supermagic labelings, but for super antimagic labelings, it remains widely
open to explore.

The Results

Prior to present the main results, we repropose a lemma proved by Dafik et.al in [1], it will be useful
to find the existence of H-super antimagic graphs. This lemma showed a least upper bound for feasible
value of d for a graph to be super (a, d)- H- antimagic total labeling.

Lemma 1. [1] Let G be a simple graph of order p and size ¢. If G is super (a,d)-H- antimagic total
labeling then d < &< pH’)pH’+(qG am)in’ for H; are subgraphs isomorphic to H, pc = [V(G)],
q¢ = |E(G)|, prr = |V (H), = IE(H’)I and s = | Hj.

Proof: Assume that a (p,¢)-graph has a super (a,d)-H- antimagic total labeling f : V(G) U
E(G) —{1,2,3,...,pc + qg} and the total H-weights w(H) = 3_ cy (g [ (V) + X eepmr fle) =
{a,a+d,a+2d,...,a + (s — 1)d}. The minimum possible total H- Welght in the labeling f is at least
L2+t i+ (e + 1) + (b6 +2) + -+ (b6 + qr) = P4 + 28 4 ppe + %+ %82 Thus,
a > pg’ + pH' + qu'pc + qH' + % On the other hand, the maximum possible total H—welght is at
mOStPG+pG—1+pG—2+ w+ (pe — (P = 1)) + (pc + qc) + (pc + 96 — 1) + (pc + 96 —
)+ ...+ (pa+a9c—(qu — 1)) = pr Hz_l(pH/)+qupg+qH/ qHQ_l(qH/). So we obtain

a+ (s—1)d <pgpg— I%A(pH/) +qmpa + qarqc — q%_l(qH/). Simplifying the inequality then
we will have the desired upper bound of d. a

From now on we will introduce our terminology of connected semi Jahangir and disjoint union of
semi Jahangir graphs.

A semi Jahangir graph, denoted by S.,, is a connected graph with vertex set V(SJ,) =
{p,zi,yp;for 1 < i < n+1,1 < k < n}and edge set E(SJ,) = {pr;;1 < i < n+ 1}
U {ziyi;l < i < n} U{yizit1;1 < @ < n}. Since we study a super (a,d)-H- antimagic total
labeling for H' = C, isomorphic to H, thus pg = |V (SJ,,)| = 2n + 2, q¢ = |E(SJ,,)| = 3n + 1,
pr = |V(Ch)| = 4, qu = |E(Cy)| = 4, s = |H}| = |C4| = n. If semi Jahangir graph S.J,, has a super
(a, d)-Cy-antimagic total labeling then it follows from Lemma 1 the upper bound of d < 20.

A disjoint union of semi Jahangir graph, denoted by m.SJ,, is a disconnected graph with vertex
set V(mSJ,) = {p/,al,yl;forl < i <n+1,1 <k <mn 1 <j < m}andedge set

EmSJ,) = {paj;1 <i <n+1,1 <j<mpuU{zjy;l <i<n 1 <j<mpU
{yl 1+171 <i<mn,1 < j < m}. Since we study a super (a,d)-H- antimagic total labeling for

=Cy |somorph|c to H, thus pg = |V (mSJ,)| = 2mn + 2m, q¢ = |E(mSJ,)| = 3mn + m,
pr = |V(Cy)| = 4, g = |E(Cy)| = 4, s = [H}| = |C4| = nm. If disjoint union of semi Jahangir
graph m.S.J,, has a super (a,d)-F,-antimagic total labeling then it follows from Lemma 1 the upper
bound of d < 25.

Now we start to describe the result of the super (a, d)-C4-antimagic total labeling of semi Jahangir
graph, denoted by S.J,,, in the following theorems.

Theorem 1. For n > 2, the graph S.J,, admits a super (15n + 21,1) — C, antimagic total labeling.
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Proof. Define the vertex and edge labeling f7 as follows

filp) =1

filz)) = i+1,forl <i<n+1
fily)) = n+i+2,forl <i<n
filpz;) = 2n+i+2for1<i<n+1
filzyi)) = bdn—2i+4,for1 <i<n
Jf1(yiziv1) 5n —2i+5,for 1 <i<n

The vertex and edge labelings f; are a bijective function f; : V(SJ,)UE(SJ,) — {1,2,3,...,5n+3}.
The H-weights of S.J,, for 1 < ¢ < n under the labeling f;, constitute the following sets wy, =
fl(p)—i—fl(xi)—l—fl(xi“)—l—fl(yi) = (1)+(i+1)+(i+1+1)+(n+i+2) = n-+3¢+6, and the total H -
weights of S.J,, constitute the following sets Wy, = wy, + fi(px;)+ f1(pxiy1) + f1(zayi) + [1(yivig1) =
(n+3i+6)+2n+i+2)+2n+i+1+2)+ (5n—2i+4)+ (5n — 2i +5) = 15n +i + 20. Itis
easy to see that the set Wy, = {15n + 21,15n + 22,...,16n + 20}. Therefore, the graph S.J,, admits a
super (15n + 21, 1)-Cy antimagic total labeling, for n > 2. O

Theorem 2. For n > 2, the graph S.J,, admits a super (14n + 22,7) — C, antimagic total labeling.

Proof. Define the vertex labeling fo as fo(p) = fi(p), f2(xi) = fi(z:), fa(yi) = fi(y:) and edge
labeling f- as follows

fopx;)) = 4dn+i+2,forl <i<n+1
fo(ziyi) = 2n+i+2forl <i<n
foyiziz1) = 3n+i+2,forl <i<n

The vertex and edge labelings f> are a bijective function fo : V/(SJ,)UE(SJ,) — {1,2,3,...,5n+3}.
The H-weights of S.J,,, for 1 <4 < n under the labeling f», constitute the following sets wy, = wy,, and
the total /-weights of S.J,,) constitute the following sets Wy, = wy, + fa(p;) + fo(prit1) + fo(ziys) +
fo(yizig1) = (n+3i+6)+(An+i+2)+(dn+i+1+2)+ (2n+i+2)+ (3n+i+2) = 14n+Ti+15.
It is easy to see that the set Wy, = {14n + 22,14n + 29,...,21n + 15}. Therefore, the graph SJ,
admits a super (14n + 22, 7)-C, antimagic total labeling, for n > 2. O

Theorem 3. For n > 2, the graph S.J,, admits a super (13n + 23,10) — C, antimagic total labeling.
Proof. Define the vertex and edge labeling f3 as follows

f3(p) 1
fa(x)) = 2ifor 1<i<n+1
f3(y;)) = 2i+1,for1<i<n
fs(pzi) = fa(pzi)
f3(@iyi) = fo(wiyi)
[3(yiziv1) = fo(yirip

The vertex and edge labelings f5 are a bijective function f3 : V(SJ,)UE(SJ,) — {1,2,3,...,5n+3}.
The H-weights of S.J,,, for 1 < ¢ < n under the labeling f3, constitute the following sets wy, =
f3(p) + fa(zi) + fs(xiy1) + f3(yi) = (1) + (29) + (2(i + 1)) + (2¢ + 1) = 6i + 4, and the total H-
weights of S.J,, constitute the following sets Wy, = wy, + f3(pz:)+ f3(pxiy1) + f3(xiyi) + f3(yiwip1) =
6i+4)+Un+i+2)+Un+i+14+2)+2n+i+2)+ Bn+i+2)=13n+ 10i + 13. Itis
easy to see that the set Wy, = {13n + 23,13n + 33,...,23n + 13}. Therefore, the graph S.J,, admits a
super (13n + 23,10)-Cy antimagic total labeling, for n > 2. O
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Theorem 4. For n > 2, the graph S.J,, admits a super (11n + 25,13) — C, antimagic total labeling.

Proof. Define the vertex and edge labeling f; as follows

fa(p) 1
fa(zi)) = n+i+lforl1<i<n+1
faly)) = n—i+2,for1 <i<n
falpz;) = 2n+3ifor 1 <i<n+1
falziyi) = 2n+3i+1,for1 <i<n
falyizis1) = 2n+3i+2,for 1 <i<n

The vertex and edge labelings f, are a bijective function f, : V(SJ,)UE(SJ,) — {1,2,3,...,5n+3}.
The H-weights of S.J,,, for 1 < ¢ < n under the labeling f4, constitute the following sets ws, = fa(p) +
fa(x)+ fa(zivr)+ fa(ys) = () +(n+i+ 1)+ (n+i+1+1)+(n—i+2) = 3n+i+6, and the total H-
weights of S'J,, constitute the following sets Wy, = wy, + fa(pzi)+ fa(pziv1) + fa(xiyi)+ fa(yizipr) =
(Bn+i+6)+(2n+3i)+2n+3(G+1)+2n+3i+1)+ (2n+3i +2) = 11n + 13i + 12. Itis
easy to see that the set Wy, = {11n + 25,11n + 38,...,24n + 12}. Therefore, the graph SJ,, admits a
super (11n + 25, 13)-Cy antimagic total labeling, for n > 2. O

Theorem 5. For n > 2, the graph SJ,, admits a super (%, 14) — C4 antimagic total labeling for n
is even, and for n > 2, the graph SJ,, admits a super (w, 14) — C, antimagic total labeling for n
is odd.

Proof. Define the vertex and edge labeling f5 as follows

fsp) = 1
#, for1<i<n+1;7isodd
fs(xy) = ntitd - for 1 < i< mn+1;iiseven, niseven
nEES - for 1 < i <n+ 1 ;iiseven,n isodd
f5(yi) = n+i+2for1<i<n
fs(pxi) = falpz:)
fs(ziys) = fa(wiys)
f5(yiwiv1) fa(yiziz1)

The vertex and edge labelings f, are a bijective function f5 : V(SJ,)UE(SJ,) — {1,2,3,...,5n+3}.
The H-weights of S.J,,, for 1 < ¢ < n under the labeling f5, constitute the following sets wy, =
f5s(p) + f5(xi) + fs(@ira) + fo(ys) = 1+ (552) + (PEE) 4 (2n + 2i 4 4) = 2243541 for even
Wy, = f5(p) + fS(CL‘z) + f5($i+1) + f5(y,) =1+ (%) + (%14-3) + (2n + 27 + 4) = W%M for
odd n and the total H-weights Qf S.J,, constitute the following sets Wy, = wy, + f5(pxi) + f5(prit1) +
Fo(@iys) + fs(yimizr) = (BHH) 4+ 20+ 30) + (20 +3(i + 1)) + (2n+3i + 1) + (2n +3i +2) =
1on280E20 for even nand Wy, = wy, + fs(pwi) + f5(prir1) + f5(xivi) + fs(yiwirr) = (22H5H3) +
(2n+3i) + (2n+3(i + 1)) + (2n + 3i + 1) + (2n + 3i + 2) = 12242842 for odd n. It is easy to see
that the set W, = {19nQ+547 19712—&-82’ o 47n2+26} for even n and W, = {19n2+537 19n2+81’ o 47n2+25}
for odd n. Therefore, the graph S.J,, admits a super (19”7;54, 14) — C, antimagic total labeling for n > 2
with even n. And the graph SJ,, admits a super (%, 14) — C4 antimagic total labeling for n > 2
with odd n. O

We continue to show the result of the super (a, d)-Cy-antimagic total labeling of disjoint union of
semi Jahangir graph, S.J,, in the following theorems.
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Theorem 6. For m,n > 2, the graph mS.J,, admits a super (18mn + 14m + 4,0)-C, antimagic total
labeling.

Proof. For 1 < j < m, define the vertex and edge labeling ¢; as follows

a@) = 4,1 <j<m
g1(x)) 2mi+j—myforl <i<n+1,1 <j<m
9 (y)) 2mn —2mi+3m—j+1,forl <i<n, 1 <j<m
gl(p7$f) dmn+mi+m+jforl <i<n+1,1 <j<m
a(zly)) dmn —2mi+4m —2j+2,for 1 <i<n, 1 <j<m
gl(ygx{+1) = dmn—2mi+4m —2j+ 1, for 1 <i<n, 1 <j<m

The vertex and edge labelings ¢; are a bijective function g1 : V(mSJ,) U E(mSJ,) —
{1,2,3,...,5mn + 3m}. The H-weights of mS.J,, for1 <i <mnand 1 < j < m under the labeling
g1, constitute the following sets wy, = g1(p7) + g1(2]) + g1 (21, 1) + 91(y]) = () + (2mi + j —m) +
Cm(i+1)+j—m)+ (2mn—2mi+3m—j+1) = 2mn+2mi+3m+25+ 1, and the total H-weights
of m.S.J,, constitute the following sets Wy, = wy, + g1(p’2]) + g1 ("], 1) + 91 (zly]) + 91 (]2l 1) =
(2mn + 2mi 4+ 3m + 25 + 1) + (dmn + mi + m + j) + (dmn + m(i + 1) + m + j) + (4dmn —
2mi +4m — 25 + 2) + (dmn — 2mi + 4m — 2j + 1) = 18mn + 14m + 4. It is easy to see that the
set Wy, = {18mn + 14m + 4,18mn + 14m + 4,. .., 18mn + 14m + 4}. Therefore, the graph mSJ,
admits a super (18mn + 14m + 4,0)-Cy antimagic total labeling, for m,n > 2. O

Theorem 7. For m,n > 2, the graph m.S.J,, admits a super (17mn + 14m + 5, 2)-C, antimagic total
labeling.

Proof. For 1 < j < m, define the vertex labeling g, as ga(p?) = g (), g2(a?) = g1(x)), g2 () =
g1(y]) and edge labeling g, as follows

g(x]) = dmn+mi+2m—j+1lfor1<i<n+1,1 <j<m
gg(xfyf) = 3mn—mi+2m+jfor1<i<n, 1 <j<m
gg(yfxgﬂ) = dmn—-—mi+2m+jfor1<i<n, 1 <j<m

The vertex and edge labelings g; are a bijective function ¢go : V(mSJ,) U E(mSJ,) —
{1,2,3,...,5mn + 3m}. The H-weights of mSJ,, for1 < i < nand 1 < j < m under the
labeling g2, constitute the following sets w,, = wy,, and the total H-weights of m.SJ,, constitute the
following sets Wy, = wy, + g2(p’x!) + g2(Pxl 1) + ga(aly)) + ga(ylal,,) = (2mn + 2mi +
3Im+2j+ 1)+ @mn+mi+2m—j+ 1)+ @dmn+m@@+1)+2m —j+ 1)+ (3mn — mi +
2m + ) + (dmn — mi + 2m + j) = 17mn + 2mi + 12m + 25 + 3. It is easy to see that the set
Wy, = {1Tmn + 14m + 5,17mn + 14m + 7,...,19mn + 14m + 3}. Therefore, the graph mSJ,
admits a super (17mn + 14m + 5, 2)-Cy antimagic total labeling, for m,n > 2. O

Theorem 8. For m,n > 2, the graph m.S.J,, admits a super (16mn + 14m + 6,4)-C, antimagic total
labeling.

Proof. For 1 < j < m, define the vertex labeling g3 as g3(p/) = g1(p7), g3(?) = g1(z), g3(v)) =
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91(y7) and edge labeling g3 as follows

g(Px]) = dmn+mi+m+j; 1 <i<n+1, 1 <j<m, dani ganjil
gg(pjxg) dmn+mi+2m—j+1; 1<i<n+1,1<j<m, dan i genap
g3(zly)) 2mn+mi+m+j, for 1 <i<n, 1<j<m

(yfxiﬂ) = dmn—-—mi+2m—+j, for1<i<n, 1<j<m

The vertex and edge labelings ¢; are a bijective function g3 : V(mSJ,) U E(mSJ,) —
{1,2,3,...,5mn + 3m}. The H-weights of mSJ,, for 1 < i < nand 1 < j < m under the
labeling g3, constitute the following sets w,, = w,,, and the total H-weights of m.SJ,, constitute the
following sets Wy, = wy, + gs(p’x!) + g3s(Pxl ) + gs(aly)) + gs(ylal,y) = (2mn + 2mi +
3m+ 25+ 1)+ (dmn +mi + m+j) + (dmn +m@G + 1) +2m — j + 1) + 2mn + mi +
m+ j) + (dmn — mi + 2m + j) = 16mn + 4mi + 10m + 45 + 2. It is easy to see that the set
Wy, = {16mn + 14m + 6,16mn + 14m + 10, ...,20mn + 14m + 2}. Therefore, the graph m.SJ,
admits a super (16mn + 14m + 6,4)-Cy antimagic total labeling, for m,n > 2. O

Theorem 9. For m,n > 2, the graph m.S.J,, admits a super (15mn + 14m + 7,6)-C, antimagic total
labeling.

Proof. For 1 < j < m, define the vertex labeling g4 as g4(p’) = 9P, ga(z)) = g1(x)), ga(y]) =
g1(y]) and edge labeling g4 as follows

g4(pja:g) = 4dmn+mi+m+jforl<i<n+1 1<j<m
gi(zlyl) = 2mn+mi+m+jfor1<i<n, 1<j<m
ga(ylwlyy) = 3mntmitm+jforl<i<n, 1<j<m

The vertex and edge labelings ¢, are a bijective function g4 : V(mSJ,) U E(mSJ,) —
{1,2,3,...,5mn+3m}. The H-weights of mS.J,, for1 <i <mnand1 < j < munder the labeling g4,
constltute the following sets wy, = wy,, and the total H-weights of mS.J,, constitute the following sets
Wg4 - w94 +g4(p7xz ) +g4(p]xz+1) +g4(xz ’L ) +g4(y7, 1,+l) (2mn+2mz+3m+2] + 1) + (4mn—|—
mi+m+j)+(dmn+m(i+1)+m+j)+(2mn+mi+m+7)+(3mn+mi+m+j) = 15mn+6mi+8m+
67+ 1. Itis easy to see that the set W, = {15mn+14m+7,15mn+14m+13,...,21mn+14m+1}.
Therefore, the graph m.S.J,, admits a super (15mn + 14m + 7,6)-C4 antimagic total labeling, for
m,n > 2. O

Concluding Remarks

A least upper bound of difference d for connected and disjoint union of graphs are respectively d < 20
and d < 25. Apart from obtained d above, we haven’t found any result yet, so we propose the following
open problem:

Open Problem 1. Apart from d € {1,7,10, 13,14}, determine a super (a,d) — C4-antimagic total
labeling of connected SJ,,, for d < 20 and n > 2.

Open Problem 2. Apart from d € {0,2, 4,6}, determine a super (a,d) — Cy-antimagic total labeling
of disjoint union of m copies of S.J,,, for d < 25 and m,n > 2.
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