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Abstract. In this study, we investigate the Kondo effect induced by the s-d interaction
where the conduction bands are occupied by Dirac fermions. The Dirac fermion has the linear
dispersion and is described typically by the Hamiltonian such as Hy = vk - 0 + moo for the
wave number k where o; are Pauli matrices and o9 is the unit matrix. We derived the formula
of the Kondo temperature Tx by means of the Green’s function theory for Green’s functions
including Dirac fermions and the localized spin. The Tk was determined from a singularity of
Green’s functions in the form Tk o exp(—const/p|.J|). The Kondo effect will disappear when
the Fermi surface is point like.

1. Introduction
Recently, the Dirac electron in solid state has been investigated intensively [1-6]. It is interesting
to examine how the Kondo effect occurs in a system of Dirac electrons with magnetic impurities.
It is not so trivial whether the Kondo effect indeed appears there. We expect significant and
interesting behaviors when the localized spin interacts with the Dirac electron through the s-
d interaction. The Dirac Hamiltonian resembles the s-d model with the spin-orbit coupling of
Rashba type [7]. In this paper we investigate the s-d Hamiltonian with Dirac electrons by means
of the Green’s function theory and evaluate the Kondo temperature T'x.

The Hamiltonian is given by H = Hy + Hyq = H,, + Hx + Hyq where

Hy = ?m — m)(elgent + o e, (1)
Hig = Z[v(k:x - iky)cLTckl +v(ky + ik:y)c;f{lckT
k
+ vk (clgenr — e ex))] (2)
Hy, = —%% %{:’[SZ(CLTCMT - cLlck/l) + S+CLle,T + S_CI(TCk'l]' (3)

v and v, are velocities of conduction electrons, u is the chemical potential and m is the mass
of the Dirac fermion. N indicates the number of sites. We set m = 0 so that the chemical
potential x includes m. cy, and Cle are annihilation and creation operators, respectively. S,
S_ and S, denote the operators of the localized spin. The term Hg, indicates the s-d interaction
between the conduction electrons and the localized spin, with the coupling constant J [8, 9]. J
is negative, as adopted in this paper, for the antiferromagnetic interaction.
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2. Green’s Functions
We define thermal Green’s functions of the conduction electrons

Guwo(T) = —(Trewo(T)ch, (0)), (4)
Fuao(t) = —(Trew (1)l (0)), (5)

where T is the time ordering operator. We note that the spin operators satisfy the following
relations:

1 1
S:I:SZ = :F§S2a SZSi = i§Si7 (6)
&&,:%+@—$, (7)
S_S, = §J—S S2. (8)

We also define Green’s functions which include the localized spins as well as the conduction
electron operators. They are for example, following the notation of Zubarev [10],

(Seoxticlp))r = —(TrSeci(T)cfr (0)), (9)

(S_expsefo))r = —(TrS_ci)(7)c (0)), (10)

(Secnpicl))r = —(TrSaci) (7)elo, (0)), (11)

(S-awrsel))r = —(TrS-a(T)ely (0)). (12)

The Fourier transforms are defined as usual:

@mm:=22awwwm%x (13)

Fkk’ (T) = ; Z €7iwnTFkk/(Z‘wn), (14)

1 .
<<SzCkT; CL/T>>T = B Z e_zwn7—<<SzCkT; CL/T>>’iwna (15)

Using the commutation relations the equation of motion for Gyy/q(iwy,) reads

) J )
(iwn — vk —m+ p)Grarr(wn) = Ol — oN > Tqi (iwn)
q
+ U(kx — iky)Fkk/(iwn). (16)

Here we have defined
1 — 1w .
Tk (T) = B Z e “I‘kk/(zwn) = <<SzCkT§ CLT>>T + <<S—Ckl§ CJlr{’T>>T‘ (17)

The equation of motion for Fir = ((ck; CI{/T>>iwn is also obtained in a similar way. By using the
decoupling procedure for Green’s functions [11-13], we can obtain a closed solution for a set of
Green’s functions. The Green’s function Gy (iwy,) is obtained as

Crae (@) = S Cw) — -G Jw@w 1 I
a1 (W) = O G (w0) = 95 Gr(w) 5 T (@) G )1+JG(w)+(‘2])2F(w)F(w) "




International Workshop on Dirac Electrons in Solids 2015 IOP Publishing
Journal of Physics: Conference Series 603 (2015) 012014 doi:10.1088/1742-6596/603/1/012014

where the analytic continuation iw, — w is carried out. We defined the following functions:

A = G T e
Flo) = }V;G%(w), (20)
Mw) = k (e - ) G2, (1)
Gw) = k (7= 5) G4, (22)

with my = 32 < TCle > and ng = Zq<clT6kT>.

3. Kondo Temperature
From the Green’s function Gyy/1(iwn), the Kondo temperature Tk is determined from a zero of
the denominator in this formula. We consider

1+JGw)=0 (23)
in the limit w — 0 by neglecting higher-order term being proportional to (.J/2)2. Let us adopt for

simplicity that v, = v and then the dispersion is & = +v,/k2 + k2 + k2 — s in three dimensions.

We neglect the term of the order of J in ng = <C;2,TC]€T>. The equation 1+ JG(0) = 0 results in
the Kondo temperature Tk given as

2e7D v 1
kpTk = exp | —167%— — 24
BLK . P( 12 ] J|> (24)
where D is a cutoff and « is Euler’s constant. We assumed that |u| > kpTk to derive the
above formula. The result shows that the Kondo effect indeed occurs in a Dirac system. We
can consider the Kondo effect in two dimensions by setting v, = 0, and also the d-dimensional
case in general. In d dimensions Tk reads

2¢'D 8(2m)? ( v )d—1 v
kpTyk = exp [ — — — |, 25
sl == p(  \l) 17 (25)

where € is the solid angle in d-dimensional space, namely, the area of the (d — 1)-sphere S~

In the limit || — 0, the equation 1 + JG(0) = 0 has no solution. Hence, when |u| is small,
Ty is reduced and vanishes. This measn that, when the Fermi surface is point like, the Kondo
effect never appears because of the weak scattering by the localized spin. T shows an algebraic
behavior Ty o< |p|® with a constant . In three dimensions, T is proportional to p? for small

|l
1 [14¢(3) 41 U]
R A D Mv\/j’ (26)

where ((3) is the Riemann zeta function at argument 3. In d-dimensional space, this is
generalized as

kpTx ~ — 8((( )?d| |(d+1 ’{}]d’ (27)
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4. Summary

We investigated the s-d Hamiltonian with the localized spin interacting with the Dirac fermions.
The Green’s function method is applied to examine a singularity in Green’s functions to
determine the Kondo temperature Tx. The singularity leads to the formula of Tk as usual
being proportional to exp(—const/p|J|) with the density of states p. The Kondo effect indeed
occurs in the band of Dirac fermions and will produce singular properties in physical quantities.
Tk vanishes when the Fermi surface is point like and shows the algebraic behavior Tk oc |pu|®
for small |p|. The term being proportional to o, like the magnetic field, which we did not have
considered in this paper, is also important in the Kondo effect.
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