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Abstract. Phosphorene, monolayer black phosphorus, is a highly anistropic material, where the band
structure is Dirac like in one direction and Schrödinger like in the other direction. We present several
analytic formulas to demonstrate the electronic properties. The conductance is highly anisotropic reflecting
the anisotropy of the band structure. We also detemine the cyclotron motion in phosphorene and Landau
level quantization by using the Bohr-Sommerfeld quantization. We show that the Landau-level energy
behaves asB2/3 as a function of external magnetic field, which is highly contrasted to the case of graphene
where the Landau-level energy behaves as

√
B.

1. Introduction
Monolayer materials are one of the most active fields in condensed matter physics. Graphene, a
monolayer carbon atom system, has various fascinating physics since its low-energy band structure
is described by the Dirac theory[1]. The success in graphene excites a further search of monolayer
materials. Silicene, germanene and stanene, which are monolayers of silicon, germanium and tin,
respectively, are among the most remarkable materials since they are expected to be topological
insulators in nature[2]. Transition-metal dichalcogenides also attract much attention in the context of
the valleytronics[3], which uses the valley degree of freedom.

Recently, phosphorene, monolayer black phosphorus, has been experimentally manufactured by
exfoliation method, which has activated a rapid growth of experimental and theoretical studies[4].
Phosphorene is a direct-gap semiconductor with the gap in the region of visible light, which will be
suitable for future applications to light-emitting diodes and solar cells. Field-effect transistor made of
phosphorene has already been realized experimentally[5]. It is intriguing that the band structure in the
low-energy theory is highly anisotropic, where the one direction is Dirac like and the other direction
is Schrödinger like[6, 7, 8]. It differentiates the other monolayer materials, where the basic physics is
described by the Dirac theory. Recent experiments show highly angle-dependent conductance[9].

In this paper, we investigate the electronic properties of phosphorene which arise from the highly
anisotropic energy dispersion. We derive several analytic formulas on the conductivity and the cyclotron
motion. We have derived the Landau level energy, which behavesB2/3 as a function of external magnetic
field. We also show the results on the case of the gapless limit since the physical quantity shows an
extremely simple scaling relation due to the scale free structure of the band structure.

2. Hamiltonian
Phosphorene is a direct-gap semiconductor, where the gap exists at theΓ point. The low-energy
Hamiltonian for phosphorene is given by the Hamiltonian[6, 7, 8],

H2D =
(
uk2

y + m
)
τx + vFkxτy, (1)
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whereτ is thePauli matrices andm is the gap acting as the Dirac mass. The Hamiltonian is linear in
the kx direction, while parabolic in theky direction, which produce highly anisotropic physics. This
Hamiltonian emerges quite in general when two Dirac cones with the opposite chiralities merge into
one cone. It is originally discussed in highly strained graphene[10, 11, 12], where the transfer integral
is different over 2 times along thex andy directions. However this scenario is unrealistic since we
cannot realize such a strong anisotropy in graphene by applying strain. Later the mimic of this energy
is realized in optical lattice[13], where the transfer integral can be tuned arbitrarily. Phosphorene is the
first materialization of the Hamiltonian, where the lattice structure is highly anisotropic along thex and
y directions, and called the puckered structure. The energy spectrum reads

ε = ±
√

v2
Fk2

x +
(
uk2

y + m
)2

. (2)

The energy dispersion is Dirac like in theky direction, but Schrödinger like in theky direction. This
anisotropy leads to a highly anisotropic physics in phosphorene such as conductance.

The DOS is given by

ρ (µ) =
4

vF
√

u
Re

[
i

|µ|√
|µ| + m

K

(
2µ

|µ| + m

)]
, (3)

whereµ is thechemical potential,K(x) is the complete elliptic integrals of the first kind. In the massless
limit, the DOS is given by

lim
m/µ→0

ρ (µ) =
4

vF
√

u
Re[iK (2)]

√
|µ|. (4)

We show the DOS in Fig. 1 both in the massive and massless cases for comparison. It has a good
agreement with the previous theoretical results based on the tight-binding Hamiltonian[14]. The DOS is
exactly zero within the gap, while the DOS is finite at the band edge|µ| = m. The DOS for the massive
Hamiltonian approaches that of the massless Hamiltonian and behaves proportional to the square of the
chemical potential for|µ| > m.

The behavior is significantly different from the one in the massive Dirac system,

ρ(µ) =
4

2πv2
|µ|θ(|µ| − m), (5)

where the DOS is linear as a function ofµ

m

massless

massive
massive massive

massless massless

m

r

-m m m-m m m-m

vxx

vyy

sxx

syy

DOS velocity conductance

Figure 1. (a) DOSρ(µ) as a function of the chemichal potentialµ. (b)
〈
v2
x

〉
and

〈
v2
y

〉
as a function of the

chemical potentialµ. (c) σxx andσyy as a function of the chemical potentialµ. Magenta (Cyan) curves
represent the value along thex (y) direction. Solid (dotted) curves represent the massive (massless) case.
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3. Velocity
We calculate the average of the Fermi surface velocity defined by

〈vxvy〉 =
∫

vxvyδ (ε − µ) dk∫
δ (ε − µ) dk

, (6)

where thevelocity is given by differentiating the Hamiltonian with the corresponding momentum,

vx =
∂ε

∂kx
=

v2
Fkx

ε
, vy =

∂ε

∂ky
=

2uky

(
uk2

y + m
)

ε
. (7)

Explicitly we have

〈
v2
x

〉
=

2
ρ (µ)

4vF

3 |µ|

√
|µ| + m

u

[
|µ|K

(
m − |µ|
m + |µ|

)
− mE

(
m − |µ|
m + |µ|

)]
, (8)

whereE(x) is thecomplete elliptic integrals of the second kind, and

〈
v2
y

〉
=

2
ρ (µ)

[
8
√

u
√

m + |µ|
15vF |µ|

[
(
9µ2 − 2m2

)
E

(
m − |µ|
m + |µ|

)
+ (2m − 9 |µ|)

√
u
√

m + |µ|µK

(
m − |µ|
m + |µ|

)
]. (9)

Their masslesslimit reads

lim
m→0

〈
v2
x

〉
=

2
ρ (µ)

4vF

3
K (−1)

√
|µ| ∝ |µ|0, (10)

and

lim
m→0

〈
v2
y

〉
=

2
ρ (µ)

24
5gvF

[E (−1) − K (−1)] |µ|3/2 ∝ |µ|. (11)

Thus,limm→0

〈
v2
x

〉
is independent of the chemical potential, whilelimm→0

〈
v2
y

〉
is proportional to the

absolute value of the chemical potential. We show the average of the velocity in Fig. 1(b). The velocity
is highly anisotropic. This is highly contrasted to the case of graphene, where the average velocity〈
v2
x

〉
=

〈
v2
y

〉
is constant and has no anisotropy.

4. DC Conductivity
Recent experiments have observed a strongly anisotropic conducting behavior[9]. Anisotropic transport
behavior along different directions is a unique property of phosphorene. We now derive the analytic
results on the conductance as a function of the chemical potential. The DC conductivity is obtained by
solving the Boltzmann equation. The semiclassical conductivity tensor is given by using the average of
the Fermi surface velocity

σαβ = e2

∫
dkτvαvβ

(
−∂f

∂ε

)
= e2τρ (µ) 〈vαvβ〉 , (12)

whereτ is the life time due to the scattering. By substituting the mean velocity, we have

σxx = 2e2τ
4vF

3 |µ|

√
|µ| + m

u

[
µK

(
m − |µ|
m + |µ|

)
− mE

(
m − |µ|
m + |µ|

)]
, (13)
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and

σyy = 2e2τ
8
√

u
√

m + |µ|
15vF |µ|

[
(
9µ2 − 2m2

)
E

(
m − |µ|
m + |µ|

)
+(2m − 9 |µ|)

√
u
√

m + |µ| |µ|K
(

m − |µ|
m + |µ|

)
. (14)

We show the conductance in Fig. 1(c). The conductance is highly anisotropic reflecting the anisotropy
of the band structure. This is also highly contrasted with the case of graphene, where the conductance is
isotropic and proportional to the chemical potentialσ ∝ |µ|.

The Hall conductanceσxy is zero since〈vxvy〉 = 0. We calculate the conductance along the general
directionθ

σθθ = e2τρ (µ)
〈
(vx cos θ + vy sin θ)2

〉
= σxx cos2 θ + σyy sin2 θ. (15)

The angle dependence of the conductance has a good agreement with the experimental results[9].

5. Cyclotron motion
To describe qualitatively the effect of weak magnetic field, we start with a simple semiclassical argument.
Energy levels are quantized according to the Bohr-Sommerfeld quantization condition.

The equation of motion of an electron in magnetic fieldB is given by the Lorentz equation,

dk
dt

= −e

c
v × B. (16)

Since themagnetic field does not affect the velocity, an electron performs a cyclotron motion along an
equi-energy curve withε given by (2), which is a quartic curve

v2
Fk2

x +
(
uk2

y + m
)2 = ε2. (17)

We show the cyclotron orbits in Fig. 2(b). The period is given as follows. Substituting the form of the
velocity Eq. (7) into Eq. (16), we obtain

dkx

dt
= −2uω0ky

(
m + uk2

y

)
,

dky

dt
= ω0v

2
Fkx, (18)

with ω0 = eB/cε. Eliminatingkx in the above equation, we obtain

d2ky

dt2
= −2uv2

Fω2
0ky

(
m + uk2

y

)
. (19)

Hence theperiod is given by

T = 2
∫ ky,max

−ky,max

dky
dky√

−uv2
Fω2

0k
2
y

(
2m + uk2

y

)
+ C

, (20)

where theconstantC is determined from the condition thatk̇y = 0 whenky = ky,max as

C = uv2
Fω2

0k
2
y,max

(
2m + uk2

y,max

)
, (21)

with

ky,max =

√
|ε| − m

u
(22)
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Figure 2. (a) Area of cyclotron motion as a function of the chemichal potentialµ. The magenta curve
represents the exact area Eq. (25), while the cyan curve represents the approximation given by Eq. (29).
(b) Contours of cyclotron motion with the equal area. (c) Fan diagram representing the Landau level
energy as a function of the magnetic fieldB.

for |E| > m. It is explicitly given as

T (ε) =
4√

uv2
Fω2

0(m + |ε|)
K

(
m − |ε|
m + |ε|

)
. (23)

In themassless limit, it reads

lim
m→0

T (ε) =
2K(−1)√

uv2
Fω2

0

√
1
|ε|

. (24)

The cyclotron frequency is given by inverting the cyclotron time period,Ωc = 2π/T .
The area of the cyclotron orbit is given by

S (ε) =
∫ ky,max

−ky,max

√
E2 −

(
uk2

y + m
)2

vF
dky

=
4

3vF

√
|ε| + m

u

[
µK

(
m − |ε|
m + |ε|

)
− mE

(
m − |ε|
m + |ε|

)]
. (25)

We show the areaS (ε) in Fig. 2(a). The area of the cyclotron orbit will be observed by the de Haas van
Alphen effect or the Shubnikov-de Haas effect[15]. The circumference of the cyclotron orbit is given by

dS

dε
=

2 |ε|
vF

√
u (m + |ε|)

K

(
m − |ε|
m + |ε|

)
. (26)

The cyclotron mass is defined by[16]

mc =
1
2π

dS

dε
(27)

which canbe observed by the cyclotron resonance.
The Landau level is derived by the Bohr-Sommerfeld quantization along one period of the cyclotron

motion,
S(εn) = 2π(n + 1/2)eB. (28)

The energy of the Landau level is obtained by solvingS(εn) for εn. This is in general not possible.
However, Eq. (25) is well approximated by

S (ε) ' 4
3vF

√
u

K (−1)
(
|ε|3/2 − |m|3/2

)
. (29)
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By inverting this approximation formula, we obtain the Landau level energy

|εn| =
(

3vFπ
√

u

2
(n + 1/2)eB + |m|3/2

)2/3

. (30)

We show the Landau level energy as a function ofB in Fig. 2(c). The2/3 dependence is highly contrasted
to the case of the QHE in massive Dirac system, where

|εn| =
√

ω2
c (n + 1) + |m|2, (31)

with ωc being the cyclotron frequency in graphene. The difference will be checked experimentally in
phosphorene.

We consider the massless limit (m → 0). The area of the cyclotron orbit reads

lim
m→0

S (ε) =
4

3vF
√

u
K (−1) |ε|3/2 , (32)

and hencethe cyclotron mass is

mc =
1
2π

lim
m→0

dS

dε
=

1
vFπ

√
u

K (−1)
√

|ε|. (33)

Wemay solve Eq. (28) to obtain

|εn| =
(

3vFπ
√

u

2
(n + 1/2)eB

)2/3

, (34)

which agrees with Eq. (30) withm = 0[10].

6. Discussion
We have derived several analytic formula of conductivity and quantum Hall effects in phosphorene.
They are highly anisotropic reflecting the fact that the band structure is anisotropic. Especially2/3
dependence in the Landau-level energy is different from that in the case of graphene, which will be
detected experimentally.
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