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Electroweak Theory

Wolfgang Hollik
Max-Planck-Institut für Physik (Werner-Heisenberg-Institut),
Föhringer Ring 6, D-80805 Munich, Germany

E-mail: hollik@mppmu.mpg.de

Abstract. In this lecture we discuss the electroweak Standard Model, its quantum effects,
and precision tests. We give an introduction to the construction of the basic Lagrangian,
some details on the calculation of amplitudes at the one-loop level, higher-order calculations
for electroweak precison observables are obtained, with emphasis on the W , Z masses and
the Z resonance observables. The predictions of the Standard Model are compared with the
experimental data, with implications for the Higgs bosons. A brief look to the supersymmetric
extension of the Standard Model in terms of the MSSM and its performance in view of the
precision data concludes the lecture.

1. Introduction
The electroweak Standard Model [1-3] is the commonly accepted theory of the fundamental
electroweak interaction. It is a gauge invariant quantum field theory based on the the
symmetry group SU(2)×U(1),which is spontaneously broken by the Higgs mechanism. The
renormalizability of the Standard Model [4] allows us to make precise predictions for measureable
quantities also in higher orders of the perturbative expansion, in terms of a few input parameters.
The higher-order terms, radiative corrections or quantum corrections, contain the self-coupling
of the vector bosons as well as their interactions with the Higgs field and the top quark, even
for processes involving only light fermions. Their calculation provides the theoretical basis for
electroweak precision tests. Assuming the validity of the Standard model, the presence of the
top quark and the Higgs boson in the loop contributions to electroweak observables allows us
to obtain indirectly significant bounds on their masses from precision measurements of these
observables. The only unknown quantity at present is the Higgs boson. Its mass is nowadays
getting more and more constrained, by a comparison of the Standard Model predictions with
the experimental data.

The high precision experiments impose stringent tests on the Standard Model. The
experimental accuracy in the electroweak observables has reached the level of the quantum
effects, and requires the highest standards on the theoretical side as well. A sizeable amount of
work has continuously contributed over the last two decades to a steadily rising improvement of
the standard model predictions, pinning down the theoretical uncertainties to the level required
for the proper interpretation of the precision data. Also for the minimal supersymmetric
standard model (MSSM), remarkable progress has to be reported in predicting the precision
observables with similar accuracy as in the standard model.

In these lectures we give a brief discussion of the structure of the Standard Model and its
quantum corrections for testing the electroweak theory at present and future colliders. The
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predictions for the vector boson masses, cross sections, and the Z resonance observables like the
width of the Z resonance, partial widths, effective neutral current coupling constants and mixing
angles at the Z peak, and address the study of the vector-boson self-interaction. Comparisons
with the recent experimental data are shown and their implications for the Higgs sector are
discussed. Giving an outlook, as a successful example of physics beyond the Standard Model
the MSSM is briefly disussed in the light of precision data.

2. Formulation of the Standard Model
2.1. The classical Lagrangian
The fundamental fermions, as families with left-handed doublets and right-handed singlets,
appear as the fundamental representation of the group SU(2)×U(1),

(
νe

e

)
L

,

(
νμ

μ

)
L

,

(
ντ

τ

)
L

, eR, μR, τR

(
u
d

)
L

,

(
c
s

)
L

,

(
t
b

)
L

, uR, dR, cR, · · ·

They can be classified by the quantum numbers of the weak isospin I, I3, and the weak
hypercharge Y . The Gell-Mann–Nishijima relation establishes the relation of these basic
quantum numbers to the electric charge Q:

Q = I3 +
Y

2
. (1)

This structure can be incorporated in a gauge invariant field theory of the unified electromagnetic
and weak interactions by interpreting SU(2)×U(1) as the group of gauge transformations under
which the Lagrangian is invariant. This full symmetry has to be broken by the Higgs mechanism
down to the electromagnetic gauge symmetry; otherwise the W±, Z bosons would be massless.
The minimal formulation, the Standard Model, requires a single Higgs field which is a doublet
under SU(2).

According to the general principles of constructing a gauge invariant field theory with
spontaneous symmetry breaking, the gauge, Higgs, and fermion parts of the electroweak
Lagrangian

Lcl = LG + LH + LF (2)

are specified in the following way:
Gauge fields. SU(2)×U(1) is a non-Abelian group which is generated by the isospin operators
I1, I2, I3 and the hypercharge Y (the elements of the corresponding Lie algebra). Each of these
generalized charges is associated with a vector field: a triplet of vector fields W 1,2,3

μ with I1,2,3

and a singlet field Bμ with Y . The isotriplet W a
μ , a = 1, 2, 3, and the isosinglet Bμ lead to the

field strength tensors
W a

μν = ∂μW
a
ν − ∂νW

a
μ + g2 εabcW

b
μW

c
ν ,

Bμν = ∂μBν − ∂νBμ. (3)

g2 denotes the non-Abelian SU(2) gauge coupling constant and g1 the Abelian U(1) coupling.
From the field tensors (3) the pure gauge field Lagrangian

LG = −1
4
W a

μνW
μν,a − 1

4
BμνB

μν (4)

is formed, which is invariant under non-Abelian gauge transformations.
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Fermion fields and fermion–gauge interactions. The left-handed fermion fields of each lepton
and quark family

ψL
j =

(
ψL

j+

ψL
j−

)

with family index j are grouped into SU(2) doublets with component index σ = ±, and the
right-handed fields into singlets

ψR
j = ψR

jσ.

Each left- and right-handed multiplet is an eigenstate of the weak hypercharge Y such that the
relation (1) is fulfilled. The covariant derivative

Dμ = ∂μ − i g2 IaW
a
μ + i g1

Y

2
Bμ (5)

induces the fermion–gauge field interaction via the minimal substitution rule

LF =
∑
j

ψ̄L
j iγ

μDμψ
L
j +

∑
j,σ

ψ̄R
jσiγ

μDμψ
R
jσ . (6)

Higgs field and Higgs interactions. For spontaneous breaking of the SU(2)×U(1) symmetry
leaving the electromagnetic gauge subgroup U(1)em unbroken, a single complex scalar doublet
field with hypercharge Y = 1

Φ(x) =
(
φ+(x)
φ0(x)

)
(7)

is coupled to the gauge fields through

LH = (DμΦ)+(DμΦ) − V (Φ) (8)

with the covariant derivative

Dμ = ∂μ − i g2 IaW
a
μ + i

g1
2
Bμ .

The Higgs field self-interaction

V (Φ) = −μ2 Φ+Φ +
λ

4
(Φ+Φ)2 (9)

is constructed in such a way that Φ has a non-vanishing vacuum expectation value

< Φ >=
1√
2

(
0
v

)
with v =

2μ√
λ
. (10)

The field (7) can be written in the following way:

Φ(x) =

(
φ+(x)

(v +H(x) + iχ(x))/
√

2

)
, (11)

where the components φ+, H, χ have vacuum expectation values zero. Exploiting the invariance
of the Lagrangian, the components φ+, χ can be gauged away; this means that they are
unphysical (Higgs ghosts or would-be Goldstone bosons). In this particular gauge, the unitary
gauge, the Higgs field has the simple form

Φ(x) =
1√
2

(
0

v +H(x)

)
.
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The real field H(x) describes physical neutral scalar particles with mass

MH = μ
√

2. (12)

The Higgs field components have triple and quartic self couplings following from V , and couplings
to the gauge fields via the kinetic term of Eq. (8).

In addition, Yukawa couplings to fermions are introduced in order to make the charged
fermions massive. The Yukawa term is conveniently expressed in the doublet field components
(7), for one family of leptons and quarks given by (φ− denotes the adjoint of φ+)

LYukawa = −gl (νL φ
+ lR + lR φ

− νL + lL φ
0 lR + lR φ

0∗ lL)
= − gd (uL φ

+ dR + dR φ
− uL + dL φ

0 dR + dR φ
0∗ dL)

− gu (−uR φ
+ dL − dL φ

− uR + uR φ
0 uL + uL φ

0∗ uR) . (13)

The fermion mass terms follow from the v-part of φ0. The Yukawa coupling constants gl,d,u are
related to the masses of the charged fermions by

mf = gf
v√
2

=
√

2
gf

g2
MW . (14)

In the unitary gauge the Yukawa Lagrangian is particularly simple:

LYukawa = −
∑
f

mf ψ̄fψf −
∑
f

mf

v
ψ̄fψf H . (15)

As a remnant of this mechanism, Yukawa interactions between the massive fermions and the
physical Higgs field occur with coupling constants proportional to the fermion masses.
Physical fields and parameters. The gauge invariant Higgs–gauge field interaction in the kinetic
part of Eq. (8) gives rise to mass terms for the vector bosons in the non-diagonal form

1
2

(
g2
2
v

)2

(W 2
1 +W 2

2 ) +
v2

4

(
W 3

μ , Bμ

)( g2
2 g1g2

g1g2 g2
1

)(
W 3

μ

Bμ

)
. (16)

The physical content becomes transparent by performing a transformation from the fields W a
μ ,

Bμ (in terms of which the symmetry is manifest) to the physical fields

W±
μ =

1√
2

(W 1
μ ∓ iW 2

μ) (17)

and (
Zμ

Aμ

)
=
(

cos θW sin θW

− sin θW cos θW

)(
W 3

μ

Bμ

)
. (18)

In these fields the mass term (16) is diagonal and has the form

M2
W W+

μ W
−μ +

1
2

(Aμ, Zμ)
(

0 0
0 M2

Z

)(
Aμ

Zμ

)
(19)

with

MW =
1
2
g2v , (20)

MZ =
1
2

√
g2
1 + g2

2 v .
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The mixing angle in the rotation (18) is given by

cos θW =
g2√
g2
1 + g2

2

=
MW

MZ
. (21)

Identifying Aμ with the photon field which couples via the electric charge e =
√

4πα to the
electron, e can be expressed in terms of the gauge couplings in the following way,

e =
g1g2√
g2
1 + g2

2

, or g2 =
e

sin θW
, g1 =

e

cos θW
. (22)

The relations above allow us to replace the original set of parameters g2, g1, λ, μ2, gf by the
equivalent set of more physical parameters e, MW , MZ , MH , mf where each of them can (in
principle) directly be measured in a suitable experiment.

An additional very precisely measured parameter is the Fermi constant Gμ, which is the
effective 4-fermion coupling constant in the the Fermi model, measured via the muon lifetime
(see section 4.1),

Gμ = 1.16637(1) · 10−5 GeV−2 . (23)

Consistency of the Standard Model at q2 �M2
W with the Fermi model requires the identification

Gμ√
2

=
e2

8 sin2 θWM2
W

, (24)

which allows us to relate the vector boson masses to the parameters α, Gμ, and sin2 θW as
follows,

M2
W =

πα√
2Gμ

· 1
sin2 θW

M2
Z =

πα√
2Gμ

· 1
sin2 θW cos2 θW

, (25)

and thus to establish also the MW –MZ interdependence:

M2
W

(
1 − M2

W

M2
Z

)
=

πα√
2Gμ

. (26)

2.2. Quantization
Since the S- matrix element for any physical process is a gauge-invariant quantity, it is possible
to work in the unitary gauge with no unphysical particles in internal lines. For a systematic
treatment of the quantization of Lcl and for higher order calculations, however, one better refers
to a renormalizable gauge. This can be done by adding to Lcl a gauge-fixing Lagrangian, for
example

Lfix = −1
2

(
F 2

γ + F 2
Z + 2F+F−

)
(27)

with linear gauge fixings of the ’t Hooft type:

F± =
1√
ξW

(
∂μW±

μ ∓ iMW ξWφ±
)

FZ =
1√
ξZ

(
∂μZμ −MZξ

Zχ
)

Fγ =
1√
ξγ
∂μAμ (28)
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with arbitrary parameters ξW,Z,γ . In this class of ’t Hooft gauges, the vector boson propagators
have the form

i

k2 −M2
V

(
−gμν +

(1 − ξV )kμkν

k2 − ξVM2
V

)
=

i

k2 −M2
V

(
−gμν +

kμkν

k2

)
+

iξV

k2 − ξVM2
V

kμkν

k2
, (29)

and the propagators for the unphysical Higgs fields are given by

i

k2 − ξWM2
W

for φ±

i

k2 − ξZM2
Z

for χ0 . (30)

Higgs–vector boson transitions do not occur in the ’t Hooft gauge.
For completion of the renormalizable Lagrangian, the Faddeev-Popov ghost term Lgh has to

be added [5] in order to balance the undesired effects in the unphysical components introduced
by Lfix :

L = Lcl + Lfix + Lgh (31)

where
Lgh = ūα(x)

δFα

δθβ(x)
uβ(x) (32)

with ghost fields uγ , uZ , u±, and δF α

δθβ being the change of the gauge fixing operators (28) under
infinitesimal gauge transformations characterized by θα(x) = {θa(x), θY (x)}.

In the ’t Hooft-Feynman gauge (ξ = 1) the vector boson propagators (29) become particularly
simple: the transverse and longitudinal components, as well as the propagators for the unphysical
Higgs fields φ±, χ and the ghost fields u±, uZ , have poles which coincide with the masses of the
corresponding physical particles W± and Z.

2.3. Feynman rules for propagators and fermionic vertices
Expressed in terms of the physical parameters we can write down the Lagrangian

L(Aμ,W
±
μ , Zμ, H, φ

±, χ, u±, uZ , uγ ; MW ,MZ , e, . . .)

in a way which allows us to read off the propagators and the vertices most directly. In the Rξ=1

gauge, the vector boson propagators have the particularly simple algebraic form ∼ gμν .
Fermion–gauge interactions:

Jμ
emAμ : −i eQfγμ

Jμ
NC Zμ : i

e

2 sin θW cos θW
γμ(vf − afγ5)

Jμ
CC Wμ : i

e

2
√

2 sin θW

γμ(1 − γ5)Vjk (33)

Fermion–Higgs interactions:

− gf√
2
f̄f H : −i gf√

2
= i

e

2 sin θW

mf

MW
(34)
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These Feynman rules provide the ingredients to calculate the lowest order amplitudes for
fermionic processes. A complete list of all interaction vertices can be found e.g. in [10].

The processes of lepton and quark pair production at high-energy colliders are basically four-
fermion processes. These are mediated by the gauge bosons (Higgs boson exchange can ne
neglected, owing to their small Yukawa couplings) and, sufficient to lowest order, defined by the
vertices for the fermions interacting with the vector bosons. They are given in the Lagrangian
above for the electromagnetic, neutral and charged current interactions. The neutral current
coupling constants in (33) read

vf = If
3 − 2Qf sin2 θW ,

af = If
3 . (35)

Qf and If
3 denote the charge and the third isospin component of fL. The quantities Vjk in the

charged current vertex are the elements of the unitary CKM matrix

VCKM =

⎛
⎝ Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

⎞
⎠ (36)

which describes family mixing in the quark sector [3]. Its origin is the diagonalization of the
quark mass matrices from the Yukawa coupling which appears since quarks of the same charge
have different masses. For massless neutrinos no mixing in the leptonic sector is present. Owing
to the unitarity of VCKM the mixing is absent in the neutral current.

3. Higher-order calculations
3.1. Dimensional regularization
In this section we provide some technical details for the calculation of radiative corrections for
electroweak precision observables. The methods used are essentially based on the work of [6]
and [7].

The diagrams with closed loops occuring in higher order perturbation theory involve integrals
over the loop momentum. These integrals are in general divergent for large integration momenta
(UV divergence). For this reason we need a regularization, which is a procedure to redefine the
integrals in such a way that they become finite and mathematically well-defined objects. The
widely used regularization procedure for gauge theories is that of dimensional regularization [8],
which is Lorentz and gauge invariant: replace the dimension 4 by a lower dimension D where
the integrals are convergent: ∫

d4k

(2π)4
→ μ4−D

∫
dDk

(2π)D
(37)

An (arbitrary) mass parameter μ has been introduced in order to keep the dimensions of the
coupling constants in front of the integrals independent of D. After renormalization the results
for physical quantities are finite in the limit D → 4.
The metric tensor in D dimensions has the property

gμ
μ = gμνg

νμ = Tr(1) = D . (38)

The Dirac algebra in D dimensions

{γμ, γν} = 2 gμν 1 (39)

13



has the consequences

γμγ
μ = D 1

γργμγ
ρ = (2 −D) γμ

γργμγνγ
ρ = 4gμν 1 − (4 −D) γμγν

γργμγνγσγ
ρ = −2 γσγνγμ + (4 −D) γμγνγσ (40)

A consistent treatment of γ5 in D dimensions is more subtle [9]. However, in theories that are
anomaly free, like the Standard Model, we can use γ5 at the one-loop level as anticommuting
with γμ,

{γμ, γ5} = 0 . (41)

3.2. Example: One- and two-point integrals
In the calculation of self-energy diagrams the following types of one-loop integrals appear:

1-point integral:

μ4−D
∫

dDk

(2π)D

1
k2 −m2

=:
i

16π2
A(m) (42)

2-point integrals:

μ4−D
∫

dDk

(2π)D

1
[k2 −m2

1][(k + q)2 −m2
2]

=:
i

16π2
B0(q2,m1,m2)

μ4−D
∫

dDk

(2π)D

kμ; kμkν

[k2 −m2
1][(k + q)2 −m2

2]
=:

i

16π2
Bμ; μν(q2,m1,m2) . (43)

The vector and tensor integrals Bμ, Bμν can be expanded into Lorentz covariants and scalar
coefficients,

Bμ = qμB1(q2,m1,m2)
Bμν = gμνB22(q2,m1,m2) + qμqνB21(q2,m1,m2) . (44)

The coefficient functions can be obtained algebraically from the scalar 1- and 2-point integrals
A and B0, yielding

B1(q2,m1,m2) =
1

2q2
[
A(m1) −A(m2) + (m2

1 −m2
2 − q2)B0(q2,m1,m2)

]

B22(q2,m1,m2) =
1
6

[
A(m2) + 2m2

1B0(q2,m1,m2)

+(q2 +m2
1 −m2

2)B1(q2,m1,m2) +m2
1 +m2

2 −
q2

3

]

B21(q2,m1,m2) =
1

3q2
[
A(m2) −m2

1B0(q2,m1,m2)

−2(q2 +m2
1 −m2

2)B1(q2,m1,m2) − m2
1 +m2

2

2
+
q2

6

]
. (45)
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Finally we have to calculate the scalar integrals A and B0. With help of the Feynman
parametrization

1
ab

=
∫ 1

0
dx

1
[ax+ b(1 − x)]2

and after a shift in the k-variable, B0 can be written in the form

i

16π2
B0(q2,m1,m2 =

∫ 1

0
dx

μ4−D

(2π)D

∫
dDk

[k2 − x2q2 + x(q2 +m2
1 −m2

2) −m2
1]2

. (46)

The advantage of this parametrization is a simpler k-integration where the integrand is only a
function of k2 = (k0)2 − �k2. In order to transform it into a Euclidean integral we perform the
substitution 1

k0 = i k0
E ,

�k = �kE , dDk = i dDkE

where the new integration momentum kE has a definite metric:

k2 = −k2
E , k2

E = (k0
E)2 + · · · + (kD−1

E )2 .

This leads us to a Euclidean integral over kE :

i

16π2
B0 = i

∫ 1

0
dx

μ4−D

(2π)D

∫
dDkE

(k2
E +Q)2

(47)

where
Q = x2q2 − x(q2 +m2

1 −m2
2) +m2

1 − iε (48)

is a constant with respect to the kE-integration.
Also the 1-point integral A in (42) can be transformed into a Euclidean integral:

i

16π2
A(m) = −i μ

4−D

(2π)D

∫
dDkE

k2
E +m2

. (49)

Both kE- integrals are of the general type

∫
dDkE

(k2
E + L)n

of rotational-invariant integrals in a D-dimensional Euclidean space. They can be evaluated in
D-dimensional polar coordinates (k2

E = R)

∫
dDkE

(k2
E + L)n

=
1
2

∫
dΩD

∫ ∞

0
dRR

D
2
−1 1

(R+ L)n
,

yielding
μ4−D

(2π)D

∫
dDkE

(k2
E + L)n

=
μ4−D

(4π)D/2
· Γ(n− D

2 )
Γ(n)

· L−n+ D
2 . (50)

The singularities of our initially 4-dimensional integrals are now recovered as poles of the Γ-
function for D = 4 and values n ≤ 2.
1 The iε-prescription in the masses ensures that this is compatible with the pole structure of the integrand.
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Although the l.h.s. of Eq. (50)as a D-dimensional integral is sensible only for integer values
of D, the r.h.s. has an analytic continuation in the variable D: it is well defined for all complex
values D with n− D

2 �= 0,−1,−2, . . ., in particular for

D = 4 − ε with ε > 0 .

For physical reasons we are interested in the vicinity of D = 4. Hence we consider the limiting
case ε → 0 and perform an expansion around D = 4 in powers of ε. For this task we need the
following properties of the Γ-function at x→ 0:

Γ(x) =
1
x

− γ + O(x) ,

Γ(−1 + x) = − 1
x

+ γ − 1 + O(x) (51)

with
γ = −Γ′(1) = 0.577 . . .

known as Euler’s constant.

n = 1:
Combining (49) and (50) we obtain the scalar 1-point integral for D = 4 − ε:

A(m) = − με

(4π)−ε/2
· Γ(−1 + ε

2)
Γ(1)

·
(
m2
)1−ε/2

= m2

(
2
ε
− γ + log 4π − log

m2

μ2
+ 1

)
+ O(ε)

≡ m2

(
Δ − log

m2

μ2
+ 1

)
+ O(ε) (52)

Here we have introduced the abbreviation for the singular part

Δ =
2
ε
− γ + log 4π . (53)

n = 2 :
For the scalar 2-point integral B0 we evaluate the integrand of the x-integration in Eq. (46) with
help of Eq. (50) as follows:

με

(4π)2−ε/2
· Γ( ε

2)
Γ(2)

·Q−ε/2 =
1

16π2

(
2
ε
− γ + log 4π − log

Q

μ2

)
+ O(ε)

=
1

16π2

(
Δ − log

Q

μ2

)
+ O(ε) . (54)

Since the O(ε) terms vanish in the limit ε→ 0 we skip them in the following formulae. Insertion
into Eq. (46 with Q from Eq. (48) yields:

B0(q2,m1,m2) = Δ −
∫ 1

0
dx log

x2q2 − x(q2 +m2
1 −m2

2) +m2
1 − iε

μ2
. (55)

The explicit analytic formula can be found e.g. in [10].
For the calculation of one-loop amplitudes also 3- and 4-point functions have to be included.

In low energy processes, like muon decay or neutrino scattering, where the external momenta
can be neglected in view of the internal gauge boson masses, the 3-point and 4-point integrals
can immediately be reduced to 2-point integrals. The analytic results for the γ(Z)ff vertices
can be found in the literature [20]. Massive box diagrams are negligible around the Z resonance.
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3.3. Vector boson self-energies
The diagrams contributing to the self energies of the photon, W, Z and the photon–Z transition
contain fermion, vector boson, Higgs and ghost loops. Here we consider the fermion loops in
more detail, since they yield the biggest contributions.
Photon self-energy. We give the expression for a single fermion with charge Qf and mass m.
The total contribution is obtained by summing over all fermions. Evaluating the fermion loop
diagram we obtain

Σγ(q2) =
α

π
Q2

f {−A(m) +
q2

2
B0(q2,m,m) + 2B22(q2,m,m)}

=
α

3π
Q2

f

{
q2
(

Δ − log
m2

μ2

)
+ (q2 + 2m2) B̄0(q2,m,m) − q2

3

}
. (56)

B̄0 denotes the finite function in the following decomposition of (55) for equal masses,

B0(q2,m,m) = Δ − log
m2

μ2
+ B̄0(q2,m,m) . (57)

The dimensionless quantity

Πγ(q2) =
Σγ(q2)
q2

(58)

is usually denoted as the photon vacuum polarization. Simple expressions arise from Eq. (56)
for special situations of practical interest:

• light fermions (|q2| 
 m2):

Πγ(q2) =
α

3π
Q2

f

(
Δ − log

m2

μ2
+

5
3
− log

|q2|
m2

+ iπ θ(q2)

)
(59)

• heavy fermions (|q2| � m2):

Πγ(q2) =
α

3π
Q2

f

(
Δ − log

m2

μ2
+

q2

5m2

)
(60)

Photon–Z mixing. Each charged fermion yields a contribution

ΣγZ(q2) = (61)

− α

3π
vfQf

2sW cW

{
q2
(

Δ − log
m2

μ2

)
+ (q2 + 2m2) B̄0(q2,m,m) − q2

3

}
.

As in the photon case, the fermion-loop contribution vanishes for q2 = 0.
Z and W self energies. We give the formulae for a single doublet, leptons or quarks, with
m±, Q±, v±, a± denoting mass, charge, vector and axial vector coupling of the up(+) and the
down(–) member. At the end, we have to perform the sum over the various doublets, including
colour summation.

ΣZ(q2) =
α

π

∑
f=+,−

{ v2
f + a2

f

4s2W c2W

[
2B22(q2,mf ,mf ) +

q2

2
B0(q2,mf ,mf )
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−A(mf )] − m2
f

8s2W c2W
B0(q2,m2

f ,m
2
f ) } ,

ΣW (q2) =
α

π
· 1
4s2W

{ 2B22(q2,m+,m−) − A(m+) +A(m−)
2

+
q2 −m2

+ −m2−
2

B0(q2,m+,m−) } . (62)

The one-loop contribution to the ρ parameter [11]

Δρ =
ΣZ(0)
M2

Z

− ΣW (0)
M2

W

(63)

is finite as far as the leading fermion contribution is considered. For the top quark the expressions
above yield

Δρ = NC
α

16πs2W c2W

m2
t

M2
Z

. (64)

3.4. Renormalization at one-loop order
The Lagrangian of the minimal SU(2)×U(1) model involves a certain number of free parameters
which are not fixed by the theory. The definition of these parameters and their relation
to measurable quantities is the content of a renormalization scheme. The parameters (or
appropriate combinations) can be determined from specific experiments with help of the
theoretical results for cross sections and lifetimes. After this procedure of defining the physical
input, other observables can be predicted allowing verification or falsification of the theory by
comparison with the corresponding experimental results.

In higher order perturbation theory the relations between the formal parameters and
measureable quantities are different from the tree level relations in general. Moreover, the
procedure is obscured by the appearence of divergences from the loop integrations. For a
mathematically consistent treatment one has to regularize the theory, e.g. by dimensional
regularization (performing the calculations in D dimensions). But then the relations between
physical quantities and the parameters become cutoff dependent. Hence, the parameters of the
basic Lagrangian, the “bare” parameters, have no physical meaning. The standard treatment is
to replace the bare parameters by renormalized ones by writing for each parameter g0

g0 = Zg g = g + δg (65)

with a renormalization constants Zg different from 1 by a one-loop term. The renormalized
parameters g are finite and fixed by a set of renormalization conditions. The decomposition (65)
is to a large extent arbitrary. Only the divergent parts are determined directly by the structure
of the divergences of the one-loop amplitudes. The finite parts depend on the choice of the
explicit renormalization conditions.

In QED and in the electroweak theory, classical Thomson scattering and the particle
masses set natural scales where the parameters can be defined. In QED the favoured
renormalization scheme is the on-shell scheme where e =

√
4πα and the electron mass are

used as input parameters. In the electroweak Standard Model a distinguished set for parameter
renormalization is given in terms of e,MZ ,MW ,MH ,mf with the masses of the corresponding
particles. This electroweak on-shell scheme is the straight-forward extension of the familiar QED
renormalization, first proposed by Ross and Taylor [12] and used in many practical applications
[6,10,13-21]. The mass of the Higgs boson, as long as it is experimentally unknown, is treated as
a free input parameter. The light quark masses can only be considered as effective parameters.
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In the cases of practical interest they can be replaced in terms of directly measured quantities
like the cross section for e+e− → hadrons.

Instead of choosing e, MW , MZ as basic free parameters one may alternatively use as basic
parameters α, Gμ, MZ [22] or α, Gμ, sin2 θW with the mixing angle deduced from neutrino-
electron scattering [23] or perform the loop calculations in the MS scheme [24-27]. The following
discussion is based on the on-shell scheme.
Mass renormalization. The vector-boson masses are part of the propagators; we thus have to
investigate the effects of the W and Z self-energies. We restrict our discussion to the transverse
parts ∼ gμν . In the electroweak theory, differently from QED, the longitudinal components
∼ qμqν of the vector boson propagators do not give zero results in physical matrix elements.
But for light external fermions the contributions are suppressed by (mf/MZ)2 and we are allowed
to neglect them. Writing the self-energies as

ΣW,Z
μν = gμνΣW,Z + · · · (66)

with scalar functions ΣW,Z(q2) we have for the one-loop propagators

−igμσ

q2 −M2
V

(
−iΣV

ρσ

) −igρν

q2 −M2
V

=
−igμν

q2 −M2
V

(
−ΣV (q2)
q2 −M2

V

)
, V = W,Z (67)

(the factor −i in the self energy insertion is a convention). Besides the fermion loop contributions
in the electroweak theory there are also the non-Abelian gauge boson loops and loops involving
the Higgs boson. The Higgs boson and the top quark thus enter the 4-fermion amplitudes as
experimentally unknown objects at the level of radiative corrections and have to be treated
as additional free parameters. In the graphical representation, the self-energies for the vector
bosons denote the sum of all the diagrams with virtual fermions, vector bosons, Higgs and
ghost loops. Resumming all self energy-insertions yields a geometrical series for the dressed
propagators:

−igμν

q2 −M2
V

⎡
⎣1 +

(
−ΣV

q2 −M2
V

)
+

(
−ΣV

q2 −M2
V

)2

+ · · ·
⎤
⎦

=
−igμν

q2 −M2
V + ΣV (q2)

. (68)

The self-energies have the following properties:

• ImΣV (M2
V ) �= 0 for both W and Z. This is because W and Z are unstable particels and

can decay into pairs of light fermions. The imaginary parts correspond to the total decay
widths of W, Z and remove the poles from the real axis.

• ReΣV (M2
V ) �= 0 for both W and Z and they are UV divergent.

The second feature tells us that the locations of the poles in the propagators are shifted by
the loop contributions. Consequently, the principal step in mass renormalization consists in a
re-interpretation of the parameters: the masses in the Lagrangian cannot be the physical masses
of W and Z but are the bare masses, related to the physical masses MW , MZ by

M0 2
W = M2

W + δM2
W (69)

M0 2
Z = M2

Z + δM2
Z

with counterterms of one-loop order. The correct propagators according to this prescription are
given by

−igμν

q2 −M0 2
V + ΣV (q2)

=
−igμν

q2 −M2
V − δM2

V + ΣV (q2)
(70)
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instead of Eq. (45). The renormalization conditions which ensure that MW,Z are the physical
masses fix the mass counterterms to be

δM2
W = Re ΣW (M2

W ) (71)
δM2

Z = Re ΣZ(M2
Z) .

In this way, two of our input parameters and their counterterms have been defined. From the
photon self-energy Σγ(q2) no mass term arises for the photon since it behaves like

Σγ(q2) � q2 Πγ(0)

for q2 → 0 leaving the pole at q2 = 0 in the propagator. The absence of mass terms for the
photon in all orders is a consequence of the unbroken electromagnetic gauge invariance.
Charge renormalization. Our third input parameter is the electromagnetic charge e. The
electroweak charge renormalization is very similar to that in pure QED. As in QED, we want to
maintain the definition of e as the classical charge in the Thomson cross section. Accordingly,
the Lagrangian carries the bare charge e0 = e+ δe with the charge counter term δe of one-loop
order. The charge counter term δe has to absorb the electroweak loop contributions to the eeγ
vertex in the Thomson limit. This charge-renormalization condition is simplified by the validity
of a generalization of the QED Ward identity [28] which implies that those corrections related
to the external particles cancel each other. Thus for δe only two universal contributions are left:

δe

e
=

1
2

Πγ(0) − sW

cW

ΣγZ(0)
M2

Z

. (72)

The first term, quite in analogy to QED, is given by the vacuum polarization of the photon.
But now, besides the fermion loops, it contains also bosonic loop diagrams from W+W− virtual
states and the corresponding ghosts. The second term contains the mixing between photon and
Z, in general described as a mixing propagator, with ΣγZ normalized as

ΔγZ
μν =

−igμν

q2

(
−ΣγZ(q2)
q2 −M2

Z

)
.

The fermion loop contributions to ΣγZ vanish at q2 = 0; only the non-Abelian bosonic loops
yield ΣγZ(0) �= 0.

In summary, for electroweak one-loop calculations L has to be considered as the bare
Lagrangian of the theory L(e0,M0

W ,M0
Z , . . .) with bare parameters, which are related to the

physical ones by

e0 = e+ δe, M0 2
W = M2

W + δM2
W , M0 2

Z = M2
Z + δM2

Z . (73)

The counter terms are fixed in terms of a certain subset of 1-loop diagrams by specifying the
definition of the physical parameters. For any 4-fermion process we can write down the 1-loop
matrix element with the bare parameters and the loop diagrams for this process. Together
with the counter terms the matrix element is finite when expressed in terms of the physical
parameters, i.e. all UV singularities are removed.

4. The vector boson masses at higher order
4.1. One-loop corrections to the muon lifetime
The interdependence between the gauge boson masses MW ,MZ is established through the
accurately measured muon lifetime or, equivalently, the Fermi constant Gμ, in lowest order
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given by Eq. (24). Originally, the μ lifetime τμ was calculated within the framework of the
effective four-point Fermi interaction. Beyond the long-standing one-loop QED corrections [29],
the two-loop QED corrections in the Fermi model have also become available [30], yielding the
expression (the error in the two-loop term is from the hadronic uncertainty)

1
τμ

=
G2

μm
5
μ

192π3

(
1 − 8m2

e

m2
μ

)
·KQED ,

KQED = 1 + 1.810
α(mμ)
π

+ (6.701 ± 0.002)
(
α(mμ)
π

)2

. (74)

This formula is the defining equation for Gμ in terms of the experimental μ lifetime, from which
the value in Eq. (23) is obtained [30].

In higher order, Gμ is given by the expression

Gμ√
2

=
e20
√

2
8s0 2

WM0 2
W

[
1 +

ΣW (0)
M2

W

+ (vertex, box)

]
(75)

involving the the bare parameters (73) and the bare mixing angle s0 2
W in (76); the vertex

corrections and box diagrams in the decay amplitude are indicated by the term (vertex, box).
Thereby, a set of infra-red divergent QED-correction graphs has to be removed. These omitted
diagrams, together with the real bremsstrahlung contributions, reproduce the QED-correction
factor of the Fermi-model result in Eq. (74); they have no influence on the relation between Gμ

and the Standard Model parameters and are not part of (75).
Evaluating Eq. (75) to one-loop order by expanding the bare parameters (73) to first order

in the counterterms, including

s0 2
W = 1 − M0 2

W

M0 2
Z

= s2W + c2W

(
δM2

Z

M2
Z

− δM2
W

M2
W

)
, (76)

and keeping only terms of one-loop order in Eq. (75) yields

Gμ√
2

=
e2

8s2WM2
W

·

·
[
1 + 2

δe

e
− c2W
s2W

(
δM2

Z

M2
Z

− δM2
W

M2
W

)
+

ΣW (0) − δM2
W

M2
W

+ (vertex, box)

]

≡ e2

8s2WM2
W

· [1 + Δr] , (77)

the one-loop version of Eq. (24), first calculated in [14]. The quantity Δr is a finite combination
of loop diagrams and counterterms. Inserting the counterterms from the previous section and
adding the vertex and box contributions one obtains

Δr = Πγ(0) − c2W
s2W

(
δM2

Z

M2
Z

− δM2
W

M2
W

)
+

ΣW (0) − δM2
W

M2
W

+2
cW
sW

ΣγZ(0)
M2

Z

+
α

4πs2W

(
6 +

7 − 4s2W
2s2W

log c2W

)
. (78)

Δr = Δr(e,MW ,MZ ,MH ,mt) depends on the entire set of on-shell parameters. The mass of
the Higgs boson MH enters, as an experimentally unknown parameter, via the vector boson
self-energies.
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4.2. Light and heavy fermions
The photon vacuum polarization is a basic entry in the predictions for electroweak precision
observables. The difference

Re Π̂γ(M2
Z)) = Re Πγ(M2

Z) − Πγ(0) (79)

is a finite quantity. The purely fermionic part corresponds to standard QED and does not
depend on the details of the electroweak theory. It can be split into a leptonic and a hadronic
contribution

Re Π̂γ(M2
Z)ferm = Re Π̂γ

lept(M
2
Z) + Re Π̂γ

had(M
2
Z) . (80)

The top quark is by convention not included in the hadronic part; according to Eq. (60) it
provides a a small non-logarithmic additional contribution

Π̂γ
top(M

2
Z) � α

π
Q2

t

M2
Z

5m2
t

� 0.6 · 10−4 . (81)

The quantity

Δα = Δαlept + Δαhad

= −Re Π̂γ
lept(M

2
Z) − Re Π̂γ

had(M
2
Z) (82)

represents a QED-induced shift in the electromagnetic fine structure constant

α → α(1 + Δα) , (83)

which can be resummed according to the renormalization group, accommodating all the leading
logarithms of the type αn logn(MZ/mf ). The result is an effective fine structure constant at the
Z mass scale:

α(M2
Z) =

α

1 − Δα
. (84)

It corresponds to a resummation of the iterated 1-loop vacuum polarization from the light
fermions to all orders.

Δα is an input of crucial importance because of its universality and of its remarkable size of
∼ 0.06. The leptonic content can be directly evaluated in terms of the known lepton masses,
yielding at one loop order from Eq. (59)

Δαlept =
∑


=e,μ,τ

α

3π

(
log

M2
Z

m2



− 5
3

)
+ O

(
m2




M2
Z

)
. (85)

The 2-loop correction has been known already for a long time [31], and also the 3-loop
contribution is now available [32], yielding altogether

Δαlept = 314.97687 · 10−4 . (86)

For the light hadronic part, perturbative QCD is not applicable and quark masses are no
reasonable input parameters. Instead, the 5-flavour contribution to Π̂γ

had can be derived from
experimental data with the help of a dispersion relation

Δαhad = − α

3π
M2

Z Re
∫ ∞

4m2
π

ds′
Rγ(s′)

s′(s′ −M2
Z − iε)

(87)
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with

Rγ(s) =
σ(e+e− → γ∗ → hadrons)
σ(e+e− → γ∗ → μ+μ−)

as an experimental input quantity for low energy range. Integrating over data for the low-
energy range and applying perturbative QCD for the high-energy region above, the expression
(87) yields the value [33,34]

Δαhad = −0.02758 ± 0.00035 . (88)

Because of the lack of precision in the experimental data a large uncertainty is associated with
the value of Δαhad, which propagates into the theoretical error of the predictions of electroweak
precision observables.

The contribution from the heavy quark doublet (t, b) to Δr, utilizing the formulae of
section 3.3, can be written in the following way as far as the leading terms are concerned:

(Δr)b,t = −ReΠ̂γ
b (M2

Z) − c2W
s2W

Δρ + · · · (89)

with Δρ from Eq. (64). The first term is the b-quark contribution to the effective charge and is
already contained in Δα.

Thus we have got a simple form for Δr with respect to the the light- and heavy-fermion
terms:

Δr = Δα− c2W
s2W

Δρ+ (Δr)remainder . (90)

Δα contains the large logarithmic corrections from the light fermions and Δρ the leading
quadratic correction from a large top mass. All other terms are collected in the (Δr)remainder.
It should be noted that the remainder also contains a term logarithmic in the top mass (for
which our approximation above was too crude) which is not negligible

(Δr)top
remainder = − α

4πs2W

(
c2W
s2W

− 1
3

)
log

mt

MZ
+ · · · (91)

Also the Higgs boson contribution is part of the remainder. For large MH , it increases only
logarithmically (“screening” of a heavy Higgs [35]):

(Δr)Higgs
remainder � α

16πs2W
· 11

3

(
log

M2
H

M2
W

− 5
6

)
. (92)

The typical size of (Δr)remainder is of the order ∼ 0.01.

4.3. Higher order contributions
(i) Summation of large Δα terms: The replacement of the Δα-part

1 + Δα → 1
1 − Δα

of the 1-loop result in Eq. (87) correctly takes into account all orders in the leading
logarithmic corrections (Δα)n, as can be shown by renormalization group arguments
[36] The evolution of the electromagnetic coupling with the scale μ is described by the
renormalization group equation

μ
dα

dμ
= − β0

2π
α2 (93)
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with the coefficient of the 1-loop β-function in QED

β0 = −4
3

∑
f �=t

Q2
f . (94)

The solution of the RGE contains the leading logarithms in the resummed form. It
corresponds to the replacement α→ α(M2

Z), see eq. (84). It corresponds to a resummation
of the iterated 1-loop vacuum polarization to all orders.

(ii) Summation of large Δρ terms: Since the top quark is heavy, also Δρ is large and powers of
(Δρ) are not negligible. A result correct in the leading terms up to O(α2) is given by the
independent resummation [37]

1
1 − Δr

→ 1
1 − Δα

· 1

1 + c2W
s2
W

Δρ
+ (Δr)remainder (95)

where

Δρ = 3xt[1 + δρ(2) + δρ(3)], xt =
Gμm

2
t

8π2
√

2
(96)

incorporates the result from electroweak two-loop [38-40] and three-loop [41,42] one-particle-
irreducible diagrams. With the resummed ρ-parameter

ρ =
1

1 − Δρ
, (97)

Eq. (95) is compatible with the following form of the MW –MZ interdependence

Gμ =
π√
2

α(M2
Z)

M2
W

(
1 − M2

W

ρM2
Z

) · [1 + (Δr)remainder] , (98)

with α(M2
Z) in (84). It is interesting to compare this result with the corresponding lowest

order MW –MZ correlation in a more general model with a tree level ρ-parameter ρ0 �= 1:
the tree-level ρ0 enters in the same way as the ρ from a heavy top in the minimal model. In
the minimal model, however, ρ is calculable in terms of mt,MH whereas ρ0 is an additional
free parameter.

(iii) QCD corrections: Virtual gluons contribute to the quark loops in the vector boson self-
energies from the 2-loop level on. For the light quarks this QCD correction is already
contained in the result for the hadronic vacuum polarization from the dispersion integral, Eq.
(93). Fermion loops involving the top quark get additional O(ααs) corrections which have
been calculated perturbatively [46]. The dominating term represents the QCD correction
to the leading m2

t term of the ρ-parameter and can be incorporated by writing instead of
Eq. (96):

Δρ = 3xt · [1 + ρ(2) + ρ(3) + δρQCD] (99)

The QCD term contributions [41,43-45] reads:

δρQCD = − αs(μ)
π

c1 +
(
αs(μ)
π

)2

c2(μ) + · · · (100)

with

c1 =
2
3

(
π2

3
+ 1

)
= 2.8599 (101)
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and the three-loop coefficent [44]

c2 = −14.59 for μ = mt and 6 flavors (102)

with the on-shell top mass mt. The dots indicate higher-order QCD and mixed electroweak-
QCD terms [41,45]. As part of the higher order irreducible contributions to ρ, the QCD
correction is resummed together with the electroweak 2-loop irreducible term as indicated
in Eq. (95).
Beyond the Gμm

2
tαs approximation through the ρ-parameter, the complete O(ααs)

corrections to the self energies are available from perturbative calculations [46] and by means
of dispersion relations [47]. Also non-leading terms to Δr of O(α2

s) have been computed [48].
(iv) Non-leading elctroweak two-loop terms: During the last years, the complete electroweak

two-loop result in the Standard Model for Δr has become available: the fermionic two-loop
terms [49] with all two-loop diagrams for the muon-decay amplitude containing at least one
closed fermion loop, and the residual class of the two-loop purely bosonic diagrams [50,51].
Their influence is displayed in Figure 1 for the fermionic and in Figure 2 for the bosonic
contributions, in terms of Δr and MW .
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Figure 1. Various stages of Δr, as a function of MH . The one-loop contribution, Δr(α), is
supplemented by the two-loop and three-loop QCD corrections, Δr(α)

QCD ≡ Δr(ααs) + Δr(αα2
s),

and the fermionic electroweak two-loop contributions, Δr(α
2) ≡ Δr(Nfα

2) + Δr(N
2
f α2). For

comparison, the effect of the two-loop corrections induced by a resummation of Δα, Δr(α
2)

Δα ,
is shown separately.

5. Z boson observables
5.1. Effective Z couplings
A gauge invariant subset of the 1-loop diagrams to e+e− → ff̄ are the QED corrections: The
sum of the virtual photon loop graphs is UV finite but IR (= infra-red) divergent because of the
massless photon. The IR-divergence is cancelled by adding the cross section with real photon
bremsstrahlung (after integrating over the phase space for experimentally invisible photons)
which always accompanies a realistic scattering process. Since the phase space for invisible
photons is a detector dependent quantity the QED corrections cannot in general be separated
from the experimental device.
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Figure 2. The shift in MW from the two-loop bosonic contributions to Δr (from [50]).

The residual diagrams form the non-QED or weak corrections. This class is free of IR-
singularities but sensitive to the details beyond the lowest order amplitudes. The UV-singular
terms associated with the loop diagrams are cancelled by our counterterms of section 3.4, as
a consequence of renormalizability. The 1-loop amplitude for e+e− → ff̄ contains the sum of
the individual contributions to the self-energies and vertex corrections (including the external
fermion self-energies via wave function renormalization). The essential steps for getting the total
amplitude finite are: expressing the tree diagrams in terms of the bare parameters e0, M0 2

Z , s0 2
W

expanding the bare quantities according to Eqs. (73,76) and adding the loop diagrams. The
total amplitude around the Z pole can be written as the sum of a dressed photon and a dressed
Z-exchange amplitude; box diagrams are numerically not significant around the peak (relative
contribution < 10−4). For a review see [52].

The Z-exchange amplitude with effective vertices can be written in the following way:

AZ =
< J

(e)
μ > ⊗ < J (f) μ >

s−M2
Z + i sΓZ/MZ

. (103)

The s-dependence of the imaginary part is due to the s-dependence of Im ΣZ ; the linearization
is completely sufficient in the resonance region.

The factorized Z amplitude (103) contains the fermionic matrixelements of the neutral current
vertices with effective coupling constants gf

V,A, or synonymously with form factors ρf and κf :

J (f)
μ =

(√
2GμM

2
Zρf

)1/2 [
(If

3 − 2Qfs
2
Wκf )γμ − If

3 γμγ5

]
=

(√
2GμM

2
Z

)1/2
[gf

V γμ − gf
A γμγ5] . (104)

The expressions for the effective couplings are given by

gf
V =

[
vf + 2sW cW Qf

Π̂γZ(M2
Z)

1 + Π̂γ(M2
Z)

+ FZf
V

](
1 − Δr

1 + Π̂Z(M2
Z)

)1/2

,

gf
A =

[
af + FZf

A

]( 1 − Δr
1 + Π̂Z(M2

Z)

)1/2

. (105)
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The entries are the following finite combinations of 2-point functions, evaluated at s = M2
Z ,

together with Δr,

Π̂Z(s) =
Re ΣZ(s) − δM2

Z

s−M2
Z

− Πγ(0) +

c2W − s2W
s2W

(
δM2

Z

M2
Z

− δM2
W

M2
W

− 2
sW

cW

ΣγZ(0)
M2

Z

)
,

Π̂γZ(s) =
ΣγZ(s) − ΣγZ(0)

s
− cW
sW

(
δM2

Z

M2
Z

− δM2
W

M2
W

)
+ 2

ΣγZ(0)
M2

Z

(106)

and the finite vector and axial vector form factors FV,A at s = M2
Z in the vertex corrections

including also the external fermion wave function renormalizations, which can be written as

i
e

2sW cW

[
γμF

Zf
V (s) − γμγ5F

Zf
A (s) + If

3 γμ(1 − γ5) · cW
sW

ΣγZ(0)
M2

Z

]
. (107)

Owing to the imaginary parts of the self-energies and vertices, the form factors and the effective
couplings, respectively, are complex quantities. The approximation, where the couplings are
taken as real, is called the “improved Born approximation”. For the full expressions see [20].

The leading structure of the universal parts can easily be understood from the counter term
expansion in the tree-level amplitude with pare parameters:

e20
4s0 2

W c0 2
W

=
e2

4s2W c2W

[
1 + 2

δe

e
− c2W − s2W

s2W

(
δM2

Z

M2
Z

− δM2
W

M2
W

)]

=
√

2GμM
2
Z

[
1 +

δM2
Z

M2
Z

− δM2
W

M2
W

+ · · ·
]

and
δM2

Z

M2
Z

− δM2
W

M2
W

= Δρ+ · · ·

in the quadratic mt-term. Thereby, Gμ was introduced by means of Eq. (87) together with the
expression (98) for Δr, which cancels the Δα term. In a similar way one finds from Eq. (76):

s0 2
W = s2W

[
1 +

c2W
s2W

(
δM2

Z

M2
Z

− δM2
W

M2
W

)]
= s2W

[
1 +

c2W
s2W

Δρ+ · · ·
]
,

where the term in brackets is part of the κf term in Eq. (106).
The Zbb couplings: The b-quark couplings contain a non-universal part with a strong dependence
on mt [53] resulting from the virtual top quark in the vertex corrections. The difference between
the d and b couplings can be parametrized in the following way

ρb = ρd(1 + τ)2, s2b = s2d(1 + τ)−1 (108)

with the quantity
τ = Δτ (1) + Δτ (2) + Δτ (αs)

calculated perturbatively, including the complete 1-loop order term [53], with xt from Eq. (96)

Δτ (1) = −2xt − GμM
2
Z

6π2
√

2
(c2W + 1) log

mt

MW
+ · · · , (109)

and the leading electroweak 2-loop contribution of O(G2
μm

4
t ) [39,54]

Δτ (2) = −2x2
t τ

(2) , (110)

where τ (2) is a function of MH/mt with τ (2) = 9 − π2/3 for small MH .
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5.2. Mixing angles and asymmetries
The effective mixing angles

s2f = s2W Reκf

are of particular interest, since they determine the on-resonance asymmetries via the
combinations of coupling constants (the imaginary parts are dropped)

Af =
2gf

V g
f
A

(gf
V )2 + (gf

A)2
, (111)

which contain the ratios
gf
V /g

f
A = 1 − 2Qfs

2
f . (112)

Of special interest are:
– the forward–backward asymmetry

Af
FB =

σF − σB

σF + σB
(113)

with (θ denotes the scattering angle)

σF =
∫

θ>π/2
dΩ

dσ

dΩ
, σB =

∫
θ<π/2

dΩ
dσ

dΩ
. (114)

Without QED corrections, photon-exchange and Z–photon interference terms, it is given by

A0f
FB =

3
4
AeAf . (115)

– the longitudinal polarization of a final-state τ lepton

P pol
τ = Aτ , (116)

– the left–right asymmetry

ALR =
σL − σR

σL + σR
· 1
Pe

(117)

with the cross section σL(R) for longitudinally polarized, left(right)-handed, initial state
electrons, with the degree of polarization Pe. Without QED corrections, photon-exchange and
Z–photon interference terms, the on-resonance asymmetry is given by

A0
LR = Ae . (118)

The leptonic mixing angle, s2e ≡ sin θeff , usually labeled as the genuine effective mixing angle,
plays a special role as a particularly precise observable with a high sensitivity to the Higgs-boson
mass. For this reason, a prediction of at least two-loop accuracy is necessary, beyond the already
known terms through Δρ and QCD. Quite recently, complete electroweak two-loop calculations
have been accomplished [55]. The effects of the higher-order contributions are visualized in
Figure 3.

28



200 400 600 800 1000
MH�GeV�

0.2305

0.231

0.2315

0.232

0.2325

s
i
n
2

Θ
e
f
f

1loop
�QCD�lead.3loop
�2loop

Figure 3. The leptonic effective mixing angle with higher-order contributions.

5.3. Z line-shape and Z widths
The integrated cross section σ(s) for e+e− → ff̄ around the Z resonance with unpolarized
beams is obtained from the formulae of the previous section in a straight forward way, expressed
in terms of the effective vector and axial vector coupling constants. It is, however, convenient
to rewrite σ(s) in terms of the Z width and the partial widths Γe, Γf in order to have a more
model independent expression.

We concentrate on the pure Z-resonance term. It differs from a Breit-Wigner line-shape by
the s-dependence of the width. Denoting by ΓZ the total width, the pure Z-resonance part of
the integrated cross section for e+e− → ff̄ has the form

σres(s) = σ0
sΓ2

Z

(s−M2
Z)2 + s2Γ2

Z/M
2
Z

, σ0 =
12π
M2

Z

· ΓeΓf

Γ2
Z

. (119)

The s-dependent width gives rise to a dislocation of the peak maximum by � −34 GeV [56,57]
By means of the substitution [57]

s−M2
Z + isΓZ/MZ = (1 + iγ)(s− M̂2

Z + iM̂Z Γ̂Z) (120)

with
M̂Z = MZ(1 + γ2)−1/2, Γ̂Z = ΓZ(1 + γ2)−1/2, γ =

ΓZ

MZ
(121)

a genuine Breit-Wigner resonance shape is recovered:

σres(s) = σ0
sΓ̂2

Z

(s− M̂2
Z)2 + M̂2

Z Γ̂2
Z

(122)

Numerically one finds: M̂Z −MZ � −34 MeV, Γ̂Z − ΓZ � −1 MeV. σ0 is not changed. M̂Z

corresponds to the real part of the S-matrix pole of the Z-resonance [58].
From line-shape measurements one obtains the parameters MZ , ΓZ , σ0 or the partial widths,

respectively. MZ is used as a precise input parameter, together with α and Gμ; the width and
partial widths allow comparisons with the predictions of the Standard Model.

The total Z width ΓZ can be calculated essentially as the sum over the fermionic partial
decay widths. Expressed in terms of the effective coupling constants, they read up to second
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order in the fermion masses:

Γf = Γ0

[
|gf

V |2 + |gf
A|2

(
1 − 6m2

f

M2
Z

)]
·
(

1 +Q2
f

3α
4π

)
+ ΔΓf

QCD (123)

with

Γ0 = Nf
C

√
2GμM

3
Z

12π
, Nf

C = 1 (leptons), = 3 (quarks).

The QCD correction for the light quarks with mq � 0 is given by

ΔΓf
QCD = Γ0

(
|gf

V |2 + |gf
A|2
)
·KQCD (124)

with [59]

KQCD =
αs

π
+ 1.41

(
αs

π

)2

− 12.8
(
αs

π

)3

− Q2
f

4
ααs

π2
. (125)

For b quarks the QCD corrections are different, because of finite b mass terms and to top-quark-
dependent 2-loop diagrams for the axial part:

ΔΓb
QCD = ΔΓd

QCD + Γ0

[
|gb

V |2RV + |gb
A|2RA

]
. (126)

The coefficients in the perturbative expansions

RV = cV1
αs

π
+ cV2

(
αs

π

)2

+ cV3

(
αs

π

)3

+ · · · ,

RA = cA1
αs

π
+ cA2

(
αs

π

)2

+ · · ·

depending on mb and mt, are calculated up to third order in αs, except for the mb-dependent
singlet terms, which are known to O(α2

s) [60,61]. For a review of the QCD corrections to the Z
width, see [62].

The partial decay rate into b-quarks, in particular the ratio Rb = Γb/Γhad, is an observable of
special sensitivity to the top quark mass. Therefore, beyond the pure QCD corrections, also the
2-loop contributions of the mixed QCD–electroweak type, are important. The QCD corrections
were first derived for the leading term of O(αsGμm

2
t ) [63] and were subsequently completed

by the O(αs) correction to the residual terms of O(ααs) [64-66]. In the same spirit, also the
complete 2-loop O(ααs) to the partial widths into the light quarks have been obtained, beyond
those that are already contained in the factorized expression (124) with the electroweak 1-loop
couplings [67].

6. Standard Model and precision data
We now confront the Standard Model predictions for the set of precision observables with
experimental data. The Z-boson observables form LEP 1 and SLC together with MW and
the top-quark mass from LEP 2 and the Tevatron, constitute the set of high-energy quantities
entering a global precision analysis (see [68] for a recent review).

From low-energy experiments, the quantity s2W = MW /MZ can indirectly be measured in
deep-inelastic neutrino–nucleon scattering. The result of the NuTeV collaboration [69] can be
expressed as follows,

s2W = 0.2277 ± 0.0013 ± 0.0009

−0.00022
m2

t − (175 GeV)2

(50 GeV)2

+0.00032 ln(MH/150 GeV) .
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Global fits within the Standard Model to the electroweak precision data contain MH as the
only free parameter. Figure 4, showing the deviation of the individual quantities from the
Standard Model best-fit values, points out the forward-backward asymmetry for b quarks and
s2W from deep-inelastic neutrino scattering as the largest deviations from the standard model
value for the best fit.

Measurement Fit |Omeas−Ofit|/σmeas

0 1 2 3

0 1 2 3

Δαhad(mZ)Δα(5) 0.02758 ± 0.00035 0.02766

mZ [GeV]mZ [GeV] 91.1875 ± 0.0021 91.1874

ΓZ [GeV]ΓZ [GeV] 2.4952 ± 0.0023 2.4957

σhad [nb]σ0 41.540 ± 0.037 41.477

RlRl 20.767 ± 0.025 20.744

AfbA0,l 0.01714 ± 0.00095 0.01640

Al(Pτ)Al(Pτ) 0.1465 ± 0.0032 0.1479

RbRb 0.21629 ± 0.00066 0.21585

RcRc 0.1721 ± 0.0030 0.1722

AfbA0,b 0.0992 ± 0.0016 0.1037

AfbA0,c 0.0707 ± 0.0035 0.0741

AbAb 0.923 ± 0.020 0.935

AcAc 0.670 ± 0.027 0.668

Al(SLD)Al(SLD) 0.1513 ± 0.0021 0.1479

sin2θeffsin2θlept(Qfb) 0.2324 ± 0.0012 0.2314

mW [GeV]mW [GeV] 80.392 ± 0.029 80.371

ΓW [GeV]ΓW [GeV] 2.147 ± 0.060 2.091

mt [GeV]mt [GeV] 171.4 ± 2.1 171.7

Figure 4. Experimental results and pulls from a standard model fit [68]. Pull = obs(exp)-
obs(SM)/(exp.error).

The upper limit on the Higgs mass at the one-sided 95% C.L. is now MH < 166 GeV,
where the theoretical uncertainty is included (band in Figure 5). This bound is shifted to
MH < 199 GeV when the LEP-2 exclusion limit of 114 GeV is included. Thereby the hadronic
vacuum polarization in Eq. (88) has been used (solid line in Figure 5). Improvements of Δαhad

lead to a small shift in the central value; the 1σ upper bound onMH is influenced only marginally.
The reason is that, simultaneously with the shift in the central value to larger MH , the error is
reduced (see Figure 5).

As a central message, it can be concluded that the indirect determination of the Higgs mass
range has shown that the Higgs boson is light, with its mass well below the non-perturbative
regime (see section 8)

6.1. Muon anomalous magnetic moment
The anomalous magnetic moment of the muon,

aμ =
gμ − 2

2
(127)

provides a precision test at low energies. The new experimental result of E 821 at Brookhaven
National Laboratory [70] has reached a substantial improvement in accuracy. It shows a
deviation from the Standard Model prediction by 2.7 [1.4] standard deviations depending on the
evaluation of the hadronic vacuum polarization from data based on e+e− annihilation [hadronic
τ decays together with isospin rotation], see [71].
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Figure 5. Higgs mass dependence of χ2 in the global fit to precision data [68]. The shaded
band displays the error from the theoretical uncertainties.
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7. The vector-boson self-interaction
The success of the Standard Model in the correct description of the electroweak precision
observables is simultaneously an indirect confirmation of the Yang–Mills structure of the gauge
boson self-interaction. For conclusive confirmations the direct experimental investigation is
required. At LEP 2 (and higher energies), pair production of on-shell W bosons is studied
experimentally, allowing tests of the trilinear vector boson self-couplings and precise MW

measurements. For LEP 2, an error of 33 MeV in MW has been reached. Further improvements
are being obtained from the Tevatron Run II with presently 59 MeV uncertainty, and in future
from the LHC, with δMW � 15 MeV.

Pair production of W bosons in the Standard Model is described in Born approximation by
the amplitude based on the Feynman graphs in Figure 7.

Besides the t-channel ν-exchange diagram, which involves only the W–fermion coupling,
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Figure 8. Cross-section for e+e− → W+W−, measured at LEP, and the Standard Model
prediction.

the s-channel diagrams contain the triple gauge interaction between the vector bosons. The
gauge self-interactions of the vector bosons are essential for the high-energy behaviour of the
production cross-section in accordance with the principle of unitarity. The self-interaction of
the vector bosons is part of the Lagrangian (4); generalizing the triple couplings one finds, with
the notation

Fμν = ∂μAν − ∂νAμ

and Zμν and W+
μν analogously (replacing A→ Z, W+):

LWWγ/Z = e
[
(∂μW

+
ν − ∂νW

+
μ )W−μAν

+κγ W
+
μ W

−
ν Fμν

+
λγ

M2
W

W+
ρμW

−μ
ν F ρν + h. c.]

+e cot θW

[
(∂μW

+
ν − ∂νW

+
μ )W−μZν

+κZ W
+
μ W

−
ν Zμν
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+
λZ

M2
W

W+
ρμW

−μ
ν Zρν + h. c.

]
(128)

In the Standard Model the coefficients have the values, dictated by gauge invariance according
to section 2.1,

κγ = κZ = 1, λγ = λZ = 0 . (129)

Deviations from these values spoil the high-energy behaviour of the cross-sections and would be
visible at energies sufficiently above the production threshold. Measurements of the cross section
for e+e− →WW at LEP have confirmed the prediction of the Standard Model, as visualized in
Figure 8 [68].

The non-observation of deviations from the Standard Model predictions can be converted into
bounds on potential deviations of the trilinear coupling constants from their Standard Model
values (denoted as anomalous couplings), which might be assigned to new physics beyond the
minimal model. Those bounds are displayed in Figure 9 [68].

Experimentally, WW final states are identified through their fermionic decay products.
In view of the experimental precision, Standard Model calculations for the process e+e− →
W+W− → 4f and the corresponding 4-fermion background processes are mandatory at the
accuracy level of at least 1%. This requires the understanding of the radiative corrections to
the W boson production and decay processes, as well as a careful treatment of the finite-widths
effects. The systematic treatment of the complete radiative corrections is a task of enormous
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complexity. For practical purposes, improved Born approximations have been in use for both
resonating and non-resonating processes, dressed by initial-state QED corrections. Recently, a
complete one-loop calculation has become available [72], decreasing the theoretical error below
the per-cent level.

8. The standard Higgs sector
The minimal model with a single scalar doublet is the simplest way to implement the electroweak
symmetry breaking. The experimental result that the ρ-parameter is very close to unity is a
natural feature of models with doublets and singlets. The Higgs potential of the Standard Model,
as given in Eq.(9), reads in the unitary gauge as follows:

V = −μ2H2 +
μ2

v
H3 +

μ2

4v2
H4

= −M
2
H

2
H2 +

M2
H

2v
H3 +

M2
H

8v2
H4 . (130)

The vacuum expectation value
v = (

√
2Gμ)−1/2 (131)

is fixed by the gauge sector. Thus, in the Standard Model the mass MH of the Higgs boson
appears as the only additional parameter beyond the vector boson and fermion masses. MH

cannot be predicted but has to be taken from experiment. The present lower limit (95% C.L.)
from the search at LEP [71] is 114 GeV. Indirect determinations of MH from precision data
have already been discussed in section 6. The indirect mass bounds react sensitively to small
changes in the input data, which is a consequence of the logarithmic dependence of electroweak
precision observables. As a general feature, it appears that the data prefer a light Higgs boson.

There are also theoretical constraints on the Higgs mass from vacuum stability and absence
of a Landau pole [73-75], and from lattice calculations [76]. Explicit perturbative calculations of
the decay width for H →W+W−, ZZ in the large-MH limit in 2-loop order [78] have shown that
the 2-loop contribution exceeds the 1-loop term in size (same sign) for MH > 930 GeV (Figure
10 [81]). This result is confirmed by the calculation of the next-to-leading order correction in
the 1/N expansion, where the Higgs sector is treated as an O(N) symmetric σ-model [79]. A
similar increase of the 2-loop perturbative contribution with MH is observed for the fermionic
decay [80] H → ff̄ , but with opposite sign leading to a cancellation of the one-loop correction
for MH � 1100 GeV (Figure 10). The lattice result [77] for the bosonic Higgs decay in Figure
10 for MH = 727 GeV is not far from the perturbative 2-loop result. The difference may at least
partially be interpreted as missing higher-order terms.

The behaviour of the quartic Higgs self-coupling λ, as a function of a rising energy
scale μ, follows from the renormalization group equation with the β-function dominated by
the contributions from λ and the top quark Yukawa coupling gt,

dλ
dt

=
1

16π2
(12λ2 + 6λ g2

t − 3 g4
t + · · ·), t = log

μ2

v2
. (132)

In order to avoid unphysical negative quartic couplings from the negative top quark contribution,
a lower bound on the Higgs mass is derived. The requirement that the Higgs coupling remains
finite and positive up to a scale Λ yields constraints on the Higgs mass MH , which have been
evaluated at the 2-loop level [74,75]. These bounds on MH are shown in Figure 11 [75] as a
function of the cut-off scale Λ up to which the standard Higgs sector can be extrapolated. The
allowed region is the area between the lower and the upper curves. The bands indicate the
theoretical uncertainties associated with the solution of the renormalization group equations
[75]. It is interesting to note that the indirect determination of the Higgs mass range from
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Figure 10. Correction factors for the Higgs decay widths H → V V (V = W,Z) and H → ff̄
in 1- and 2-loop order.

Figure 11. Theoretical limits on the Higgs boson mass from the absence of a Landau pole and
from vacuum stability.

electroweak precision data via radiative corrections is compatible with a value of MH where Λ
can be extended up to the Planck scale.

36



9. The minimal supersymmetric standard model (MSSM)
9.1. The light Higgs boson of the MSSM
The existence of a light Higgs boson, in the mass range below 135 GeV, is a definite prediction of
the MSSM. In contrast to the standard model, its mass mh is not a free parameter but depends
on the other parameters of the model. The prediction for mh, therefore, is a crucial theoretical
tool to probe the MSSM parameter space. From the experimental side, the Higgs mass can be
measured with high accuracy: 100 MeV at the LHC, and 50 MeV at a Linear e+e− Collider.
mh is, hence, another precision observable in the MSSM. The precise theoretical value is very
sensitive to higher-order effects (see the discussion in [82] and further references given therein).
An illustrative example for the influence of higher-order contributions is shown in Figure 12,
based on FeynHiggs [83]

-2000 -1000 0 1000 2000
X t [GeV]

0

10

20

30

40

50

60

70

80

90

100

110

120

130

140

150

m
h [G

eV
]

tree-level

full 1L

2L (FeynHiggs)

Figure 12. The lightest Higgs-boson mass in the MSSM, in various orders of perturbation
theory [83]. SUSY parameters: tanβ = 3, MQ̃ = M2 = μ = MA = 1 TeV, mg̃ = 800 GeV. Xt is
the non-diagonal entry in the top-squark mass matrix.

9.2. The MSSM and precision data
Among the extensions of the standard model, the MSSM is the theoretically favoured scenario as
the most predictive framework beyond the standard model. A definite prediction of the MSSM
is the existence of a light Higgs boson with mass below ∼ 135 GeV [82]. The detection of a light
Higgs boson could be a significant hint for supersymmetry.

The structure of the MSSM as a renormalizable quantum field theory allows a similarly
complete calculation of the electroweak precision observables as in the standard model in terms
of one Higgs mass (usually taken as the CP -odd ‘pseudoscalar’ mass MA) and tanβ = v2/v1,
together with the set of SUSY soft-breaking parameters fixing the chargino/neutralino and scalar
fermion sectors (see [84] for a recent review). The general discussion of renormalization of the
MSSM to all orders with implications on the structure of the counter terms is given in [85].
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Figure 14. Supersymmetric contribution to aμ [93]. The deviation of the measured value from
the Standard Model prediction is indicated by the horizontal band.

Complete 1-loop calculations are available for Δr [86] and for the Z boson observables [87], with
recent 2-loop improvements [88].

A possible mass splitting between b̃L and t̃L yields a contribution to the ρ-parameter of the
same sign as the standard top term. As a universal loop contribution, it enters the quantity
Δr and the Z boson couplings and is thus significantly constrained by the data The 2-loop
αs-corrections have been computed in [89], and the electroweak 2-loop contribution from the
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Yukawa couplings in [90].
As an example, Figure 13 displays the range of predictions for MW in the minimal model

and in the MSSM, together with the present experimental errors and the expectations for the
future collliders LHC and LC. As can be seen, the MSSM prediction is in better agreement with
the present data, although not conclusive as yet. Future increase in the experimental accuracy,
however, will become decisive for the separation between the models.

Especially for the muonic g − 2, the MSSM can significantly improve the agreement
between theory and experiment: relatively light scalar muons, muon-sneutrinos and
charginos/neutralinos, together with a large value of tanβ can provide a positive contribution
Δaμ which can entirely explain the difference aexp

μ − aSM
μ [91]. Figure 14 illustrates the MSSM

contribution for universal SUSY scalar mass parameters m0 and spin-1/2 mass parameters m1/2.
The MSSM yields a comprehensive description of the precision data, in a similar way as

the Standard Model does. Global fits, varying the MSSM parameters, are available [92] to all
electroweak precision data. They have been updated [93], showing that the description within
the MSSM is slightly better than in the standard model. This is mainly due to the improved
agreement for aμ (see Figure 15). The situation for Ab

FB, however, remains unaltered.
As far as the deviation of the NuTeV result (127) from the Standard Model prediction is

concerned, the MSSM fails to improve the situation [94].
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10. Conclusions
The electroweak Standard Model has developed into the quantum field theory of the
electromagnetic and weak interactions. The experimental data for testing the electroweak theory
have achieved an impressive accuracy. For the interpretation of the precision experiments
radiative corrections, or quantum effects, play a crucial role. The calculation of radiative
corrections is theoretically well established, and many contributions have become available
over the past years to improve and stabilize the Standard Model predictions. After taking the
measured Z mass, besides α and Gμ, for completion of the input, each other precision observable
provides a test of the electroweak theory. The theoretical predictions of the Standard Model
depend on the mass of the top quark and of the as yet experimentally unknown Higgs boson
through the virtual presence of these particles in the loops. As a consequence, precision data
can be used to pin down the allowed range of the mass parameters.

The comparison of the theoretical predictions with experimental data has confirmed the
validity of the Standard Model in a convincing way:
– the description of the data is of high quality, with small deviations which might be considered
as normal;
– the quantum effects of the Standard Model have been established at the level of several σ;
– direct and indirect determinations of the top-quark mass are compatible with each other;
– the Higgs-boson mass is meanwhile also being constrained within the perturbative mass regime
with the possibility that the Standard Model may be extrapolated up to energies around the
Planck scale.

In spite of this success, the conceptual situation with the Standard Model is unsatisfactory
for quite a few deficiencies:
– the smallness of the electroweak scale v ∼ 246 GeV << MPl (the so-called hierarchy problem);
– the large number of free parameters (gauge couplings, vacuum expectation value, MH , fermion
masses, CKM matrix elements), which are not predicted but have to be taken from experiments;
– the pattern that occurs in the arrangement of the fermion masses;
– the missing way to connect to gravity.

Supersymmetry may help to provide at least part of the answers, such as stabilizing the
electroweak scale and opening the possibility to further unification of the fundamental forces
within GUT scenarios. The MSSM, mainly theoretically advocated, is competitive to the
standard model in describing the data with improvements in specific observables, although not
conclusive. Since the MSSM predicts the existence of a light Higgs boson, the detection of a
Higgs particle could be an indication of supersymmetry. It is therefore highly important to study
the different features of such a Higgs boson in the various models at a level of high precision.
Moreover, precision studies of supersymmetric particles will become necessary for revealing the
mechanism of SUSY breaking and will require a proper inclusion of higher-order effects as well.
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