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Abstract. In this paper, we will use fluctuation dissipation theorem on the harmonic oscillator
with time correlation creation annihilation operator as the perturbated term and through
calculation, we find that the exact value of the dissipation associated Imy of this special
perturbation harmonic oscillator is exactly equal to . Next, we give its potential application in
the g-deformed harmonic oscillator, which means connect the g-deformed harmonic oscillator
with fluctuation dissipation.

1. Introduction

The fluctuation-dissipation theorem (FDT) is a well-established result, first formulated by Nyquist [1]
and later proved by Callen and Welton [2]. It connects the fluctuations of the product of two operators
with the dissipation expressed through the imaginary part of their response function. In this article, we
will fluctuation dissipation of simple harmonic oscillator with time correlation creation annihilation
operator as perturbation term, then calculate the susceptibility function and the average over fluctuation.
During the calculation, it is found that Im(y(®)) is a constant =. In the third part, we will discuss
the practical application of this form of perturbation, which is an analogy of g-deformed Hamiltonian

[3].

2. Fluctuation dissipation of simple harmonic oscillator with time correlation creation
annihilation operator as perturbation term

The pure quantum harmonic oscillator can be described by the Hamiltonian Hy = (ata + 1/2)Aw
where at, a correspond to the non-deformed annihilation and creation operators, respectively [4]. Let
us consider the Hamiltonian perturbed by a term

A=H,+H = (@ata+1/2)hw — a*
(Remark: It is not self-adjoint on account of af(t). This term breaks the self-adjointness of the
Hamiltonian and, therefore, nonphysical. However, we can see it’s potential application in section 3.)
at(t) is an operator in the Heisenberg picture, related to its Schrodinger representation through

—if,yt

h

~ iHot
a’(t) = exp(—-)agexp(
and H, is the unperturbed Hamiltonian.

)
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Under the conditiont > — = H' - 0, expanding the Dyson series, and the eigenstates of the total
Hamiltonian become

B _—
=i [ A m@m =3[ daatem

where the last line corresponds to first-order perturbation theory, and |n) is a state of the
unperturbed Hamiltonian with energy, £, (i.e., Hy|n) = E, |n)). 0
The expected value of another arbitrary operator p(t) is simply given by [5] [6]

1 _Em
BO) =5 ) (GmlBOI¢m) e Tl
E

1 i [t _Em
(BO) =5 Y Lmlp@Om +5 [ dt' p&)mlH©, 9 Im)e Tt

Em
Where Z = Y., e *BT is the partition function atdgmperature T [7].
Thus in the above Hamiltonian, given the ¢ = 1, and has the intrinsic energy of the simple
harmonic oscillator is E,,, = hw(m + 1/2), and if let the another operator p(t) = a(t), thus

_hw(m+1/2)

1 ot
(@) =7 Y mla®im +~ f dt' (ml[a(t), a* (¢)]|m)ye” FeT
The first term reduced to (m|a(t)|m) = (m|ag|m), recast it as
o0
6a(e) = @© -at- W= [ dexc-1)

where susceptibility function is [5] o

i _hw(m+1/2)

X(E=t) =500t - t')z(mua(t),af(t')nm)e KaT
m
Using the closure relation |[n){n| = I, we can write
(mlla), &t @)ljm) = Y (omlasln)(nlal]m) - (m|af |n)nlaslm)) el
n

taking the time Fourier transform to work in frequency space, here we have

f deeiot = 1
0 w' + i€
0

Thus
x@) = [ dexoe
After calculation, we can get
’ -1 ~ ~t
X(@') == (mlasin){n]al|m)
mn

In fact, by changing the frequency of the simple harmonic oscillator such that w’ = w

e—hw(m+1/2)/k3T _ e—hw(n+1/2)/k3T

-1
v = sl
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the dissipation associated to y can be written

T
Im(z(@)) = (1 — e~ho/ksT) zZ<m|as|n>(n|aj|m) e~hom+1/2)/ksT §(m — 4 1)
mn

We can make reasonable settings ds = @ and dj = at whent = 0 Thus

T
Im(y(w)) =(1- e_hw/kBT)Zz<m|d|m + 1)<m + 1|a‘f|m) e~ hw(m+1/2)/kpT
m

Notice the identity
alm+ 1) =vVm + 1|m)
afm+1)=vm +1m + 1)
Insert the two identity in Im(y(w))

m(e(@)) = (1 = e /M) 2 (m + 1) e~ ho 1/ kst
Z m
Let’s do some math skills, Multiply e ~"*/2ksT on both numerator and denominator
TT
Im(x(w)) = (1 — e—hw/kgT)WZ(m + 1) e~ he(m+1)/kgT
m

Absorbing m + 1 into the differential form
kBT de—hw(m+1)/k3T
—h dw

T
— —hw/kgT
m(r@)) = (1 = e okaT)
m

T dZ e—hw(m+1)/kBT k T
_ (1 _ o—hw/kgT m 5
ImGy(w)) = (1 — e/ ) = dw —h

Let’s look at the denominator now

o—hw/2kpTy _ z o —hw(m+1)/kpT
m

Reverse Taylor expansion

Z e—hw(m+1)/kpT _ o~hw/kpT 1 _ 1
1-— e—hw/kBT ehw/kBT -1
m
Notice this is the Bose-Einstein distribution function [7]. Let’s denote it as

1
n(w) = ehw/kpT _ 1

Thus Im(y(w)) can be written a

_ ehw/kpT _ 1 n dn(w) kgT _ 1 n  dn(w)kgT
Im(y(w)) = ehw/ksT n(w) dw —-h ew/kTn(w)?2 dw -—h
1
d—
n(w)
= Im(y(w)) = dero/ksT /de  dw
1
)

= Im()((w)) = T[W =T

3



ICAPM-2023 IOP Publishing
Journal of Physics: Conference Series 2543(2023) 012010  doi:10.1088/1742-6596/2543/1/012010

So under the such Hamiltonian, the Im(y(w)) is a constant . Notice the definition of the average
over fluctuations is

(e t) = (@' = | 2 S0t

S(w) = 2a(n(w) + DIm(y(w))
Thus insert Im(y(w)) = m into S(w)
S(w) =2mh(n(w) + 1) = h(n(w) + 1)
where h is Planck constant.
Therefore, we can calculate the average value of the generated annihilation operators over time

(@(w)at (@) = j dtydt, e1+02t (3(6)aT (65)) = 218 (w; + w3)S(w1)

(a(w1)a" (w,)) = 2mh(n(w;) + D8(w; + w,)
Using the same way, the Fourier transform of the fluctuation (&' (w,)a(w;))
(@"(wy)a(w,)) = 2mhn(w,)8(w; + wy)
Note that the amount we can observe is only Hermitian, and the symmetrized product is
Hermitian.
L awnat at(w)a 1
E(a(wl)a (w2) + @ (w3)a(wq)) = 2mh(n(w,) + 5)5(‘*)1 + w,)
Similarly, annihilation operator as perturbation term can be made
H=H,+H =(@%a+1/2)aw — a(t)
3. Application of Hamiltonian of the above form
When a g-deformation is applied to the above system, the Hamiltonian is modified to the form [3]:
O
H, = E(ATA + AAN

where A and its adjoint AT are the deformed annihilation and creation operators, respectively, the
oscillator described by the Hamiltonian ﬁq is called the g-deformed harmonic oscillator.

The operators A and AT obey the deformed commutation relation
At - q2dth =1
where 0 <q <1.
I hope to use the fluctuation dissipation theorem, so rewrite the above form

H = H, =
1T 1+4q2 7 1

Perform Taylor expansion and remove the higher-order terms

1 A 1
e (hw(a'a +§))

~ 1 . 2y

q=1+q2H0=H0—q Hy
Notice if g is much smaller than 1, Awq?/2 can be ignored. Thus
_ 1 25 Ata
H, = Hy=Hy,—q°hwa’a

1+ g2
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Notice qu not equals 4, T thus this is also nonphysical. Therefore, we can consider the following
disturbance forms:

A =8, -at®ae
The operation steps are similar to deal with H = (aTa + 1/2)hw — a7.

4. Conclusion

By focusing on A = (ata + 1/2)hw — &', this paper finds that the results of this form of fluctuation
dissipation are not complicated, and even unexpectedly simple and clear, at the same time, an
application of this H = (ata + 1/2)hw — at is illustrated, that is, —Aat (t)a(t) simulated from the
g-deformed Harmonic Oscillator.

5. Appendix
Kramers-Kronig Relations [5] [6]:

_En/kBT — _Em/kBT

e e
hw +E, — E,, + i€

-1
X5.4(@) = — ) (alBlm)mlAln)

as xp a(w) is also a complex-valued function along the real axis, so accordingly

Xpa(@) = x'pa(w) +ix"pa(w)

And
' . 1PVJ d ,X”B,A(w,)
X'pa(w) = 7 w W —w
1 X'pa(@)
" = ——PVJ do' ———~
X'Ba(w) 7 w o — o
Here

w-0
PVfdw'=f da)'+f dw'
o0
- 0+0

is called the (Cauchy) principal value integral, ang the above relations follow immediately from

(0) = ljdw’M _ 1 fdw,XB,A(w"" i€) — xp,a(w' —i€)
XB.A p o — 7 - ~—

which in turn follows from the Residue Theorem because of the mentioned analytical and asymptotic
properties of the susceptibility yp 4(w).
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