
Journal of Physics: Conference
Series

     

PAPER • OPEN ACCESS

Nonlinear rendezvous guidance law design for a
receiver UAV based on the Lyapunov stability
theory
To cite this article: Hongchao Zhao et al 2022 J. Phys.: Conf. Ser. 2296 012029

 

View the article online for updates and enhancements.

You may also like
Trajectory control with continuous thrust
applied to a rendezvous maneuver
W G Santos and E M Rocco

-

A Rendezvous Mission to the Second
Earth Trojan Asteroid 2020 XL5 with Low-
Thrust Multi-Gravity Assist Techniques
Shi-Hai Yang, Bo Xu and Xin Li

-

Entangled rendezvous: a possible
application of Bell non-locality for mobile
agents on networks
P Mironowicz

-

This content was downloaded from IP address 3.135.200.211 on 07/05/2024 at 13:35

https://doi.org/10.1088/1742-6596/2296/1/012029
/article/10.1088/1742-6596/465/1/012021
/article/10.1088/1742-6596/465/1/012021
/article/10.1088/1674-4527/ad0689
/article/10.1088/1674-4527/ad0689
/article/10.1088/1674-4527/ad0689
/article/10.1088/1674-4527/ad0689
/article/10.1088/1674-4527/ad0689
/article/10.1088/1367-2630/acb22d
/article/10.1088/1367-2630/acb22d
/article/10.1088/1367-2630/acb22d
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjstoE2ZNc3N6oV0J1BuUTkJXLcRR60GK16PI-xbMA97rN7mn6xSuxJ5M0gG7AqdCKEIHoh46cItCNjF5giw-7CzhvreSdv2be4057qyJSsnwlsY8Lw9qQikLY7wdRsztDVthecia3rTT6nBGHnbVDp0J693j-UBCJ_u1c5LmyqrDvJM-tF4KB85lKcH925cFwCRMpIhKL0D2FjvvMWyieeXEG4ADyegx2qZnl3ifyDc-1JSzFI-3dMK2hhUF2ue_FFCmXR2joXdXsq5d02zbEwUwdJPZuVGElX93F80sWHtMsTK31w1_vCPvDC0DdO6XyBmDxkb0A27fpxf6UASp8QjpBieGLA&sig=Cg0ArKJSzMtl2LppmZyu&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://iopscience.iop.org/partner/ecs%3Futm_source%3DIOP%26utm_medium%3Ddigital%26utm_campaign%3DIOP_tia%26utm_id%3DIOP%2BTIA


Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

ICMTIM-2022
Journal of Physics: Conference Series 2296 (2022) 012029

IOP Publishing
doi:10.1088/1742-6596/2296/1/012029

1

 
 
 
 
 
 

Nonlinear rendezvous guidance law design for a receiver UAV 
based on the Lyapunov stability theory 

Hongchao Zhao1*, Jianzhong Zhao2, Hongmei Xu1 
1 College of Artificial Intelligence, Yantai Institute of Technology, Yantai, Shandong, 
264005, China.  
2 College of Coastal Defence, Naval Aviation University, Yantai, Shandong, 264001, 
China.  
*Corresponding author’s e-mail: zhaohongchao@yitsd.edu.cn   

Abstract. The rendezvous problem in the autonomous aerial refueling (AAR) was researched 
for the receiver unmanned aerial vehicle (UAV). The three-dimensional guidance model was 
constructed for the UAV to pursue the virtual tanker. In order to guarantee the zero miss distance 
and the intercept angle constraints, a nonlinear rendezvous guidance law was designed for the 
UAV based on the Lyapunov stability theory. The guidance law generated the normal 
acceleration command and the lateral acceleration command. The velocity control system was 
designed by the sliding mode control method. It controled the UAV’s velocity to equal to that of 
the virtual tanker at the end of the rendezvous phase. The simulation results validate the 
effectiveness of the designed nonlinear guidance law and the velocity control system.  

1.  Introduction 
With the rapid development of unmanned aerial vehicle (UAV) technologies, UAVs are being used to 
carry out various missions like long time surveillance and reconnaissance, long distance military strikes, 
etc., which require UAVs to continuously stay in the air for a quite long time. Accordingly, autonomous 
aerial refueling (AAR) becomes a key issue to be addressed for these applications of UAVs. Generally, 
there are two major types for AAR in operation: probe-drogue refueling (PDR) and boom receptacle 
refueling (BRR), and both play important roles in modern civil and military applications [1]. The PDR 
type is focused on in this paper. There are four main phases during AAR, i.e., rendezvous phase, docking 
phase, refueling phase, and dismissing phase. The rendezvous phase is studied in this paper. During 
rendezvous the UAV actively rendezvouses with the tanker through its guidance and flight control 
system, and finally it keeps the same track angle and velocity as the tanker at a certain position behind 
and under the tanker. 

In recent decades, some scholars have researched the rendezvous problem of AAR. Xu and Luo [2] 
analyzed the rendezvous strategy, and then proposed a nonlinear lateral trajectory tracking guidance law 
to generate the UAV’s lateral acceleration command. Luo et al. [3] proposed an iterative computation 
guidance law to compute a series of state variables for a UAV rendezvousing with a tanker. Qu et al. [4] 
developed a guidance law based on fractional-order sliding mode control to deal with the terminal angle 
and velocity constraints of a UAV in the rendezvous process. Gong et al. [5] applied the Dubins path to 
produce the rendezvous trajectory of the receiver and used the proportional navigation law to generate 
the guidance command. Wang et al. [6] used a three-dimensional (3D) proportional navigation law with 
angle constraint to produce the azimuth angle command, and the climb angle command was generated 
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according to the height difference between a UAV and a tanker. Yoon et al. [7] researched the 3D path 
planning for the rendezvous phase, and used the pure pursuit guidance law to generate the guidance 
commands for multiple UAVs. Tsukerman et al. [8] designed the linear quadratic optimal guidance law 
for the civil AAR in the rendezvous process. Yuan et al. [9] studied the control strategy of a UAV in the 
rendezvous process, and applied the Dubins path to produce the rendezvous trajectory. Zhao et al. [10] 
analyzed the relative relationship between a virtual tanker and a UAV, and used the fast terminal sliding 
mode control strategy to design the UAV’s guidance law and flight control law.  

In the end of the rendezvous phase, the UAV must reach the certain position behind and under the 
tanker, at the same time, the UAV’s track angles and velocity must equal to those of the tanker. Inspired 
by the missile interception guidance methods with intercept angle constraints [11, 12], we develop a 
nonlinear rendezvous guidance law for the UAV based on the Lyapunov stability theory, which can 
realize both zero miss distance and intercept angle constraints. In addition. The UAV’s velocity control 
system is designed independently. The rest of this paper is organized as follows. The 3D guidance model 
is constructed for the UAV pursuing the virtual tanker in Section 2. In Section 3, the nonlinear guidance 
law are designed the UAV based on the Lyapunov stability theory. In Section 4, the UAV’s velocity 
control system is designed to adjust the engine thrust. The numerical simulation is executed in Section 
5. Finally, Section 6 concludes this paper.   

2.  Three-dimensional Guidance Model  
The probe-drogue refueling mode is considered in this paper. In the docking process the receiver UAV 
docks with the drogue of the tanker. For simplifying the guidance problem, we omit the airflow 
disturbances exerting on the drogue and think that the drogue lies in a fixed position behind and under 
the tanker. The drogue is treated as a virtual tanker. The geometric relationship between a UAV and a 
virtual tanker in the rendezvous process is described in figure 1. The North-East-Down frames is the 
inertial frames. L  and L  are the elevation angle and the azimuth angle of line-of-sight (LOS), 

respectively. u  and u  are the advance elevation angle and azimuth angle of UV  relative to LOS, 

respectively. t  and t  are the advance elevation angle and azimuth angle of TV  relative to LOS, 

respectively.     

 
Figure 1. Geometric relationship between a UAV and a virtual tanker. 

 
According to the geometric relationship and referring the former achievement [11], the 3D guidance 

model for the UAV pursuing the virtual tanker is described as the following equations,    

 cos cos cos cosT t t U u uR V V      (1) 

 ( cos sin cos sin ) ( cos )L T t t U u u LV V R        (2) 

 ( sin sin )L T t U uV V R     (3) 

 , cos sin sint T n T L t L L ta V           (4) 
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 , ( cos ) sin cos tan cos sin tant T l T t L L t t L L L t ta V                  (5) 

 , cos sin sinu U n U L u L L ua V           (6) 

 , ( cos ) sin cos tan cos sin tanu U l U u L L u u L L L u ua V                  (7) 

where R  is the relative distance between the UAV and the virtual tanker; ,T la  and ,T na  are the lateral 

acceleration and normal acceleration of the virtual tanker, respectively; ,U la  and ,U na  are the UAV’s 

lateral acceleration and normal acceleration, respectively.  
It is assumed that the virtual tanker flies along a level straight line at a constant speed in the 

rendezvous process, so its elevation angle is zero, and its lateral acceleration and normal acceleration 
are also , 0T la  , , 0T na  . The following equations can be deduced by taking the derivative of equation 

(2) and equation (3), respectively, and combining with equations (1), (4)-(7),  

  , ,

2 1
2 tan sin sin cos sin cos

cosL L L L L U n u u U u u U l u
L

R
a V a

R R
         


    

      (8) 

  2
,sin cos 2 sin cosL L L L L U u U n uR V a R               (9) 

3.  Design of nonlinear rendezvous guidance law  
The autonomous rendezvous of the UAV with the virtual tanker requires that the UAV’s track angles 
and velocity equal to those of the virtual tanker in the end of the rendezvous phase. The end is also the 
initial point of the docking phase. In order to satisfy the zero miss distance and the intercept angle 
constraints, a nonlinear rendezvous guidance law is designed for the UAV based on the Lyapunov 
stability theory. For the velocity constraint, the velocity control system will be designed in the next 
section.  Applying the Lyapunov stability theory, the Lyapunov function candidate is chosen as    

 2 2 2 2
1 2

1 1 1 1
( ) ( ) ( ) ( )

2 2 2 2L L Lf L L LfW k k             (10) 

where 1 0k  , 2 0k  , L f  and L f  denote the desired terminal elevation angle and terminal azimuth 

angle of the LOS, respectively, which represent the desired intercept angles. For the rendezvous 
guidance problem, L f T  , L f T  , where T  and T  are the elevation angle and the azimuth angle 

of the virtual tanker, respectively.  
Taking the derivative of equation (10) and combining equation (8) and equation (9) give  

1 2

2
1 ,

, ,
2

( ) ( )

( ) sin cos 2 sin cos

sin cos2 cos
( ) 2 tan sin sin

cos cos cos

L L L Lf L L L L Lf L

L L Lf L L L L U u U n u

U n u U l uU u
L L Lf L L L L u u

L L L

W k k

k R R V R a R

a aR V
k

R R R R

         

        

         
  

     

        

     

      
   

 
    
 
 

 (11) 

In order to ensure W  to be negative definite, the normal acceleration command and the lateral 
acceleration command can be designed as follows, respectively,  

 2
, 1( 2 ) ( ) sin cos sin cosU n L L Lf L L L U u ua k R R k R R V               

    (12) 

 
, 2

,

( 2 ) cos cos ( )

2 sin sin sin cos sin cos

U l L L L L Lf

L L L U n L u U u u u

a k R R k R

R a V

     

       

    
  

 

 
 (13) 

where 0k  , 0k  . The guidance performance analysis is expressed as the following theorem.  

Theorem 1: For the rendezvous guidance system described as equations (1)-(7), If the normal 
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acceleration and lateral acceleration are designed as equation (12) and equation (13), respectively, then 
the zero miss distance and the intercept angles constraints can be guaranteed.  

Proof. The Lyapunov function candidate is chosen as (10), and its derivative is expressed as equation 
(11). Substituting equation (12) and equation (13) into equation (11), we can get  

 2 2( ) cos ( )L L LW k R k R         (14) 

In the rendezvous process 0R  , π / 2L  , so 0W   as 0L   or 0L  , which means that W  

decreases always as 0L   or 0L  . In other words, 0L   and 0L   are the conditions of the 

equilibrium point of the guidance system. According to the guidance theory, that the LOS rates L  and 

L  are zeros can guarantee the zero miss distance.  

Can the intercept angle constraints be guaranteed? We substitute equation (12) and equation (13) into 
equation (9) and equation (8), respectively, the following equations can be given,  

 1( )L L L Lfk k         (15) 

 2cos cos ( )L L L L L Lfk R k R           (16) 

From equation (15), if 0L  , but 0L Lf   , then 0L  . 
0

t

L L d     , so L  will depart form 

0, i.e. 0L  . From equation (16), if 0L  , but 0L Lf   , then 0L  , 0L  . 0L   and 

0L   represent the unstable equilibrium point. As a result 0W   as 0L Lf    or 0L Lf   , 

which means that W  decreases always as 0L Lf    or 0L Lf   . Finally W  will decrease to its 

minimum 0. 0L  , 0L  , 0L Lf    and 0L Lf    are the whole conditions of the stable 

equilibrium point. Therefore the intercept angle constraints are guaranteed. This completes the proof.  
In this paper the guidance law and the flight control system are designed separately. The flight control 

system is the same as that of the reference [10]. The desired commands required by the flight control 
system are the attitude angle commands. The transformation relationships are as follows,   

 , 0 0( sin cos ) ( ) (2 )d U n U L L Lq U L e Lma T mg QSC C C qc V C C                (17) 

 0d   (18) 

 , ,arctan ( cos )d U l U n Ua a g      (19) 

where d , d  and d  are the commands of the UAV’s angle of attack, sideslip angle and roll angle, 

respectively; m  and g  are the mass and gravity acceleration, respectively; T  is the thrust; U  is the 

elevation angle; Q  is the dynamic pressure; S  and c  are the wing area and the mean aerodynamic 

chord, respectively; 0LC , LC  , LqC  and LC   denote the lift coefficients; q  is the pitch rate; e  is the 

elevator deflection; 0  is the zero-lift angle of attack.    

4.  Velocity Control System Design  
The UAV’s velocity control system adjusts its flight velocity by adjusting the engine thrust. In order to 
ensure that the UAV’s velocity equals to that of the virtual tanker at the end of the rendezvous phase, 
the velocity control system should also control the relative distance R , whose dynamic equation is 
equation (1). The dynamic equation of the velocity state is expressed as follows,   

 ( cos cos ) sinU UV T D m g      (20) 

where T  is the thrust, D  is the drag. The velocity control system is designed by the sliding mode control 
method, and the sliding surface is chosen as   

 ( )V V T Us R k V V    (21) 
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where 0Vk  . Adopting the power reaching law 1 sign( )
a

V s V Vs k s s   with 0sk  , 11 0a  , the 

desired thrust is designed as follows,  

 
1cos cos cos cos sin sign( )

cos cos

a

T t t U u u U s V V
V

m D
T V V g k s s

k m
    

 
       

 (22) 

5.  Numerical Simulation  
The numerical simulation is performed to illustrate the effectiveness of the designed guidance law and 
velocity control system in the UAV’s rendezvous phase. The initial states of the virtual tanker and the 
UAV are set as follows, 9000mTx  , 2000mTy  , 6000mTh  , 180m/sTV  , 0T  , o5T  ,

0U Ux y  , 4000mUh  , 240m/sUV  , 0U U   . By simulation trial, the UAV’s guidance and 

control parameters are chosen as 0.18k  , 1 0.01k  , 0.38k  , 2 0.05k  , 6.5Vk  , 1.0sk  , 

1 0.6a  . The simulation results are shown in figures 2-5.  

 

 

 
Figure 2. 3D trajectories of the UAV and the 

virtual tanker. 
 Figure 3. Relative position errors of the UAV. 

 

 

 
Figure 4. Variations of the UAV’s azimuth 

angle and elevation angle. 
 Figure 5. Velocity variation of the UAV. 

 
Figure 2 depicts the 3D trajectories of the UAV and the virtual tanker, respectively. Figure 3 depicts 

the relative position errors of the UAV with the virtual tanker in x-direction, y-direction and height, 
respectively. Figure 4 depicts the variations of the UAV’s elevation angle and azimuth angle, 
respectively. Figure 5 depicts the velocity variation of the UAV in the rendezvous phase. 
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It can be seen form figures 2 and 3 that the UAV’s relative position errors in x-direction, y-direction 
and height reduce to the little neighborhood of zero in the end of the rendezvous phase. It can be seen 
form figure 4 that the UAV’s elevation angle and azimuth angle coincide with those of the virtual tanker 
finally. It can be seen form figure 5 that the UAV accelerates from 20s to 80.5s to pursue rapidly the 
virtual tanker, then it slows down gradually, and finally the UAV’s velocity reduces to 180.6m/s at 
145.5s, meanwhile, the relative distance between the UAV and the virtual tanker reduces to 0.5m. The 
UAV’s velocity error is smaller than 1m/s and the relative distance is smaller than 1m, which satisfies 
the conditions of ending the rendezvous phase. The simulation results validate the effectiveness of the 
designed guidance law and the velocity control system. 

6.  Conclusions  
In this paper the 3D guidance model is constructed for the UAV pursuing the virtual tanker in the 
rendezvous phase. The nonlinear guidance law based on the Lyapunov stability theory is designed to 
control the UAV’s normal acceleration and lateral acceleration, which can guarantee the intercept angle 
constraints. The UAV’s velocity control system is designed by the sliding mode control method, and it 
controls both the relative distance and the UAV’s velocity. The numerical simulation is performed to 
illustrate the effectiveness of the designed nonlinear guidance law and the velocity control system. The 
simulation results show that the designed guidance law and the velocity control system can guarantee 
the UAV to successfully rendezvous with the virtual tanker.  
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