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Abstract. We use finite, connected, and undirected graph denoted by G. Let V (G) and
E(G) be a vertex set and edge set respectively. A subset D of V (G) is an efficient dominating
set of graph G if each vertex in G is either in D or adjoining to a vertex in D. A subset
W of V (G) is a resolving set of G if any vertex in G is differently distinguished by its
representation respect of every vertex in an ordered set W . Let W = {w1, w2, w3, . . . , wk}
be a subset of V (G). The representation of vertex v ∈ G in respect of an ordered set
W is r(v|W ) = (d(v, w1), d(v, w2), ..., d(v, wk)). The set W is called a resolving set of G if
r(u|W ) ̸= r(v|W ) ∀ u, v ∈ G. A subset Z of V (G) is called the resolving efficient dominating
set of graph G if it is an efficient dominating set and r(u|Z) ̸= r(v|Z) ∀ u, v ∈ G. Suppose
γre(G) denotes the minimum cardinality of the resolving efficient dominating set. In other word
we call a resolving efficient domination number of graphs. We obtained γreG of some comb
product graphs in this paper, namely Pm ▷ Pn, Sm ▷ Pn, and Km ▷ Pn.

1. Introduction
There are numerous kind of graphs. In this paper, we use graphs that have characteristics finite,
connected and undirected denoted by G. Chartrand and Lesniak [13] have introduced that a
graph G as a set of finite and nonempty objects named vertices along with a set of unordered
pairs of distinct vertices of G named edges which is possibly empty. V (G) and E(G) repectively
denotes the vertex set and the edge set of graf G. There are so many various kinds of studies in
graph theory, some of them are dominating set and metric dimension of graph.

Boutin [7] has presented the stereotype of resolving set in a graph. A subset W of
V (G) is categorized as a resolving set of G if each vertex in G is differently distinguished
by its distance representation in respect to every vertex in an ordered set W . Consider
W = {w1, w2, w3, . . . , wk} is a subset of V (G). The distance representation of vertex x ∈ G
in respect of an ordered set W is r(x|W ) = (d(x,w1), d(x,w2), ..., d(x,wk)). The set W is called
a resolving set of G if r(x|W ) ̸= r(y|W ) ∀ x, y ∈ G. dim(G) denotes the metric dimension of
graph G which is referred to as the minimum cardinality of a resolving set. There are a few
sorts of metric dimension. Some of them have been researched in [26, 4, 27]. We provide several
previous results on the metric dimension in [22, 11, 30, 31, 32, 35, 14, 2].



ICCGANT 2021
Journal of Physics: Conference Series 2157 (2022) 012012

IOP Publishing
doi:10.1088/1742-6596/2157/1/012012

2

Another study carried out in graph theory apart from resolving set is dominating set. Du and
Wan [19] have explained the concept of dominating set. D is called a dominating set of graph G
if D is a subset of V (G) and each vertex in G which is not in D is adjacent to at least a vertex
in D. γ(G) denotes the domination number which is the minimum cardinality of a dominating
set in G. A few sorts of dominating set have been researched in [24, 28]. Chartrand, et al. [15]
stated that if a subset of V (G) has no two vertices within the set are adjacent, so it is called an
independent set.

Deng, et al. [18] have explained one type of dominating set called the efficient dominating
set. If D is an independent subset of V (G) which each vertex in G−D is adjacent to precisely a
vertex in D, it is categorized as the efficient dominating set of graph G. The efficient domination
number of graph G is the minimum cardinality of an efficient dominating set of graph G and
denoted by γe(G) [20]. Bange, et al [6] presented that if graph G has an efficient dominating
set, at that point the cardinality of any efficient dominating set equals the domination number
of G .Therefore, the cardinality of all efficient dominating sets are the same. Several previous
results on this topic are studied in [9, 8, 12, 24, 25, 16].

Birgham et al.[10] combined the concept of dominating set and metric dimension which
is stated as the resolving dominating set. The resolving domination number is its minimum
cardinality and denoted by γrG. A resolving dominating set of graph G is a subset Y of V (G)
which is not only a ominating set of G but also determine every vertex of G by its distance
representation in respect to every vertex in Y . We refer to [1, 21, 23, 34] for some previous
results. Several types of resolving domination number are resolving strong domination number,
resolving perfect domination number, and resolving efficient domination number, see [28, 24].

Recently, Hakim, et al. [20] constructed a new stereotype by combining the theory of resolving
set and the theory of efficient dominating set which is stated as the resolving efficient dominating
set. Z is called the resolving efficient dominating set of any graph G if it is not only statisfy
the characteristic of efficient set and dominating set, but also r(x|Z) ̸= r(y|Z) ∀ x, y ∈ G.
γreG denotes the resolving efficient domination number which is the minimum cardinality of the
resolving efficient dominating set of graph G. Farther, There are also results on resolving strong
domination number and resolving perfect domination number in [16, 5].

Figure 1. Efficient dominating set of P6.

Figure 2. Resolving efficient dominating set of P6.

In this paper, all graphs studied are the comb product graph. Consider we use two finite,
connected and undirected graphs denoted by G1 and G2. The notation G1 ▷ G2 denotes a new
graph obtained by gaining a copy of graph G1 and some duplicates of graph G2 as many as the
vertices in the graph G1 and implanting the ith copy of graph G2 to the ith vertex of graph G1

which is stated as the comb product of graph G1 and graph G2 [17].

2. Previous Results
In this section, we provide several propositions and theorems as previous results. Those are,
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(i) Birgham [10], has found the dimension of path and complete graph. For every positive
interger greater than or equal to 2, dim(Kn) = n− 1 and dim(Pn) = 1

(ii) [36]dim(Wm) =


3, if m ∈ {3, 6}
2, if m ∈ {4, 5}
⌊2n+2

5 ⌋, if otherwise

(iii) If G is a connected graph with order greater than or equal to 2 and o is a leaf of Pn, then
dim(G ▷o Pn) ≥ dim(G) [29].

(iv) [3] γ(Pn) = ⌈n3 ⌉
(v) Umilasari [33], found that

γ(Pm ▷ Pn) =

{
m⌈n3 ⌉, if n ≡ 0(mod3) and n ≡ 2(mod3)
n⌊n3 ⌋+ ⌈n3 ⌉, if n ≡ 1(mod3)

(vi) For every graph G, max{γ(G), dim(G)} ≤ γr(G) ≤ γ(G) + dim(G) [10].

(vii) Hakim, et al. [20] have found the exact value of some comb product of special graph i.e.
γre(Kn ▷ C3) = γre(Kn ▷ P3) = n, and γre(Wn ▷ P3) = γre(Wn ▷ C3) = γre(Sn ▷ P2) = n+ 1

3. Results
We discovered the resolving efficient domination number of path and some comb products of
special graph in this section. Those are Pm ▷ Pn, Sm ▷ Pn, and Km ▷ Pn. The followings bellow
are theorems that will be utilized.

Theorem 1 Let Pn be a path, for n ≥ 4, γre(Pn) = ⌈n3 ⌉.

Proof. The vertex set of Pn is V (Pn) = {xa : 1 ≤ a ≤ n} and its set of edge is
E(Pn) = {xaxa+1 : 1 ≤ a ≤ n− 1}. The order and size of Pn respectively are |V (Pn)| = n and
|E(Pn)| = n− 1. We choose three subsets of Pn, namely D = {xa : 1 ≤ a ≤ n : a ≡ 1(mod 3)}
for n ≡ 1, 2(mod 3), and D = {xa : 2 ≤ a ≤ n − 1 : a ≡ 2(mod 3)} for n ≡ 0(mod 3) and we
have |D| = ⌈n3 ⌉. We will show that D is resolving efficient dominating set with the minimum
cardinality by the following steps.

First, we will show that D satisfies the characteristic of efficient dominating set. For
any xa, xb ∈ D, d(xa, xb) ≥ 3, so it means |N(xa ∈ V (Pn)−D) ∩D| = 1 and every vertex
xa ∈ V (Pn)−D is dominated by exactly one vertex xa ∈ D. Thus, we stated that subset D is
an efficient dominating set.

Second, we will show that subset D we have choose also satisfies the characteristic of resolving
set, that the representation of each vertex is different one another. The distance representation
of any vertex xa ∈ V (Pn) respect to D is provided in Table 1.

Table 1. The distance representation of all vertex of graph Pn to D.

v r(v|D) condition
xa (|a− k| , . . . , |a− k|︸ ︷︷ ︸

⌈n
3
⌉

) k ≡ 1(mod 3), 1 ≤ k ≤ n for n ≡ 1, 2(mod 3)

xa (|a− k| , . . . , |a− k|︸ ︷︷ ︸
⌈n
3
⌉

) k ≡ 2(mod 3), 2 ≤ k ≤ n− 1 for n ≡ 0(mod 3)

We can see that D is a resolving set based on the representation of each vertex provided in
Table 1 because each vertex has distinct representation one another. Thus, we stated that D is
a resolving set of Pn.
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Third, we will show that D is the resolving efficient dominating set with the minimum
cardinality. Supposing |D1| < ⌈n3 ⌉, so we have |D1| = ⌈n3 ⌉ − 1. Here are the conditions that
might occur

(i) For n ≡ 0(mod 3), any vertex {xa : a ≡ 2(mod 3)} /∈ D1 → ∃ xa−1, xa, xa+1 which are not
dominated by D1. Therefore, we can’t say that D1 is an efficient dominating set

(ii) For n ≡ 1(mod 3)

• vertex x1 /∈ D1 → ∃ x1, x2 which are not dominated by D1. Therefore, we can’t say
that D1 is an efficient dominating set

• vertex xn /∈ D1 → ∃ xn−1, xn which are not dominated by D1. Therefore, we can’t
say that D1 is an efficient dominating set

• any vertex {xa : a ≡ 1(mod 3)} /∈ D1 → ∃ xa−1, xa, xa+1 which are not dominated by
D1. Therefore, we can’t say that D1 is an efficient dominating set

(iii) For n ≡ 2(mod 3)

• vertex x1 /∈ D1 → ∃ x1, x2 which are not dominated by D1. Therefore, we can’t say
that D1 is an efficient dominating set

• any vertex {xa : a ≡ 1(mod 3)} /∈ D1 → ∃ xa−1, xa, xa+1 which are not dominated by
D1. Therefore, we can’t say that D1 is an efficient dominating set.

Subset D1 doesn’t statisfy the characteristic of efficient dominating set, it contradicts the
resolving efficient dominating set. Therefore D with the minimum cardinality |D| = ⌈n3 ⌉ must
be the efficient dominating set of Pn. □

Theorem 2 For every positive interger m,n ≥ 2,

γre(Pm ▷ Pn) =

 m⌈n3 ⌉ if n ≡ 0(mod 3) and n ≡ 2(mod 3)
m⌊n3 ⌋+ ⌈m3 ⌉ if n ≡ 1(mod 3),m ≡ 1, 2(mod 3)
⌈m2 ⌉⌊

n
3 ⌋+ ⌊m2 ⌋⌈

n
3 ⌉ if n ≡ 1(mod 3),m ≡ 0(mod 3).

Proof. Graph Pm ▷ Pn is a comb product graph of one graph Pm and m copies graph
Pn where the vertices xa,1 are the sticking point on the graph Pm. The vertex set is
V (Pm ▷ Pn) = {xa,b : 1 ≤ a ≤ m : 1 ≤ b ≤ n}, and the edge set is E(Pm ▷ Pn) = {xa,1xa+1,1 :
1 ≤ a ≤ m− 1} ∪ {xa,bxa,b+1 : 1 ≤ i ≤ m : 1 ≤ j ≤ n− 1}. The order and size respectively are
|V (Pm ▷ Pn)| = mn and |E(Pm ▷ Pn)| = mn− 1. We choose subset D as below

D =

{xa,b : 1 ≤ a ≤ m : 2 ≤ b ≤ n : b ≡ 2(mod 3)} for n ≡ 0, 2(mod 3)

{xa,b : 1 ≤ a ≤ m− 1 : 3 ≤ b ≤ n− 1 : for n ≡ 1(mod 3),m ≡ 0(mod 3)
a ≡ 1(mod 2) : b ≡ 0(mod 3)} ∪ {xa,b :
2 ≤ a ≤ m : 1 ≤ b ≤ n : b ≡ 1(mod 3) :}
a ≡ 0(mod 2)}

{xa,b : 1 ≤ a ≤ m : 1 ≤ b ≤ n : a, b ≡ 1(mod 3)} for n ≡ 1(mod 3),m ≡ 1, 2(mod 3)
∪ {xa,b : 2 ≤ a ≤ m : 3 ≤ b ≤ n− 1 :
a ̸≡ 1(mod 3) : b ≡ 0(mod 3)}

We have |D| = m⌈n3 ⌉ for n ≡ 0(mod 3) and n ≡ 2(mod 3), while |D| = m⌊n3 ⌋ + ⌈m3 ⌉ for
n ≡ 1(mod 3). We will show that D is resolving efficient dominating set with the minimum
cardinality by the following steps.

First, we will show that D satisfies the characteristic of efficient dominating set. For any
xk,l, xm,n ∈ D, d(xk,l, xm,n) ≥ 3, so it means |N(xa,b ∈ V (Pm ▷ Pn)−D) ∩D| = 1 and every
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vertex xa,b ∈ V (Pm ▷ Pn) −D is dominated by exactly one vertex in D. Thus, we stated that
subset D is an efficient dominating set.

Second, we will show that subset D we have choose also satisfies the characteristic of resolving
set, that the representation of each vertex is different one another. To find out whether the
representation of each vertex respect of the element in D is different from one another, we can
see the distance function of any two vertices in Pm ▷ Pn as follows.

d(x(a,b)x(k,l)) =

{
|b− l| if a = k
|a− k|+ |b− l| if a ̸= k

Based on the subset D we have choose and the distance function of any two vertices, we
know that the representation of each vertex respect of the elements in D must be different one
another. Thus, D satisfies the characteristic of resolving set

Third, we show that D is resolving efficient dominating set with the minimum cardinality and
we have four cases. Suppose that |D1| < m⌈n3 ⌉, so we have |D1| = m⌈n3 ⌉ − 1. The first case is
when n ≡ 0(mod 3), the condition that might occur is any vertex {xa,b : b ≡ 2(mod 3)} /∈ D1 →
∃ xa,b+1, xa,b, xa,b−1 which are not dominated by D1. The second case is when n ≡ 2(mod 3),
here are some conditions that might occur
• Any vertex xa,n /∈ D1 → ∃ xa,n, xa,n−1 which are not dominated by D1. Therefore, we can’t

say that D1 is an efficient dominating set

• Any vertex xa,2 /∈ D1 → ∃ xa,1, xa,2, xa,3 which are not dominated by D1. Therefore, we
can’t say that D1 is an efficient dominating set

• Any vertex {xa,b : b ≡ 2(mod 3)} /∈ D1 → ∃ xa,b+1, xa,b, xa,b−1 which are not dominated by
D1. Therefore, we can’t say that D1 is an efficient dominating set.

The third case is when n ≡ 1(mod 3) and m ≡ 1, 2(mod 3), suppose that |D1| < m⌊n3 ⌋+⌈m3 ⌉,
so we have |D1| = m⌊n3 ⌋+ ⌈m3 ⌉ − 1. Here are the conditions that might occur

(i) For m ≡ 1(mod 3)

• Any vertex {xa,b : 2 ≤ a ≤ m − 1 : 3 ≤ b ≤ n − 1 : a ̸≡ 1(mod 3) : b ≡ 0(mod 3)} /∈
D1 → ∃ xa,b+1, xa,b, xa,b−1 which are not dominated by D1. Therefore, D1 isn’t the
efficient dominating set.

• Any vertex {xa,1 : 1 ≤ a ≤ m : a ≡ 1(mod 3)} /∈ D1 → ∃ xa−1,1, xa,1, xa+1,1, xa,2 which
are not dominated by D1. Therefore, D1 isn’t the efficient dominating set

• Any vertex xa,n : 1 ≤ a ≤ m : a ≡ 1(mod 3)} /∈ D1 → ∃ xa,n, xa,n−1 which are not
dominated by D1. Therefore, D1 isn’t the efficient dominating set

• Any vertex {xa,b : 1 ≤ a ≤ m : 1 < b < n : a ≡ 1(mod 3) : b ≡ 1(mod 3)} /∈ D1 →
∃ xa,b+1, xa,b, xa,b−1 which are not dominated by D1. Therefore, D1 isn’t the efficient
dominating set.

(ii) For m ≡ 2(mod 3)

• Any vertex {xa,b : 2 ≤ a ≤ m : 3 ≤ b ≤ n− 1 : a ̸≡ 1(mod 3) : b ≡ 0(mod 3)} /∈ D1 →
∃ xa,b+1, xa,b, xa,b−1 which are not dominated by D1. Therefore, D1 isn’t the efficient
dominating set.

• Any vertex {xa,1 : 1 ≤ a ≤ m − 1 : a ≡ 1(mod 3)} /∈ D1 → ∃ xa−1,1, xa,1, xa+1,1, xa,2
which are not dominated by D1. Therefore, D1 isn’t the efficient dominating set

• Any vertex xa,n : 1 ≤ a ≤ m− 1 : a ≡ 1(mod 3)} /∈ D1 → ∃ xa,n, xa,n−1 which are not
dominated by D1. Therefore, D1 isn’t the efficient dominating set

• Any vertex {xa,b : 1 ≤ a ≤ m− 1 : 1 < b < n : a ≡ 1(mod 3) : b ≡ 1(mod 3)} /∈ D1 →
∃ xa,b+1, xa,b, xa,b−1 which are not dominated by D1. Therefore, D1 isn’t the efficient
dominating set.
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The fourth case is when is when n ≡ 1(mod 3) and m ≡ 0(mod 3), supposing that
|D1| < ⌈m2 ⌉⌊

n
3 ⌋ + ⌊m2 ⌋⌈

n
3 ⌉, so we have |D1| = ⌈m2 ⌉⌊

n
3 ⌋ + ⌊m2 ⌋⌈

n
3 ⌉ − 1. The conditions that

might occur are

• Any vertex {xa,b : 1 ≤ a ≤ m : 3 ≤ b ≤ n − 1 : a ̸≡ 2(mod 3) : b ≡ 0(mod 3)} /∈
D1 → ∃ xa,b+1, xa,b, xa,b−1 which are not dominated by D1. Therefore, D1 isn’t the efficient
dominating set.

• Any vertex {xa,1 : a ≡ 2(mod 3)} /∈ D1 → ∃ xa−1,1, xa,1, xa+1,1, xa,2 which are not
dominated by D1. Therefore, D1 isn’t the efficient dominating set

• Any vertex xa,n /∈ D1 → ∃ xa,n, xa,n−1 which are not dominated by D1. Therefore, D1 isn’t
the efficient dominating set

• Any vertex {xa,b : 2 ≤ a ≤ m : 1 ≤ b < n : a ≡ 2(mod 3) : b ≡ 1(mod 3)} /∈ D1 →
∃ xa,b+1, xa,b, xa,b−1 which are not dominated by D1. Therefore, D1 isn’t the efficient
dominating set.

Subset D1 doesn’t statisfy the characteristic of efficient dominating set for Pm ▷ Pn, it
contradicts the resolving efficient dominating set. Therefore, |D| = m⌈n3 ⌉ must be the
minimum cardinality of resolving efficient dominating set of Pm ▷ Pn when n ≡ 0, 2(mod 3),
|D| = m⌊n3 ⌋ + ⌈m3 ⌉ must be the minimum cardinality of resolving efficient dominating set of
Pm ▷ Pn when n ≡ 1(mod 3) and m ≡ 1, 2(mod 3), and |D| = ⌈m2 ⌉⌊

n
3 ⌋ + ⌊m2 ⌋⌈

n
3 ⌉ must be the

minimum cardinality of resolving efficient dominating set of Pm ▷ Pn when n ≡ 1(mod 3) and
m ≡ 0(mod 3). □

Figure 3. The resolving efficient dominating set of P3 ▷ P4.

Theorem 3 For every positive interger m,n ≥ 2,

γre(Sm ▷ Pn) =

{
(m+ 1)⌈n3 ⌉, if n ≡ 0, 2(mod 3)
m⌊n3 ⌋+ ⌈n3 ⌉, if n ≡ 1(mod 3).

Proof. Graph Sm ▷ Pn is a comb product graph of one graph Sm and m + 1 copies of
graph Pn where the vertices xa are the sticking point on the graph Sm. The vertex set is
V (Sm ▷ Pn) = {xa : 1 ≤ a ≤ m + 1} ∪ {xa,b : 1 ≤ a ≤ m + 1 : 1 ≤ b ≤ n − 1}, and the edge
set is E(Sm ▷ Pn) = {x1xa : 2 ≤ a ≤ m + 1} ∪ {xaxa,1 : 1 ≤ a ≤ m + 1} ∪ {xa,bxa,b+1 : 1 ≤
a ≤ m + 1 : 1 ≤ b ≤ n − 2}. The order and size respectively are |V (Sm ▷ Pn)| = mn + n and
|E(Sm ▷ Pn)| = mn+ n− 1. We choose subset D as below
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D =


{xa,b : 1 ≤ a ≤ m+ 1 : 1 ≤ b ≤ n− 1 : b ≡ 1(mod 3)} for n ≡ 0, 2(mod 3)

{x1} ∪ {x1,b : 3 ≤ b ≤ n− 1 : b ≡ 0(mod 3)}∪ for n ≡ 1(mod 3)
{xa,b : 2 ≤ a ≤ m+ 1 : 2 ≤ b ≤ n− 2 : b ≡ 2(mod 3)}

We have |D| = (m + 1)⌈n3 ⌉ for n ≡ 0, 2(mod 3) and |D| = m⌊n3 ⌋ + ⌈n3 ⌉ for n ≡ 1(mod 3).
We will show that D is resolving efficient dominating set with the minimum cardinality by the
following steps.

First, we will show that D satisfies the characteristic of efficient dominating set. For any
xk,l, xm,n ∈ D, d(xk,l, xm,n) ≥ 3, so it means |N(xa,b, xa ∈ V (Sm ▷ Pn)−D) ∩D| = 1 and every
vertex xa,b, xa ∈ V (Sm ▷Pn)−D is dominated by exactly one vertex in D. Thus, we stated that
subset D is an efficient dominating set.

Second, we will show that subset D we have choose also satisfies the characteristic of resolving
set. To find out whether the representation of each vertex respect of the elements inD is different
one another, we can see the distance function of any two vertices in Sm ▷ Pn as follows.

d(xa,bx1) = b+ 1

d(xax1) =

{
0 if a = 1
1 if a ̸= 1

d(xax(k,l)) =

 l if a = k
l + 1 if a = 1, k ̸= 1 or k = 1, a ̸= 1
l + 2 if a ̸= k

d(x(a,b)x(k,l)) =

 j + l + 1 if k=1
|b− l| if a = k
b+ l + 2 if a ̸= k

Based on the subset D we have choose and the distance function of any two vertices, we
know that the representation of each vertex respect of the elements in D must be different one
another’s. Thus, D satisfies the characteristic of resolving set.

Third, we show that D is resolving efficient dominating set with the minimum cardinality.
Supposing |D1| < (m + 1)⌈n3 ⌉, so we have |D1| = (m + 1)⌈n3 ⌉ − 1 for n ≡ 0, 2(mod 3) and
|D1| < m⌊n3 ⌋ + ⌈n3 ⌉, so we have |D1| = m⌊n3 ⌋ + ⌈n3 ⌉ − 1 for n ≡ 1(mod 3). Here are the
conditions that might occur

(i) For n ≡ 0(mod 3)

• any vertex {xa,1} /∈ D1 → ∃ xa, xa,1, xa,2 which are not dominated by D1. Therefore,
D1 is not the efficient dominating set.

• any vertex {xa,b : b ≡ 1(mod 3) : 4 ≤ b ≤ n − 2} /∈ D1 → ∃ xa,b+1, xa,b, xa,b−1 which
are not dominated by D1. Therefore, D1 isn’t the efficient dominating set.

(ii) For n ≡ 1(mod 3)

• Vertex x1 /∈ D1 → ∃ x1,1, x1, xa which are not dominated by D1. Therefore, D1 isn’t
the efficient dominating set

• Vertex {x1,b : b ≡ 0(mod 3) : 3 ≤ b ≤ n− 1} /∈ D1 → ∃ x1,b−1, x1,b, x1, b+ 1 which are
not dominated by D1. Therefore, D1 isn’t the efficient dominating set

• Any vertex {xa,b : 2 ≤ a ≤ m + 1 : 2 ≤ b ≤ n − 2 : b ≡ 2(mod 3)} /∈ D1 →
∃ xa,b+1, xa,b, xa,b−1 which are not dominated by D1. Therefore, D1 isn’t the efficient
dominating set.

(iii) For n ≡ 2(mod 3)

• Vertex xa,1 /∈ D1 → ∃ xa, xa,1, xa,2 which are not dominated by D1. Therefore, D1

isn’t the efficient dominating set
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• Vertex xa,n−1 /∈ D1 → ∃ xa,n−1, xa,n−2 which are not dominated by D1. Therefore, D1

isn’t the efficient dominating set
• Any vertex {xa,b : 1 ≤ b ≤ n − 1 : b ≡ 1(mod 3)} /∈ D1 → ∃ xa,b+1, xa,b, xa,b−1 which

are not dominated by D1. Therefore, D1 isn’t the efficient dominating set

Subset D1 doesn’t statisfy the characteristic of efficient dominating set for Sm ▷ Pn, it
contradicts the resolving efficient dominating set. Therefore, |D| = (m + 1)⌈n3 ⌉ must be the
minimum cardinality of resolving efficient dominating set of Sm ▷ Pn when n ≡ 0, 2(mod 3),
and |D| = m⌊n3 ⌋+ ⌈n3 ⌉ must be the minimum cardinality of resolving efficient dominating set of
Sm ▷ Pn when n ≡ 1(mod 3). □

Figure 4. The resolving efficient dominating set of S4 ▷ P4.

Theorem 4 For every positive interger m,n ≥ 2,

γre(Km ▷ Pn) =

{
m⌈n3 ⌉, if n ≡ 0(mod 3) and n ≡ 2(mod 3)
m(n−1)

3 + 1, if n ≡ 1(mod 3).

Proof. Graph Km ▷ Pn is a comb product graph of a graph Km and m copies graph Pn where
the vertices xa are the sticking point on the graph Km. The vertex set is V (Km▷Pn) = {xa : 1 ≤
a ≤ m} ∪ {xa,b : 1 ≤ a ≤ m : 1 ≤ b ≤ n− 1}, and the edge set is E(Km ▷ Pn) = {xaxb : 1 ≤ a ≤
m− 1 : a+1 ≤ b ≤ m : a ̸= b}∪ {xaxa,1 : 1 ≤ a ≤ m}∪ {xa,bxa,b+1 : 1 ≤ a ≤ m : 1 ≤ b ≤ n− 2}.
The order and size respectively are |V (Km ▷ Pn)| = mn and |E(Km ▷ Pn)| = m(m+2n−3)

2 . We
choose subset D as below

D =


{xa,b : 1 ≤ a ≤ m : 1 ≤ b ≤ n− 1 : b ≡ 1(mod 3)} for n ≡ 0, 2(mod 3)

{x1} ∪ {x1,b : 3 ≤ b ≤ n : b ≡ 0(mod 3)}∪ for n ≡ 1(mod 3)
{xa,b : 2 ≤ a ≤ m : 2 ≤ b ≤ n− 2 : b ≡ 2(mod 3)}

We have |D| = m⌈n3 ⌉ for n ≡ 0, 2(mod 3), and |D| = m(n−1)
3 + 1 for n ≡ 1(mod 3). We will

show that D is resolving efficient dominating set with the minimum cardinality by the following
steps.
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First, we will show that D satisfies the characteristic of efficient dominating set. For every
xk,l, xm,n ∈ D, d(xk,l, xm,n) ≥ 3, so it means |N(xa,b, xa ∈ V (Km ▷ Pn)−D) ∩D| = 1 and every
vertex xa,b, xa ∈ V (Km ▷ Pn) − D is dominated by exactly one vertex in D. Thus, we stated
that subset D is an efficient dominating set.

Second, we will show that subset D we have choose also satisfies the characteristic of resolving
set. To find out whether the distance representation of each vertex respect of the elements in
D is different one another, we can see the distance function of any two vertices in Km ▷ Pn as
follows.

d(xaxk) =

{
1 if a = k
0 if a ̸= k

d(xax(k,l)) =

{
l if a = k
l + 1 if a ̸= k

d(x(a,b)x(k,l)) =

{
|b− l| if a = k
b+ l + 1 if a ̸= k

Based on the subset D we have choose and the distance function of any two vertices, we
know that the representation of each vertex respect of the elements in D must be different one
another’s. Thus, D satisfies the characteristic of resolving set.

Third, we show that D is resolving efficient dominating set of Km ▷ Pn with the minimum
cardinality. Supposing |D1| < m⌈n3 ⌉, so we have |D1| = m⌈n3 ⌉ − 1 for n ≡ 0, 2(mod 3) and

|D1| < m(n−1)
3 + 1, so we have |D1| = m(n−1)

3 for n ≡ 1(mod 3). Here are some conditions that
might occur

(i) For n ≡ 0(mod 3)

• any vertex {xa,1} /∈ D1 → ∃ xa, xa,1, xa,2 which are not dominated by D1. Therefore,
D1 isn’t the efficient dominating set.

• any vertex {xa,b : b ≡ 1(mod 3) : 4 ≤ b ≤ n − 2} /∈ D1 → ∃ xa,b+1, xa,b, xa,b−1 which
are not dominated by D1. Therefore, D1 isn’t the efficient dominating set.

(ii) For n ≡ 1(mod 3)

• Vertex x1 /∈ D1 → ∃ x1,1, xa which are not dominated by D1. Therefore, D1 isn’t the
efficient dominating set

• Vertex x1,n−1 /∈ D1 → ∃ x1,n−1, x1,n−2 which are not dominated by D1. Therefore, D1

isn’t the efficient dominating set
• Any vertex {xa,b : 2 ≤ a ≤ m : 2 ≤ b ≤ n − 2 : b ≡ 2(mod 3)} /∈ D1 →
∃ xa,b+1, xa,b, xa,b−1 which are not dominated by D1. Therefore, D1 isn’t the efficient
dominating set.

• Any vertex {x1,b : 3 ≤ b < n − 1 : b ≡ 0(mod 3)} /∈ D1 → ∃ x1,b+1, x1,b, x1,b−1 which
are not dominated by D1. Therefore, D1 isn’t the efficient dominating set.

(iii) For n ≡ 2(mod 3)

• Vertex xa,1 /∈ D1 → ∃ xa, xa,1, xa,2 which are not dominated by D1. Therefore, D1

isn’t the efficient dominating set
• Vertex xa,n−1 /∈ D1 → ∃ xa,n−1, xa,n−2 which are not dominated by D1. Therefore, D1

isn’t the efficient dominating set
• Any vertex {xa,b : 1 < b < n − 1 : b ≡ 1(mod 3)} /∈ D1 → ∃ xa,b+1, xa,b, xa,b−1 which
are not dominated by D1. Therefore, D1 isn’t the efficient dominating set

Subset D1 doesn’t statisfy the characteristic of efficient dominating set, it contradicts the
resolving efficient dominating set. Therefore |D| = m⌈n3 ⌉ must be the minimum cardinality of

resolving efficient dominating set of Km ▷ Pn when n ≡ 0, 2(mod 3) and |D| = m(n−1)
3 + 1 when

n ≡ 1(mod 3). □
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Figure 5. The resolving efficient dominating set of K5 ▷ P3.

4. Conclusion
In this paper, we have investigated and analyzed the exact values of resolving efficient domination
number on path and some comb product of special graph, namely Pm ▷ Pn, Sm ▷ Pn, and
Km ▷Pn. Since this topic is a new research in combining study of metric dimension and efficient
dominating, there are still lots problems related to this topic have not been discovered yet.
Consequently, we propose some of the following open problems.

Open Problem 1 Let G be any connected graph, determine the exact value of its resolving
efficient domination number.

Open Problem 2 Determine the exact value of resolving efficient domination number of other
special graph and its operation, such as joint, cartesian and etc.
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