Journal of Physics: Conference

Series

PAPER « OPEN ACCESS You may also like

On r-dynamic coloring of central vertex join of 'é%i’oﬁéhi&???5%’2?@2%?‘3?5222&hs with
. . path graph

path’ Cyc|e with certain graphs B J Septory, Dafik, A | Kristiana et al.

- Corrigendum: Detection of nosemosis in
European honeybees (Apis mellifera) on
honeybees farm at Kanchanaburi
Thailand (2019 IOP Conf. Ser.: Mater Sci
Eng. 639 012048)

Samrit Maksong, Tanawat Yemor and
Surasuk Yanmanee

To cite this article: N Mohanapriya et al 2022 J. Phys.: Conf. Ser. 2157 012007

View the article online for updates and enhancements. - Sigma chromatic number of araph coronas

involving complete graphs
A D Garciano, M C T Lagura and R M
Marcelo

G N o | Discover

how sustainability

The 3 : intersects with
Electrochemical ¢ |
Society

Advancing solid state &
electrochemical science & technology

This content was downloaded from IP address 3.147.66.178 on 07/05/2024 at 15:25


https://doi.org/10.1088/1742-6596/2157/1/012007
https://iopscience.iop.org/article/10.1088/1755-1315/243/1/012113
https://iopscience.iop.org/article/10.1088/1755-1315/243/1/012113
https://iopscience.iop.org/article/10.1088/1755-1315/243/1/012113
https://iopscience.iop.org/article/10.1088/1757-899X/639/1/012055
https://iopscience.iop.org/article/10.1088/1757-899X/639/1/012055
https://iopscience.iop.org/article/10.1088/1757-899X/639/1/012055
https://iopscience.iop.org/article/10.1088/1757-899X/639/1/012055
https://iopscience.iop.org/article/10.1088/1757-899X/639/1/012055
https://iopscience.iop.org/article/10.1088/1757-899X/639/1/012055
https://iopscience.iop.org/article/10.1088/1742-6596/1538/1/012003
https://iopscience.iop.org/article/10.1088/1742-6596/1538/1/012003
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjsv4EL8V22wi8IcUeg47ile4uD3b-tT80vO_Rhu2tRzC52BG1QYzEzUmlyL4KyWa2nBqgC_UKWW4JOsB2X9ZSTxZ9ON79QR6qQaUANZKE7XmI1-QoQ1Q9P6HHPDBibGR3NlYId-qdPi9StvvPT6lUktoMacIdnLpCNk5LzFxnyPz-o0OcGoVJno3GfrB2BU-1LpgfGu2lIP-i09kgEefM406OWy0KgwyOyEBUeO80z1mn6o0YROYgTB24ibBthXUbMA2032ysmUDyAQcz2vCT2W8gjS58ieKC2vsPxXCybfwkN_MGIDtHfoTJ3SZJhj4yiIMdttrr6R6gYk1pIn7gp-5A5tMbg&sig=Cg0ArKJSzGpO7p1q4Q9G&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://iopscience.iop.org/partner/ecs%3Futm_source%3DIOP%26utm_medium%3Ddigital%26utm_campaign%3DIOP_tia%26utm_id%3DIOP%2BTIA

ICCGANT 2021 IOP Publishing
Journal of Physics: Conference Series 2157(2022) 012007  doi:10.1088/1742-6596/2157/1/012007

On r-dynamic coloring of central vertex join of path,
cycle with certain graphs

N Mohanapriya', K Kalaiselvi’?, V Aparna', Dafik®* and I H
Agustin3®

'PG and Research Department of Mathematics, Kongunadu Arts and Science College,
Coimbatore-641029

2 Department of Mathematics, Dr. Mahalingam College of Engineering and Technology
Pollachi-642 003, Tamil Nadu, India

3CGANT-University of Jember, Indonesia

4Department of Mathematics Education, University of Jember, Jember, Indonesia
SDepartment of Mathematics, University of Jember, Jember, Indonesia

E-mail: kkalaiselvi@drmcet.ac.in

Abstract. Let G = (V, E) be a simple finite connected and undirected graph with n vertices
and m edges. The n vertices are assigned the colors through mapping ¢ : V[G] — IT. An
r-dynamic coloring is a proper k-coloring of a graph G such that each vertex of GG receive colors
in at least min{deg(v),r} different color classes. The minimum k such that the graph G has
r-dynamic k coloring is called the r-dynamic chromatic number of graph G denoted as x,(G).
Let G1 and G2 be a graphs with ny and ng vertices and my and ms edges. The central vertex
join of G1 and G2 is the graph G1VG2 is obtained from C(G1) and G2 joining each vertex of
G1 with every vertex of G2. The aim of this paper is to obtain the lower bound for r-dynamic
chromatic number of central vertex join of path with a graph G, central vertex join of cycle with
a graph G and r-dynamic chromatic number of Pm\'/Pn7 PmVKn, PmVCn, CmVPn, CmVKn
and C,,VC, respectively.

1. Introduction

In this research, we use simple, finite, connected, and undirected graphs. Let V(G) and E(G)
be the graph’s vertex and edge sets, respectively and the maximum and minimum degree of the
graph G is denoted as A(G) and 0(G) [6]. The neighborhood of a vertex in a graph G is denoted
as Ng(v). An r-dynamic coloring of a graph is assigning colors to the vertex such that (i) The
coloring should be a proper coloring and (i) for each vertex v , |¢(Ng(v))| > min {r,deg(v)},
where N¢(v) denotes the set of all vertices adjacent to v and deg(v) its degree and 7 is a positive
integer. The r-dynamic chromatic number [7] of a graph G is denoted by x,(G), is the minimum
k such that G admits proper k-coloring. The 1-dynamic chromatic number of a graph G is equal
to its chromatic number. The 2-dynamic chromatic number of a graph G is studied by the
name dynamic chromatic number in [1] - [5], [9]. Montgomery first demonstrated the r-dynamic
coloring in [10]. Taherkhani et al. in [12] obtained the upper bound of regular graph. In [§]
Jahfar T K et al introduced the new graph operation based on central graphs.
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2. Preliminaries

The central graph of a graph G is obtained by subdividing each edge of G exactly once and
joining all the non-adjacent vertices of G. The central graph of G is denoted by C(G) [11], [13].
Let G and G5 be a graphs with n, and nsy vertices and m; and mo edges. The central vertex
join of Gy and Gy is the graph G1VGs is obtained from C(G1) and G2 joining each vertex of
G1 with every vertex of Go . The central vertex join G1V G5 has (m1 4 n1 + n2) vertices and

(m1 + mo +ning + M) edges [8]. A path graph P, is a sequence of vertices with the
property that each vertex in the sequence is adjacent to the vertex next to it.

3. Central Vertex Join of Path with some Graphs

In this section we obtain the lower bound for r-dynamic chromatic number of central vertex join
of path with a graph G, r-dynamic chromatic number of central vertex join of path with path
P,V P, path with complete graph P, VK, and path with cycle graph P, VC,.

Lemma 1. [9] x,(G) > min{r, A(G)} + 1.

Lemma 2. Let P, be a path on m vertices where m > 4 and G be a any finite, simple and
connected graph with at least n vertices where n > 2 then the lower bound for the r-dynamic
chromatic number of central vertex join of path P, with G is given by

Lm—”J—l, r=1

2
. m + 2 2<r<m
> ) — —
XT[PmVG}_ r+2, m+1<r<m+n-—2
m+n+2, r>m+n-—1
Proof. Let {v1, v, , vy} be the vertices of the path P, and by the definition of central vertex
join we are subdividing each edge {ej,ea, - ,em—1} to produce a new set of m — 1 vertices
{w1,wa, -+ w1} Also let {ug,uz,- -+ ,up} be the n vertices of the graph G. The degree of

each vertex v; of Py, in P,VG is m + n — 1 and degree of w; is 2.

Case: 1 When r = 1.
First color the vertices vy, va, w1, we with the colors 1, 1, 2, 2 respectively. Now, the vertex
vg cannot be colored with the colors 1 and 2 due to proper coloring criteria hence color it
with a new color 3. Now color ws, w4 with color 2 and v4 with color 3. Now v5 cannot be
provided with colors 1, 2 and 3 so we require a new color 4. Proceeding in a similar manner
we require LmT”J — 2 colors for coloring the vertices of P, and subdivided vertices. Thus
the vertices of P, are colored with sequence of colors 1,1, 3,3,4,4,-- -, LmT”J -2, LmTHJ -2
and w;s with color 2. Now moving forward onto G which is a finite, simple and connected
graph there must be at least an edge between any two vertices u and v of G. Now color
u with 2 and by proper coloring criteria v has to be colored with a new color LmTHJ —1.

Hence we require a minimum of LmT-WJ — 1 colors i.e., xr [PmVG} > LmT-WJ — 1.

Case: 2 When 2 <r <m.
For r = 2, color the vertices vy, w; with 1 and 2. Now, each w; has degree 2 hence for
satisfying the 2-adjacency of w; we need to provide a new color 3 to the vertex vy. Now
provide the color 1 to we and to satisfy its 2-adjacency provide the color 2 to v3. Color ws
with 3 and it is evident that we require a new color 4 for the vy for meeting its adjacency
criteria. Proceeding in a similar manner we can see evidently that we require m different
colors for this process. Now, none of the m colors can be provide to the vertices u,v of
graph G, since proper coloring criteria will be violated hence provide them with two new
colors m+1 and m+2 respectively. Now to put it into a simpler manner color v; with
i and assigning the colors m,1,2,--- ,m — 2 to the vertices wi, w2, - ,wy,—1. By this
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coloring we can see the the r-adjacencies of v; from r = 2 till r = m will be fulfilled. Thus
Xr [PmVG] >m + 2.

Case: 3 Whenm+1<r<m+n—2.
Primarily provide the coloring mentioned in Case 2 to the vertices of P, and subdivided
vertices. Now when » = m + 1 provide the colors m + 1,m 4+ 2,m 4+ 3 = r + 2 to any of
the 3 vertices of G (for this G should neccesarily have at least 3 vertices else r=m+1 will
be dealt in Case 4) for satisfying r = m + 1-adjacency of vs; when r = m + 2 provide the
colors m+1,m+2,m+3,m+4=r+ 2 to any of the 4 vertices of G (for this G should
neccesarily have at least 4 vertices else r=m+2 will be dealt in Case 4) proceeding in the
same way when r = m +n — 2 provide the colors m+1,m+2,m+3,m+n=r+2tothen

vertices of G for satisfying the » = m + n — 2-adjacency of v}s. Hence x, {PmVG} >r+2.

Case: 4 Whenr>m+n — 1.
By Case 3 the vertices v; will have m + n — 2 differently colored neighbors. Now for
satisfying the »r = m + n — 1l-adjacency of v; provide the new color m+n+1 to the vertex
wi and r = m + n — l-adjacency of vy provide the new color m+n+2 to the vertex wo
as the color m—+n+1 cannot be provided here. Now provide the colors m+n+1, m+n+2

alternatively to the remaining vertices ws, - - - , w,,—1. Hence x, {PmVG} >m+n+ 2.
O

Theorem 3. Let m >4 ,n > 3 the r-dynamic chromatic number of central vertex join of path
with path is

27 -1, r=1

m + 2, 2<r<m

T+ 2, m+1l1<r<m-+4n-—2

m+n+2, r=A

. [PmVPn} -

Proof. The vertex set of central vertex join of path graph P, with path graph
P, is given by V[PmVPn} = {vi,1<i<m} U {u;,1<i<n} U {w,l<i<m-—1}
and the edge set is E [PmVPn] = {vw,1<i<m-—1} U {wvit1,1 <i<m—-1} U
{viv;,1<i<m—2,1+2<j<m} U {vuj,1 <i<m,1<j<n}The maximum and mini-
mum degrees of (PmVPn) are A [PmVPn} =m+n—1and [PmVPn} = 2. We prove the
theorem in the following cases.

Case: 1 When r = 1 the r-dynamic coloring are as follows,
consider the mapping ¢ : V [(PmVPn)} — {1, 2,0, LmT”J — 1}

o c(v;) =1{3,3,4,4, -, || -1, | — 1}, 1<i<m, when m is even
o c(v)) =13,3,4,4,- ,L—Jﬂj—l} 1 <4 <'m, when m is odd

o c(u;) =4{1,2,1,2,--- 1,2}, 1<i<n

o c(w;)) =2, 1§z§ -1

This coloring provides the upper bound Y [PmVPn] < LmT”J

— 1. By Lemma 3.2 we have
the lower bound as [PmVPn] > LmT”J — 1. Hence the - adjacency condition fulfilled
and therefore . [PmVPn} = LmTHJ — 1, when r = 1.

Case: 2 When 2 < r < m , define the mapping ¢ : V [PmVPn} — {1,2,3--- ,m+ 2}, the
following coloring gives the upper bound of P,V P,
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e c(v;))=1i,1<i<m
hd C(uz):{m—i—l,m—i—Q,,m—l—l,m—|—2},1§z§n
o c(w;))={m,1,2,---m—2},1<i<m-1

By Lemma 3.2 we have the lower bound Yy, [PmVPn] > m + 2. Hence we have
Xr [PmVPn] =m+ 2, when 2 <r < m.

Case: 3 When m+1 < r < m +n — 2. Consider the mapping ¢ : V [(PmVPnﬂ —

{1,2,--- ,r 4+ 2}. The r-dynamic coloring are as follows,
o c(u;) :{m+_1,-_-- r+2m+1,--r+2---}1,1<i<n
o c(w;))={m,1,2,---m—2},1<i<m-—1
Hence the upper bound is [PmVPn] <1+ 2 and Lemma 3.2 provides the lower bound
as Xr [PmVPn} > r + 2. Therefore y, [PmVPn] =r+2whenm+1<r<m-+n-—2.
Case: 4 When » = A define the mapping ¢ : V [PmVPn] — {1,2,3--+ ,n+m+ 2}, the

following coloring gives the upper bound of P,VP,

o c(u;)) =1, 1<i<n

e clvi)={n+1,n+2--- n+m},1<i<m

e c(wj)) ={n+m+1Ln+m+2n+m+1ln+m+2- n+m+1n+m+2}
1<t1<m-—-1

Lemma 3.2 provides the lower bound as x, [PmVPn] > n+ m+ 2. Hence the r- adjacency
condition fulfilled and therefore ., [PmVPn} =n-+m+ 2, when r = A.
O

Theorem 4. Let m > 3, n > 2 the r-dynamic chromatic number of central vertex join of path
graph P, with complete graph K, is

757 40 -3, =1

XT[PmVKn]: m-+n, 2<r<A-1
m+n+2, r=A
Proof. The vertex set of central vertex join of path graph P, with complete graph
K, is given by V{PmVKn] = {v,1<i<m} U {u,1<i<n} U {w,l<i<m-—1}
and the edge set is F [PmVKn} = {vwi,1<i<m-1} U {wwiy1,1<i<m-—-1} U

{viv;;,1<i<m—-21+2<j<m} U {vu;,1 <i<m,1<j<n} The maximum and
minimum degrees of (PmVKn) are A [PmVKn} =m+n—1andd [PmVKn} = 2. We divide
the proof into three cases
Case: 1 When r = 1. By Lemma 3.2 we have the lower bound ¥, [PmVKn} > LWTHJ — 1 but
since we have complete graph in the place of G we require additional n — 2 colors hence
the lower bound transforms as x, [PmVKn} > LmT”J +n — 3. Now define the mapping
¢V [PmVKn} = {1,2,3,-+, [ ™7 +n— 3},
We use the following colorings to show the upper bound,



ICCGANT 2021 IOP Publishing
Journal of Physics: Conference Series 2157(2022) 012007  doi:10.1088/1742-6596/2157/1/012007

o c(u;))=1i,1<i<n

ocvl):{n+1n+1n—|—2n+2 LmTJ—i—n—?)} < i < m, when m is odd

e cvi) = {n+ln+ln+2n+2- [ +n-3 |2 +n-3},1 <i < m,
when m is even

o c(wj))=1,1<i<m-—1

Hence the 7- adjacency condition is fulfilled and therefore
Xr[PnVE,] = [™| +n—3.

Case: 2 When 2 < r < A — 1, define the mapping ¢ : V [PmVKn} —{1,2,3,---m +n} the
upper bound is given by the following colorings

o c(u;)) =1, 1<i<n
o c(vj)) =n+i, 1<i<m
o c(w))=1i,1<i<m-—1

By the above coloring we have the upper bound as XT[PmVKn] < m + n. Again since
we have K, in the place of G by Lemma 3.2 doesn’t provide an efficient bound we are in
requirement of more colors than in any other graph. We can easily see that we require
at least m + n in this case. Thus we have Y, [PmVKn] > m + n. Hence the r- adjacency
condition is fulfilled and
Xr[PnVEKyn] =m+n, when 2 <r < A — 1.

Case :3 Proof same as Case 4 of Theorem 3.3.

O]

Remark 5. Let m = 2, n > 2 the r-dynamic chromatic number of central vertex join of path
graph P, with complete graph K, is

) n+1, r=1
Xr[PVEK,|=¢ n+2, 2<r<A-1
n+3 r=A

Proof. The vertex set of central vertex join of path graph P» with complete graph K, is given
by V |:P2VKn:| ={v;,1 <i<2}U{u;,1 <i<n}U{w} and the edge set is

D) |:P2VKni| = {vjwy, wiva} U{vju;,1 <i<2,1<j <n}. The maximum and minimun degrees
of |:P2VKn:| are A [PgVKn] =n-+1andd |:P2VKn:| = 2. We divide the proof into three cases

Case: 1 When r = 1, define the mapping ¢: V' [PQVKn] —{1,2,--- ,n+1}.

o c(u))=14,1<i<n
o c(vy,v2) ={n+1,n+1}
o c(wy) =1
Hence the r- adjacency condition is fulfilled and therefore x,[PaVK,] = n+ 1, when r = 1.

Case: 2 When 2 <r < A—1, define the mapping ¢ : V [(PQVKn>i| —{1,2,3,--- ,n+ 2} and
we define the following colorings
c(uj)) =1, 1<i<n

o c(vi,v2) ={n+1,n+2}
o c(wy) =1
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Hence XT[PmVKn] =n+2 when2<r<A-1.
Case: 3 When r = A, define the mapping ¢ : V [PQVK,@} —{1,2,--- ,n + 3} and the following
colorings
o c(u;)) =1, 1<i<n

o c(v;)) ={n+1,n+2}
e c(w;)=n+3

—

Hence PmVKn} =n+3, forr=A.

O

Theorem 6. Let m,n > 3 the r-dynamic chromatic number of central vertex join of path graph
P, with cycle graph C,, is

LmT”J—l, r=1n1is even

LmTHJ, r=1n1is odd

m+ 2, 2<r<m, n 1iseven

m 4+ 3, 2<r<m+1, n isodd

XT[PmVCn]: r+ 3, r=m+2 n=>5

m+1<r<A-1, niseven

r 42, m+2<r<A-1, nisoddand n#5
m+3<r<A-1, n=5

(. m+n+2, r=A

Proof. The vertex set of central vertex join of path graph P, with cycle graph
C, is given by V {PmVCn} = {v,1<i<m} U {u,1<i<n} U {w;l1<i<m-1}
and the edge set is F {PmVC’n} = {vw;,1<i<m-—-1} U {wjvjp1,1<i<m—-1} U
{vivj,1<i<m-2142<j<m}U{vu;,1<i<m,1<j<n} The maximum and min-
imun degrees of (P,,VC),) are

A [PmVC’n} =m+n—1and [PmVC’n} = 2. We prove the theorem in the following cases.

Case: 1 Proof same as Case of Theorem 3.3.
Case: 2 When r =1 and n is odd , define the mapping c: V' [PmVCn] — {1, 2,3+, LmT”J },
the following coloring gives the upper bound of P,V C,,
o c(u)) ={1,2,1,2,---,1,2,3} ,1<i<n

o c(v;) ={4,4,5,5,- -, | L[}, 1<i<m
o c(wj))=2,1<i<m-—1

By Lemma 3.2 we have the lower bound Y, {PmVCn} > LmTHJ —1 but since we have an odd
cycle in G we require an additional color as odd cycle always requires 3 colors for proper
coloring thus x, [PmVCn] > LmTHJ Hence Y, [PmVC’n} = LmT”J, when n is odd.

Case: 3 Proof same as Case 2 of Theorem 3.3.

Case: 4 When 2 < r < m+ 1, n is odd , define the mapping ¢ : V [PmVCn} —
{1,2,3---,m+ 3}, the following coloring gives the upper bound of P,,VC,,

o c(u;) =41,2,1,2,---,1,2,3} ,1<i<n
e c(v;))=4{4,5--- ,m+3},1<i<m
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o c(w;) ={2,3,4,--- ,m} ,1<i<m-—1
Thus we have the upper bound Y, [PmVCn] <m+3for 2 <r <m+1. By Lemma

3.2 we have the lower bound Y, [PmVC'n} > m + 2 but since we have an odd cycle in
G we require an additional color as odd cycle always requires 3 colors for proper coloring
thus x, [PmVCn] > m+ 3 for 2 < r < m and by the same Lemma for r = m + 1,

Xr [PmVCn} > r+ 2 = m+ 3. Hence the r- adjacency condition fulfilled and therefore
Xr [PmVCn} =m + 3, when n is odd.

Case: 5 When r = m + 2 and n = 5, define the mapping ¢ : V [PmVCn] —
{1,2,3--- ,7 4+ 3 =m+ 5}, the following coloring gives the upper bound of P.VC,
o c(u)=i,1<i<5

)
o c(v;))={b+1,56+2--- 54+m},1<i<m
e c(w))=1i,1<i<m-—1

The Lemma provides the bound [PmVCn] > m+4 but since Cs require 5 different colors
we have Y, [PmVCn} > m + 5. Hence the r- adjacency condition fulfilled and therefore

Xr [PmVCn} =r+3, whenr=m+2andn=5.

Case: 6 Whenm+1<r<A-1,niseven;m+2<r<A-—1,nisodd and
m+3<r<A-—1,n =25, define the mapping ¢ : V [PmVCn] — {1,2,3---r + 2}, the
following coloring gives the upper bound of P,V C,,

Subcase: 1 Whenm+3<r<A-1,n=5
Same as Case 5 of this theorem.
Subcase: 2 When m+2<r<A -1, nisodd and n#5
e c(v;))=14,1<i<m
o c(w;)) ={m,1,2,3,--- . m—2},1<i<m-—1
e For the vertices u; first provide the vertices with colors {m+1,m+2,--- r+2}
in order and for the remaining vertices of u; provide them with colors from the set
{m+1,m+2,---,r+ 2} so that it is proper coloring and has 2- adjacency condition
satisfied with u;’s.

Subcase: 3 when m+1<r <A -1, niseven

e c(v;))=14,1<i<m
o c(w;))={m,1,2,3,--- m—1},1<i<m-—1
o cluj)={m+1,m+2,--- ;r+2m+1m+2,--- ,;r+2},1<i<n

By Lemma 3.2 we have the lower bound ¥, [PmVC’n} > r + 2. Hence we conclude that
Xr [PmVCn} = r + 2 for all the subcases in Case 6.

Case: 7 Proof same as Case 4 of Theorem 3.3.
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4. Central Vertex Join of Cycle with some Graphs

In this section we obtain the lower bound for r-dynamic chromatic number of central vertex
join of cycle graph with a graph G, r-dynamic chromatic number of central vertex join of cycle
graph with path graph C,,,V P, cycle graph with complete graph C,,V K,, and cycle graph with
cycle graph Cp,VC,, .

Lemma 7. Let C,, be a cycle on m vertices where m > 4 and G be a any finite, simple and
connected graph with at least n vertices where n > 2 then the lower bound for the r-dynamic
chromatic number of central vertex join of cycle Cy, with G is given by

2] -1, r=1
m+ 2, 2<r<m

XT[C’mVG}Z r+ 2, m+1<r<m-+n-—2
m+n+2, r>m-+n—1andmis even
m+n+3, r>m+n—1and m is odd

Proof. Let {vi,va,--+ vy} be the vertices of the cycle C), and by the definition of central
vertex join we are subdividing each edge {ej, ez, -+, e} to produce a new set of m vertices
{wy,wa, -+ ,wy,} where ¢; : 1 <i < m—1is the edge between the vertices v; and v;1+1 and e, is
edge between e, and e;. Also let {uy,ua,- - ,u,} be the n vertices of the graph G. The degree
of each vertex v; of C,, in (CmVG) is m+n — 1 and degree of w; is 2.

The proofs of Case 1, Case 2, Case 3 and Case 4 are similar to the ones of Lemma in Section 3.
Case: 5 Whenr > m+n—1and m is odd .

As in Case 4 if we provide the pattern of assigning the colors m+n+1, m+n+2 alternatively to
the vertices w; it will end up with giving the color m+n+1 to the vertex w,, but by this the
r-adjacency of the vertex v; will not be satisfied and the color m+4n+2 cannot be assigned due to

similar reason hence we require a new color m+n+3 for coloring. Hence x, [CmVG} > m-+n-+3.

O

Theorem 8. Let m > 4 and n > 2 the r - dynamic chromatic number of central vertex join of
cycle graph Cy, with path graph P, is
2] -1, r=1,
m —+ 2, 2<r< m
Xr[CmVPn}: r+2, m+1<r< A-1
m+n+2, r=A miseven
m+n+3, r=»Amisodd

Proof. The vertex set of central vertex join of cycle graph C,, with path graph P, is given by

\% {CmVPn} ={vi,1 <i<m}U{u;1 <i<n}U{w;,1<i<m} and the edge set is
E [CmVPn] = {vjw;,1 <i<m}U{wvit1,1 <i<m—1}U{wpvi}U
{vivj;1<i<m—2,i+2<j<m} U {vu;,1 <i<m,1<j<n} The maximum and

minimun degrees of (C’mVPn) are A [CmVPn} =m-+n—1andd [CmVPn} = 2. We prove the
theorem in the following cases.

Case: 1 When r = 1, the r- dynamic coloring are as follows, consider the mapping c :
V [CmVPn} — {1,2,3- RN LmT”J — 1}, the following coloring gives the upper bound of
CnV P,

o c(u;)) =141,2,1,2,--- 1,2} , 1<i<n
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2 1<¢<m, when m is odd
° C(Ui):{3?374’4""’LT+7J -1, Lm;ﬂJ —1}, 1 <i<m, when m is even

By Lemma 4.1 we have the lower bound y, [C’mVPn} > LmT”J — 1. Therefore
Xr [CmVPn} = LmT”J —1,whenr=1.

Case: 2 When 2 < r < m , define the mapping ¢ : V {C’mVPn] — {1,2,3--- ,m + 2}, the
following coloring gives the upper bound of C,,,V P,

e c(v;))=1i,1<i<m
o c(uj)) ={m+1m+2,--- m+1m+2},1<i<n
o c(w;)) ={m,1,2,---m—1} ,1<i<m

The lower bound follows from Lemma 4.1. Hence the r- adjacency condition fulfilled and
therefore y, [CmVPn} =m+2, when 2 <r <m.

Case: 3 When m+1 <r < A — 1, define the mapping ¢ : V [C’mVPn} —{1,2,3--- ,r+2},
the following coloring gives the upper bound of C,,,V P,

e c(v;))=1i,1<i<m
o c(uj)) ={m+1m+2,--- r+2m+1lm+2,---,r+2,---},1<i<n
o c(wj))={m,1,2,--- , m—1} ,1<i<m

From Lemma 4.1 we have the lower bound Yy, {CmVPn} > r + 2. Hence the r- adjacency
condition fulfilled and therefore ¥, [CmVPn] =r+2, whenm+1<r<A-1.

Case: 4 When r = A, m is even, define the mapping ¢ : V [C’mVPn} —{1,2,3--- ;m+n+ 2},
the following coloring gives the upper bound of C,,,V P,

e c(v;))=14,1<i<m
e clu))=m+i,1<i<n
e c(wj))={m+n+1m+n+2,-- m4+n+1lm+n+2},1<i<m

By Lemma 4.1 we have the lower bound Y, [CmVPn] > m+n+ 2. Hence the r- adjacency
condition fulfilled and therefore [C’mVPn] =m+n+2, when r = A, m is even .

Case: 5 When r = A, m is odd, define the mapping ¢ : V [C’mVPn} —{1,2,3--- ,m+n+ 3},
the following coloring gives the upper bound of C,,,V P,

e c(v;))=14,1<i<m
o c(uj))=m+i,1<i<n
e c(w)={m+n+1l,m+n+2,--- m+n+1lm+n+2,m+n+3},1<i<m

By Lemma 4.1 we have the lower bound Y, [CmVPn] > m+n+ 3. Hence the r- adjacency
condition fulfilled and therefore ., [C’mVPn] =m+n+ 3, when r = A, m is odd.
O
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Remark 9. Let m = 3, n > 2 the r-dynamic chromatic number of central vertex join of cycle
graph Cs with path graph P, is

) 3, r=1
o [03VPH] —{ s 2<r<4
r+1, h<r<A

Proof. The vertex set of central vertex join of cycle graph C3 with path graph P, is given by
14 |:C3VPn] ={vi,1 <i <3}U{u;, 1 <i<npU{w;, 1 <i<3}and the edge set is F [CgVPn} =
{viwi, 1 <4 <3} U{wivigr, 1 <i <2} U {wsgvr} U {vuj,1 <i<3,1 <5 <n}. The maximum
and minimun degrees of (CmVPn) are A [CmVPn} =n+2and d [CmVPn} = 2. We prove the

theorem in the following cases.

Case: 1 When r = 1, define the mapping c: V [CgVPn] — {1,2,3}. The assignment of colors
are as follows

e c(v;)) =1, i=1,2,3

b C(wz): ) 121,2,3

. c(u) :{ 2,3,2,3,---,2, when n is even
¢ 2,3,2,3,---,2,3 when n is odd

Thus we require 3 colors that is x, [CgVPn] =3, when r = 1.

Case: 2 When 2 < r < 4, the r- dynamic coloring are as follows, consider the mapping
c:V [CgVPn} — {1,2,3,4,5}. The assignment of colors are as follows

clvi)=1, i=1,2,3
clw;) = {3,1,2}, i=1,2,3

N ) 4545, ,4, when n is odd
(ui) = { 4,5,4,5,--- ,4,5, when n is even

[ ]
o

Hence the r- adjacency condition fulfilled and therefore x, [CgVPn} =5, when 2 <r < 4.
Case: 3 When 5 < r < A | define the mapping ¢ : V [CgVPn} — {1,2,3---,r+1}. The
assignment of colors are as follows

o c(v)=i,1<i<3
o cluj))={m+1,m+2,--- ;r+1l,m+1m+2,---,;r+1,---},1<i<n
o clw)=1{3,1,2} ,1<i<3

Hence the r- adjacency condition fulfilled and therefore x, [C’gVPn] = r + 1, when
5 <r<A.

O]

Theorem 10. Let m > 4 ,n > 2 the r-dynamic chromatic number of cenntral vertex join of
cycle graph Cy, with complete graph K, is

257 403, r=1

. ) m4+n, 2<r<A-1
Xr [CmVKn] ) m+n+2, r=A, mis even
m-+n-+3, r=A, mis odd

10
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Proof. The vertex set of central vertex join of cycle graph C,, with complete graph K, is given
by V [CmVKn] ={vi,1 <i<m}U{u;,1 <i<n}U{w;,1<i<m} and the edge set is

E [C’mVKn} = {vjw;, 1 <i<m}U{wivit1,1 <i<m—1}U{wpv}U
{vivj;1<i<m—2,i+2<j<m} U {vu;,1 <i<m,1<j5<n} The maximum and
minimun degrees of (C’mVKn) are A [CmVKn} =m-+n—1and [CmVKn} = 2. We divide

the proof in the following two cases.

Case: 1 When r = 1. By Lemma 4.1 we have the lower bound Y, [C’mVKn} > LmTHJ — 1 but
since we have complete graph in the place of G we require additional n — 2 colors hence
the lower bound transforms as y, [CmVKn} > LMTHJ +n — 3. Now define the mapping

c:V[CmVKn}—>{1,2,3,~-,[m7+7j+n—3}.
We use the following colorings to show the upper bound,
oc(ui):i,lgign
{n+1 n+l,n+2,n+2 - LmTJ—Fn—B} <¢<m , when m is odd
oc(vZ —{n—|—1n—|—1n—{—2n—|—2 ,Lm 7J—|—n— L +J—|—n—3},1§i§m,
when m is even
e c(w;))=1,1<i<m

Hence the r-adjacency condition fulfilled, [CmVKn} = LmTHJ +n—3, when r = 1.

Case: 2 When 2 < r < A — 1. Consider the mapping ¢ : V' [CmVKn} —{1,2,--- ,m+n} the
following coloring gives the upper bound of C,,V K,
o c(v;))=141<i<m
o c(wj))={m,1,2,--- m—1},1<i<m
e c(uj))=m+i,1<i<n
By the above coloring we have the upper bound as x, [C’mVKn] < m + n. Again since
we have K, in the place of G by Lemma 3.2 doesn’t provide an efficient bound we are in
requirement of more colors than in any other graph. We can easily see that we require at
least m + n in this case. Thus we have x,[C,VK,| > m + n. Hence the r- adjacency
condition is fulfilled and
Xr[CVKy] =m+n, when 2 <r <A —1.
Case: 3 Proof same as Case 4 of Theorem 4.2.
Case: 4 Proof same as Case 5 of Theorem 4.2.

O

Remark 11. Let m = 3, n > 2 the r-dynamic chromatic number of central vertex join of cycle
graph Cs with complete graph K, is

m+n—2, r=1

X’“[C?'VK”]:{ mtn,  2<r<A

Proof. The vertex set of central vertex join of cycle graph C3 with complete graph K, is given
by V [C’gVKn} ={vi,1 <i<3}U{u;,1 <i<n}U{w;,1<i<3}and the edge set is
E [CgVKn] = {vjw;, 1 <i <m}U{wivipr,1 <i <2} U{wsvfU{vu;,1 <i<3,1<j<n}.

The maximum and minimun degrees of (CgVKn) are A [C’gVKn} =m+n—1andd [CgVKn} =
2.We divide the proof in the following two cases.

11
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Case: 1 When r = 1. Define the mapping ¢ : V |:C3VKn} —{1,2,3,--- ,m+n—2}.

o clv)=1,1<i<3
o c(w))=2,1<i<3
o c(u)) =42,3,4,--- . m+n—-2}1<i<n

Hence the r-adjacency condition fulfilled and yx, [CgVKn:| =n+m — 2, when r = 1.
Case: 2 When 2 < r < A. Consider the mapping ¢ : V {CgVKn:| — {1,2,--- ,m+n}as
follows

o c(v;)=14,1<i<3
o c(w))=1{3,1,2},1<i<3
o cluj))=m+i,1<i<n

Hence the r-adjacency condition fulfilled and [CgVKn} <m+mn, when 2 <r <A.
O

Theorem 12. Let m > 5, n > 3 the r-dynamic chromatic number of cenntral vertex join of
cycle graph Cy, with cycle graph Cy, is

LmT‘”J —1, r=1,n1is even

LmT”J, r=1,nis odd
m+ 2, 2<r< m,n is even
_ m 4+ 3, 2<r< m+1,n1is odd
r [CmVC’n} =< 743, r=m+2,n is odd

<r< — )
— {m—l—l_r_A 1, n is even

m+3<r<A-1, nisodd
m+n+2, r=A, mis even
m+n+3, r=A, mis odd

Proof. The vertex set of central vertex join of cycle graph C), with complete graph C,, is given
by V [C’mVC’n)} ={v;,1 <i<3}U{u;1 <i<n}U{w;,1<i<m} and the edge set is

E [CmVCn} = {viw;, 1 <i<m}U{wvit1,1 <i<m—1}U{wpvi} U
{vivj;1<i<m—2,i4+2<j<m}U{vu;,1 <i<m,1<j5<n}

The maximum and minimun degrees of (C’mVC’n> are A {CmVC’n} = m+n—1 and
) {C’mVC'n} = 2. We divide the proof in the following two cases.

Case: 1 Proof same as Case 1 of Theorem 4.2.

Case: 2 When r =1 and n is odd , define the mapping ¢ : V {C’mVCn] — {1, 2,3+, LmT”J }
To show the upper bound we assign colors as follows.

c(u )—{1,2,1,2,‘-- , 1,23}, 1<i<n

c(v;) = {4,4,5,5,--- , ||}, 1 <i<m, when m is odd

c(v;) ={4,4,5,5,- -, ||, [}, 1 <i < m, when m is even

c(w;) =2, 1§z§m71

By Lemma 4.1 we have the lower bound Y, [CmVC’n} > LmT”J — 1 but since we have an
odd cycle in G we require an additional color as odd cycle always requires 3 colors for proper
coloring thus y, [C’mVC’n} > LmTHJ Hence x, [C’mVC’n} = LmT”J, when n is odd.

12
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Case: 3 Proof same as Case 2 of Theorem 4.2.
Case: 4 When 2 < r < m + 1 and n is odd. Define the mapping ¢ : V {C’mVCn} —
{1,2,3,--- ,m + 3}. To show the upper bound we assign colors as follows.
o c(v;))=i, 1<i<m

o c(w;))={m,1,2,--- ,m—1}, 1<i<m
e cluj)={m+1,m+2m+1m+2--- m+3},1<i<n

Thus we have the upper bound ¥, [CmVCn} <m+3for2 <r <m+1 By Lemma

4.1 we have the lower bound Y, {C’mVC’n] > m + 2 but since we have an odd cycle in
G we require an additional color as odd cycle always requires 3 colors for proper coloring
thus y, [C’mVC’n] > m+ 3 for 2 < r < m and by the same Lemma for r = m + 1,

Xr [CmVC’n} > r+ 2 = m+ 3. Hence the r- adjacency condition fulfilled and therefore
Xr [CmVC’n} = m + 3, when n is odd.

Case: 5 When r = m + 2 and n is odd. Define the mapping ¢ : V {C’mVCn} —
{1,2,3,--- ,r + 3}. To show the upper bound we assign colors as follows.
e c(v;)) =i, 1<i<m
o c(w;))={m,1,2,--- ,m—1}, 1<i<m
e For the vertices of u; first provide them with colors {m + 1,m + 2,--- ,r 4+ 3} in order
and then for the remaining vertices in u; provide them with colors from the set

{m+1,m+2,--- ,r+ 3} so that the coloring is proper and 2- adjacency condition
satisfied within u;’s.

By Lemma 4.1 for r = m + 2 we have the lower bound Y, [C’mVC'n} > r 4+ 2 but since n
is odd we are in requirement of an additional color thus Y, [C’mVC’n] > r + 3. Hence the

r-adjacency condition fulfilled x, [C’mVCn} =1+ 3 ,when n is odd.

Case: 6 When m+1<r<A-—-1,nisevenand m+3 <r <A —1, nis odd. Define the
mapping ¢ : V {CmVC’n] —{1,2,3,---,r+2}. To show the upper bound we assign colors
as follows.

o c(vi))=1i, 1<i<m

o c(w;))={m,1,2,--- ,m—1}, 1<i<m

e For the vertices of u; first provide them with colors {m + 1,m + 2,--- ,r 4+ 2} in order
and then for the remaining vertices in u; provide them with colors from the set

{m+1,m+2,--- ,r+ 2} so that the coloring is proper and 2- adjacency condition
satisfied within wu;’s.

The lower bound follows directly by Lemma 4.1 for the two subcases i.e., x, [CmVCn} >
r+2whenm+1<r<A-—-1,niseven and m+3 < r < A —1, nis odd. Hence
Xr [CmVC’n} =r+2, m+1<r<A-1,nisevenand m+3<r <A -1, nisodd.

Case: 7 Proof same as Case 4 of Theorem 4.2.

Case: 8 Proof same as Case 5 of Theorem 4.2.

13
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Remark 13. Let m =4 ,n > 3 the r-dynamic chromatic number of central vertex join of cycle
graph Cy with cycle graph C,, is

9, r=1,n1is even
4, r=1,nis odd
m + 3, 2<r< m+41,n s odd

Xr [041'/04 =< m+2, 2<r< m,nis even
r+ 3, m+1<r<A-—1, niseven
r+ 2, m+2<r<A-1, nisodd
m+n+2, r=A

Proof. The vertex set of central vertex join of cycle graph C; with complete graph C, is
given by V [041'/04 = {v;,1 <i<4}U{u;,1 <i<n}U{w;,1<i<4} and the edge set is
FE |:C4V0n} = {inz’7 1< < 4} U {wiviﬂ, 1< < 3} U {w4v1} U {1}11]3} U {’1)2’1)4}

U{viuj,1 <i<4,1<j<n}. The maximum and minimun degrees of (C’4VC’n) are

A [C’4VC’n} =n+3and d [C’4VCn} = 2.We prove the remark in the following cases.

Case: 1 When r = 1, n is even. Define the mapping ¢ : V' [C’4VC’n} — {1,2,3,4,5} and the
following coloring

[ ] (01,02,03,1)4) —1,1,2,2

o c(w;)) =3, 1<i<4

° (uz)—{3434 H1<i<n-1

o c(up) =

Hence the r-adjacency condition fulfilled and yx, [041704 =5 ,when r = 1 and n is even.

Case: 2 When r = 1, n is odd. Define the mapping ¢ : V [C4VC’,L} — {1,2,3,4} and the
coloring are as follows
L4 C(Ula V2, U3, U4) = 17 17 27 2

o c(wj))=3, 1<i<m
b C(UZ):{374a3a47}71§Z§n

Hence the r-adjacency condition fulfilled and yx, [6’41'/04 =4, when r = 1 and n is odd.

Case: 3 When m =4, 2 <r <m+1, nis odd. Define the mapping ¢ : V [04"/0“} —
{1,2,3,--+ ,m + 3} and the coloring are as follows
o c(v))=14,1<r<m
o c(w;))={m,1,2,3,--- m—1}, 1<i<m
o c(uj)={m+1,m+2m+3---m+1m+2m+3},1<i<n
Hence the r-adjacency condition fulfilled and ., [04"/0”} <m+3, when 2 <r <m-+1,
n is odd.
Case: 4 When 2 < r < m , n is even. Define the mapping ¢ : V [041704 —
{1,2,3,--+ ,m + 2} and the coloring are as follows

e c(v;)) =14, 1<r<m
o c(w;)) ={m,1,2,3,--- . m—1}, 1<i<m

14
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e c(uj))={m+1m+2,---m+1m+2},1<i<n

Hence the r-adjacency condition fulfilled and . [CJ/CH] =m+2,when2<r<m,nis
even.

Case: 5 When m+1 < r < A —1, nis even. Define the mapping ¢ : V [C4VCR} —
{1,2,3,--+ ,7 + 3} and the coloring are as follows

e c(v;))=1i,1<i<m

e c(w))=m+i,1<i<m

e For the vertices of u; first provide them with colors {m + 1,m +2,--- ,r + 3} in order
and then for the remaining vertices in u; provide them with colors from the set
{m+1,m+2,---,r+ 3} so that the coloring is proper and 2- adjacency condition
satisfied within wu;’s.

Hence the r-adjacency condition fulfilled and [04‘70”} =r+3,whenm+1<r<A-1,
n is even.

Case: 6 When m +2 < r < A — 1, n is odd. Define the mapping ¢ : V [C4VCn] —
{1,2,3,--+ ,7 + 2} and the coloring are as follows

e c(v;))=1i,1<i<m

o c(w))=m+i,1<i<m

e For the vertices of w;first provide them with colors {m + 1,m +2,--- ;7 + 2} in order
and then for the remaining vertices in u; provide them with colors from the set
{m+1,m+2,---,r+ 2} so that the coloring is proper and 2- adjacency condition
satisfied within wu;’s.

Hence the r-adjacency condition fulfilled and yx, [041704 =r+ 2 ,when n is odd.

Case: 7 When r = A. Define the mapping ¢ : V [C’4VC’n} — {1,2,3,--- ,m+n+ 2} and the

coloring are as follows

e c(v;))=i,1<i<m
o c(uj))=m+i,1<i<n
e c(w)={m+n+1lm+n+2m+n+lm+n+2}1<i<m

Hence the r-adjacency condition fulfilled and yx, [6’41./04 =m+n+ 2,When r = A.

5. Conclusion

In this paper we have attained the r- dynamic chromatic number of central vertex join of path
graph with path graph, complete graph and cycle graph. Also cycle graph with path graph,
complete graph and cycle graph. We can extend this work for central edge join for the same
graphs.
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