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Abstract. Let G be a graph with vertex set V(G), edge set E(G), and the number of edges g.
An edge odd graceful labeling of G is a bijection f : E(G) — {1,3,5,...,2q — 1} so that
induced mapping f*:V(G) — {0,1,2,..,2g —1} given byf*(x) =X, yerc)f(xy)
(mod 2q) is injective. A graph which admits an edge odd graceful labeling is called edge odd
graceful. An alternate triangular snake graph A(CJ") is a graph obtained from a path
U Uy U3 ... Uy, DY joining every uy;_q and u,; to a new vertex v;, 1 < i < m. An alternate
quadrilateral snake graph A(C;") is a graph obtained from vertices uq,us, Us, ..., Uy DY
joining every u,;_, and u,; to two vertices v; and w;, 1 < i < m, and joining every u,; to
Uyipq With 1 < i < m — 1. In this paper, we show that alternate triangular snake and alternate
quadrilateral snake graphs are edge odd graceful.

1. Introduction

In this paper, we follow Hartsfield and Ringel [1] for the basic notations, definitions, and terminology.
Thus, if G is a graph, then V(G) and E(G) denote the vertex set and the edge set of G, respectively;
p =|V(G)| and q = |E(G)| denote the number of vertices and the number of edges of G,
respectively. We only consider finite and simple graphs, all graphs have finite number of vertices and
finite number of edges, have no loops nor multiple edges.

A labeling of a graph G is an assignment of labels to the vertices or edges or both subject. If only
the vertices (or the edges) of G are labeled, the resulting graph is called vertex labeled graph (or edge
labeled graph). In a vertex labeling of a graph, traditionally, we label distinct vertices with distinct
labels [2]. Many kinds and results of graph labeling can be found in Chartrand et.al [2] and Gallian
[3]. These two books are very good resource for graph labeling.

One kind of labeling that has been studied in the literature is graceful labeling. Let G be nonempty
graph of order p and size q. The graph G has a graceful labeling if there is an injective function
f:V(G) - {0,1,2,..,p} such that the induced f":E(G) - {1,2,3,..,q} given by f'(uv) =
|f(w) — f(v)]| for every E(G) is bijective [2]. In [4] it is mentioned that in 1985, Lo introduced a new
graph labeling i.e. edge graceful labeling. A graph G with p vertices and q edges which admits edge
graceful graph if there exists a bijection f:E(G) — {0,1,2,...,q} that the induced function f* :
V(G) — Xxyee() f(xy) (modp). A graph which admits an edge graceful labeling is called an edge
graceful graph.

In 2009, Solaraiju and Chitra introduced edge odd graceful labeling [5]. An edge odd graceful
labeling of G is a bijectionf : E(G) — {1,3,5,...,2g — 1}so that induced mapping f* : V(G) —
{0,1,2,...,2q — 1} given by f*(x) = Xyyer(s) f(xy) (mod 2q) is injective. A graph which admits
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an edge odd graceful labeling is said to be edge odd graceful. They proved that Huffman tree B;t for
n = 2, bistar graph B,, ,, for n odd, graph < K ,,: 2 > for n odd, and double star graph K; ,, ,, for even
n, are edge odd graceful graph [5]. Since then, edge odd graceful labeling of many types of graphs
were studied, see for example [4,6-9].

In this paper we study edge odd graceful labeling of alternate triangular snake and alternate
quadrilateral snake graphs. The two graphs can be found in [10] and [11], respectively. An alternate
triangular snake graph A(C3") is a graph obtained from a path u,u,u; ... Uy, by joining every uy;_4
and u,; to a new vertex v;, 1 <i < m. Here we use a definition of an alternate quadrilateral snake
graph as follows. An alternate quadrilateral snake graph A(C{") is a graph obtained from vertices
Uq, Uy, Us, ..., Uy, DY joining every u,;_q and u,; to two vertices v,; and vy;_4, 1 <i<m, and
joining every uy; to Up;4q, 1 < i <m—1. It is known that alternate triangular snake and alternate
quadrilateral snake graphs admit several labeling, see [10] and [11]. In this paper, we show that each
of the two graphs admits an edge odd graceful labeling.

2. Main Results
In this section, we show that alternate triangular snake graphs and alternate quadrilateral snake graphs
are edge odd graceful.

Theorem 1. Let m be a positive integer. The alternate triangular snake graph A(CY") is edge odd
graceful.
Proof. Let graph G = A(CI™") be a graph with a vertex set
VGE) ={wyll<i<2m}u{y|1<i<m}
and an edge set
E(G) = {ug;- 117u Upi—1Uzp, ViUzi|1 S TS MPU {UpgiUpipq| 1< i<sm—1}
Figure 1 shows graph A(C{")

Vin—1

AN NN

Uzm—3 U2m—2 Uam—1 Uzm
Figure 1. Graph A(C3™").

The number of vertices of G is

p=1IV(G)| =3m,
and the number of edges of G is

q=|E(G)| =4m —1.
and hence,
2q =8m—2

Define f : E(G) — {1,3,5,...,(2q — 1)} by :
Foreveryl1 <i<2m-—1,

fluup) =2i—1
And forevery 1 <i <m,

fluyiqv;)) =8m—4i+1
f(uzl-vl-) =8m—4i—-1

as figure 2.
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Figure 2. Edge Labeling of A(C").

It is obvious that
{fuu )1 <i<2m-1}=1{1,3,5,...,4m — 3},
{fliv)ll<i<m}={4m+1,4m+54m+9,..,8m — 3},
fvill<i<m}={4m-1,4m+3,4m+7,..,8m -5},
and
f:EG) — {1,3,5,..,2q — 1}
is bijective, where 2g —1 = 8m — 3.
We will show that the induced function f* : V(G) — {0,1,2, ..., (2q — 1)}, defined by
Fr@ =) fxy) (modsm=-2)
xy€E(G)
is injective. It is obvious that
ft(u) =8m—2=0mod (8m — 2)
fH(uym) =8m — 4 mod (8m — 2)
Foreveryl <i<m-—1,
fHuai) = fugi—1uzi) + f(Uaithaiva) + f (uivi)
=(4i-3)+@4i—-1)+((Bm—4i—1)
=8m+4i-5
= 4i — 3 (mod 8m — 2),

where
1<4i—-3<4m-—-7

Similarly,

[T uzi1) = fUaitizivr) + f (Uiv1Uziv2) + f(Uzip1Visr)

=@4i—1)+ (4i+ 1)+ (8m—4i—3)

=8m+4i—3

= 4i — 1(mod 8m — 2),
where

3<4i—-1<4m-5

For every 1 < i < m, we have

fr@) = f(ugi-1vy) + f (ugivy)

=@Bm—-4i+1)+Bm—4i—1)

=16m — 8i

=8m — 8i + 2 (mod 8m — 2),

=4(2m — 2i) + 2 (mod 8m — 2),
where

2<4(2m-2i)+2<8m-6

We can see that all the vertex labels are distinct and then f 7 is injective.
This completes the proof of the theorem. [

For example, Figure 3 shows an edge odd graceful labeling of A(C2) and A(CY)
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Figure 3. Edge Odd Graceful Graph of A(C$) and A(CJ).

Our first result is on alternate quadrilateral snake graphs A(C;*), m = 2. Whenm = 1, A(C]*) =
Clis acycle Cy. It is easy to see that the cycle C, is not edge odd graceful.

Theorem 2. Let m be a positive integer, for m = 2.The alternate quadrilateral snake graph A(CFY) is
an edge odd graceful.
Proof. Let graph G = A(C") be a graph with a vertex set
V) ={wll<i<m+1}u{y|l1<i<2m-1}
And an edge set
E(G) = {uzi-1V2i, UgiV2i Ugi-1V2i-1, Ui V2i-1]1 S I S MPU {upvpi44|1 S i<m— 1}

As figure 4.
vy vy V2m—2 U2m
o & 8 8
Uy
(31 U3 Vom—3 V2m—1

Figure 4. Graph A(C").
The number of vertices of G is
p=1V(G)| = 4m,
and the number of edges of G is
q=|E(G)|=5m—1.
and hence,
2q =10m —2
Define f : E(G) — {1,3,5,...,(2q — 1)} by:
Foreveryl <i<m-—1,
fupiupiyq) =8m+2i—1
Foreveryl1 <i <m,
fQugiqvy) = 4i—3,
fluyvy) =4m+ 4i — 3,
fUpi—1v2i-1) = 4m + 4i —1,
fugivpi—) = 4i— 1.
As figure 5.
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Figure 5. Edge labeling of A(CS").

It obvious that
{fuziupip )1 <i<m—-1}={8m+1,8m+3,8m+5,..,10m — 3},
{fuyiqv)1 <i<m}={15,9,..,4m - 3},
vl <i<m}={4dm+1,4m+54m+9,..,8m -3},
{fuyiqvgiDIl <is<m}={4dm+3,4m+7,4m+11,..,8m — 1},
{f(upvy— DIl <i<m}={3711,..,4m -1},
and
f:EG) — {1,3,5,..,2q — 1}
is bijective, where 2g —1 = 10m — 3.
We will show that the induced functionf* : V(G) — {0,1,2,...,(2g — 1)}, defined by
Fr@ =) flxy)(mod 10m - 2)
XY€EE(G)
is injective. It is obvious that
f*(uy) = 4m+ 4 (mod 10m — 2)
T (ugy) = 12m — 4.
= 2m — 2 (mod 10m — 2).
Forevery 1 <i <m— 1, we have
fHug) = fugivay) + f(uzivay) + f(Upittpigg) +
=@m+4i-3)+Hi-1)+Bm+2i-1)
=12m+10i =5
=2m+ 10i — 3 (mod 10m — 2).
and
fHugis1) = fUaitiaive) + fUair1V2i42) + f Wai41V2i11)
=@m+2i—1)+ 4i+1)+ (8Bm+4i +3)
=12m+10i+ 3
=2m+ 10i + 5 (mod 10m — 2),
For every 1 < i < m, we have
fr(W20) = f(Ugi—1v20) + f(uzivay)
= (4i —3) + (4m + 4i — 3)
=4m+8i—6 (mod 10m — 2),
and
frWaic1) = f(Uai—1vim1) + f(Ugivzi-1)
=(@Am+4i-1+@i-1)
=4m+8i—2 (mod 10m — 2).
Note that the value of f*(x) is odd if and only if degree of x is odd. Further,
(Fru)ll <i<m-—1} = {12m+5,12m + 15,12m + 25, ..., 22m — 15},
(Fr(Upir)|l < i <m—1} = {12m + 13,2m + 23,12m + 33, ..., 12m — 7},
Fftwdll<i<sm-1}={4m+2,4m+10,4m + 18, ...,12m — 6},
Ty DIl<i<m-1}={4m+6,4m+ 14,4m + 28, ..,12m — 2},
), fT ()} = {4m + 4,12m — 4}.
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Suppose for some integers 1 <i<j<m-—1,
fT(uzi) = f*(uzj) (mod 10m —2).
Thenl<j—i<m-—2,and
12m+10i —5=12m+ 10j — 5 (mod 10m — 2),
10( — i) = k(10m — 2),
for some positive integer k; which is impossible since
k(10m —2) = 10k(m — 1) + 8k > 10(j — i).
Thus f+(uy) # f+(u2j) (mod 10m — 2) when i # j. By using the similar argument, it can be
shown that all the vertex labels are distinct, f* is injective.
This completes the proof of the theorem. [

For example, Figure 6 shows edge odd graceful labeling of alternate quadrilateral snake graph A(C})
and A(CJ)

50

Figure 6. Edge odd graceful graph of A(C}) and A(CJ).

3. Conclusions

We have shown that alternate triangular snake graph A(C3") and alternate quadrilateral snake graph
A(CM), for anym > 2, are edge odd graceful. However, the problems are still open for graphs A(C;*)
when m, n is a positive integer, n > 4. We can try to find out wether this graph is edge odd gracefulor
not.
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