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Abstract. The present paper focuses on the geometry of Wyle’s tensor of nearly
cosymplectic manifold. In particular, the flatness properties of Wyle’s tensor were
traded. These properties facilitated us to identify the necessary and sufficient
condition for nearly cosymplectic manifold to be an Einstein manifold.

1. Introduction

In previous years, many scientific studies appeared on the subject of nearly cosymplectic manifold,
which received the attention of many scholars. We will mention some of those. Blair [1], Blair and
Showers [2] studied some properties of nearly cosymplectic structure and they are considered
analog the concept nearly Kahler structure in Hermition geometry. There are many researchers studied
this class, for example, Banaru [3], Endo [4], [5], [6]. Kirichenko and Kusova [7] studied the
geometry of nearly cosymplectic manifold in the G- adjoined structure space. In particular, they
found its structure equations and components of Riemannian curvature tensor. Abood and Nawaf
[8]1[9][10][11], are studied some properties of nearly cosymplectic structure. By using the adjoined G-
structure space method, we investigated the geometrical properties of one tensor on some types of
almost contact manifold. In particular, we studied the Wyle's tensor and nearly cosymplectic manifold.
In each Riemannian manifold, a Wyle's tensor (conformal curvature tensor) is a tensor of type (3,1),
which is invariant with respect to the metric transformation. This tensor has been studied on some
classes of almost Hermitian manifold, see [12], [13]. In this paper, we have got some outcomes on
Wyle's tensor in nearly cosymplectic manifold. In detail, we have found the necessary and sufficient

conditions for nearly cosymplectic manifold to be an Einstein manifold.

Preliminaries
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Suppose that M is smooth manifold of odd-dimensional greater than 3, X(M ) is the modules of
smooth vector field on M, X¢(M) is complexification of module X(M) and T;(M) is the

complexification of tangent space T, (M) at the point pinM.

The set (M,n,&,®, g) is called an almost contact manifold ( AC-manifold ), where n is
differential 1-form called contact form, & is a vector field called a characteristic, ® is
endomorphism of X(M) called a structure endomorphism and g is the Riemannian metric on M.

Moreover, the following conditions are implemented:

(W1 =1; (2) DE&) = 0; R o ® = 0; (4)D? — id + n®E; (5)(PX, DY) = (X,Y) —
n(Xn¥), X, Y € X(M).[14]

The matrices of the structure endomorphism ®(p) and Riemannian metric g, in A-frame are

respectively given by the following forms:

0 0 0 1 0 0
@p=(0 o Jap=(0 0 n) @
0 0 -1, 01, 0

An almost contact manifold is called a nearly cosymplectic manifold ( NC-manifold ) if the
equality Vy (@ )Y + Vy(®P)X = 0, holds for X and Y in X(M) supports [15].

The following theorem explains the structure equations of NC-manifold in the G - adjoined

structure  space.
Theorem 2.1 [7].

In the G-adjoined structure space, the structure equations of NC-manifold are given by the

following forms:
1) dw® = -0 Ao’ + B A w, + B*w A w?,
2) dwg = wE Awp + By we Aw? + B w A wp,
3) do=Clw‘Aw,,

where w = w® = wy = 7*(n), = is a natural projection of the associated G-structure space onto the
manifold M,
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V-1 V-1_.a
Babc = _Tq)f'b,c]' Babc = T(DZ"@
V-1 V-1
Babc = TCDFB'&]' Babc = _TCDI%,C’

B%, =V-10§, C? = \/—_wofd_ﬁ],

B” = —V=1dg5 Cap = —V=10f,,),

Ca =V=1®, C* =-—J/=1d),

Cf =—V-1(Pps+®3,) = B% — By,

Bap = \/—_1(% ®f, — ‘Dg,b)'

BY = —V=1(;08, - ®5;).

Thetensors B, Cand A are respectively called the first, second and third structure tensors.

Definition 2.1 [16]: A Riemann Christoffel tensor R of a smooth manifold M is atensor of type
(4,0) which is defined as:

R(X,Y,Z,W) =g (R(Z,W)Y,X),
where R (X,Y)Z = ([Vx, Vy] — Vixy))Z; X,Y,Z,W € T, (M) and satisfies the next properties:
DRX,Y,Z,W) = —R(Y,X,Z,W);
2)R(X,Y,Z,W) = —R(X,Y, W, 2);
3)RX,Y,Z,W)+R(X,Z,W,Y) + R(X,W,Y,Z) = 0;
MR(X,Y,Z,W) = R(Z,W,X,Y).
The components of Rieman-Christoffel tensor of NC-manifold are given in Lemma below.

Lemma 2.1 [7]: The components of the Rieman-Christoffel tensor of NC- manifold are given by the

following forms:
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1) Rabca = —2Bap[cay;

2) Rapea = 0;

3)Rapea = —2B*"Bpey;

8 Rapea = AR + BBy, — BB
5) Raopo = 2C*“Cy,

The other components of Rieman-Christoffel tensor R can be obtained by the property of

symmetry for Rorequal to zero.
Definition 2.2 [17]. A Ricci tensor is atensor of type (2, 0) which is defined by
rij= RS = 9* Ruiji -
Definition 2.3 [8]: An NC-manifold has ®- invariant Ricci tensor when
®ar=rada

Lemma 2.2 [8]: An NC-manifold has ®-invariant Ricci tensor if, and only if, in the G-adjoined

structure space the following condition rbaZO holds.

Definition 2.4 [18]: A Riemannian manifold is called an Einstein manifold, if the Ricci tensor

satisfies the equationr;; = eg;;, where e is cosmological constant.

The main results

Definition 3.1[19]: The Wyle's tensor W is a tensor of rank (4.0 ) which is defined on Riemannian
manifold by the form:
Wijir = Rijia +

) Gugjk — 9ix9j1)

1 K
m(ﬁ'kgﬂ + TGik — Tajk — Tjdu) — nZn=1)

Now, we can redefine the Wyle's tensor on AC-manifold of odd-dimensional by the components form as

follows:

1

x
Wijkt = Rijia + 3 (raegu + T = Tadjie = Tedit) = gy (Guudie = Gixdjo) 3.1
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Theorem 3.1: In the G adjoined structure space, the components of the Wyle tensor of NC-

manifold are given by the following forms:

1) Wapea = —2Bapcay;

2) Wapea = 0;

A)Wapea = —2B"Bpeq + 5 (rac8i + 75a8¢ — TaaS¢ — 15:08) + 5mes; (6462 — 6863);
AW apca = Ap¢ = B Bppe — 30 Coc + 575 (racOh +75a0¢) — g (6605 );

1
5) Waopo = C%Che + 5 (rap — 2C°?Ccap.

And the others are conjugate to the above components or equal to zero.
Proof:
By using the equations (3.1) and Lemma 2.1, directly we obtain the above components.

Remark 3.1[20]: On the space of the G-structure, the identities CR; — CR5 are equivalent to the
relations:

CRy © Rapea = Ravea = Rapea =0
CRy © Rapca = Rapea =0
CR3 © Rgpea =0

CR, € CR, c CR3

Definition 3.1: In the adjoined G-structure space, an AC —manifold is a manifold of class:

WRy © Wabca = Wanea = Wapea =0

WR, © Wapea = Wapea =0

WR3 & Wapeqg =0
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WR, c WR, € WRy
Theorem 3.2: Any weakly cosymplectic manifold is a sub manifold of class WRj;.
Proof:
Let M be NC-manifold,

Since Wgpeq = 0, thisimplies that M is a structure of class WR;.

Theorem 3.3: Let M be AC-manifold with¢-invariant Ricci tensor and vanishing wyle tensor then:

1) If M has vanishing Ricci tensor , then M A%4 is constant.

2) If M has vanishing A%¢ them M is Einstein manifold.

Proof : Since M have vanishing Wyle tensor,

AZE — BBy, —3CChe + L (1acOF +Tpab8) — i 1)(5‘155) =0 (3.2)
1) Let M has vanishing Ricci tensor then the equation (3.2) becomes

AgE — BBy, —3CC, — X (586F) =0 (3.3)

2n(2n 1)

By symmetrizing(a, b), then we get

Aad -
be 2n(2n 1)

(5¢63)
By Contracting(a, b), and (d, ¢), we have

ad _ K
ad ~ 3(2n-1)

2) Let M has vanishing A%% , then the equation (3.2) becomes
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dh 5rad 1 d d) —
_Ba Bth - ECa CbC + m (rﬁcab + Tb&(sg) 271(271. 1)(8a6b) 0
By symmetric and anti-symmetric(a, d), we have
1
2n-1 (rdcgg + rb&(gg) 2n(2n— 1)(6‘161?) =0

By contracting (a, b) , we get
rd = e8¢, where e = %
Since M with ¢-invariant Ricci tensor and by using The definition 2.4, then M is Einstein manifold.

Theorem 3.4: Suppose that M is a vanishing Woyle nearly cosymplectic manifold with ¢ invariant

Ricci tensor, then the necessary and sufficient condition in which M is an Einstein manifold if
A = 3C9Cyq + o5

Proof: Since M have vanishing Wyle tensor,

Aj¢ — BBy — ;C“dCbc + 2,11—_1 (rac8f +1pade) — anzn= 1)(5‘155) =0
By symmetric and anti-symmetric(h, d), we have
AfE = 2CCpe + 55 (Taclh +1pabd) = e (6865) = 0 (3.4)
Let M be Einstein manifold, then we get
AfE = B Bppe = 5C%Che + 55 (8885 + 85 88) — 55 (6865) = 0 (3.5)

By contracting the equation (3.4) by the indices (d,c), we obtain
A =5C%Chy + Co8F (3.6)
Conversely
Let A =3C%Cyy + CoBE
By contracting the equation (3.4) by the indices (d, ¢), we obtain

A% Cadc +2n < (rap) —

X _@H=0 @37

2n(2n 1)
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From the equations 3.6 and 3.7 we get
Tap = €8y
Since M has ¢-invariant Ricci tensor, then M is Einstein manifold.

Theorem 3.5: If M is a manifold of class WR,, then the first structure tensor is parallel in the first

canonical connection.
Proof : Suppose that M is a manifold of class WR,, then from the definition 1 we have
Wabca = Wapea =0
From The Theorem 3.1, we obtain
Bapea =0
According the fundamental theorem of analysis we have :
VBabe = dBapc + Bapc W' + BaacWy' + BapaWe = BapcaW*
So we obtain
VBape = BapcaW*
Then we get
VBgpe =0

Which means the tensor B, is parallel in the connection if its covariant derivative is equal to

Zero.

Theorem 3.6: Let M be NC - manifold.. Then the classes CR; and WR5 are coincide if and only if, M

has ¢-invariant Ricci tensor.
Proof : Suppose that CR5; and WR5 are coincide
Taking into account the lemmas 1 and 2, we have
ong (TacOh +7p388) = 0

By contracting the above equation by the indices (a,d), we get
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The = 0
Conversely
Suppose that M ¢-invariant Ricci tensor

Making use of Theorem 3.1and Lemma 2.1, it follows that

Wabca = Rapea
Therefore, the classes CR; and WR5 are coincide.
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