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Wyle’s Vanishing Tensor of Nearly Cosymplectic Manifold 

                 Nawaf Jaber Mohammed1 

1. Department of Mathematics, Ministry of Education, Basra Education Directorate, Basra, Iraq. 

Abstract. The present paper focuses on the geometry of Wyle’s tensor of nearly 

cosymplecticb manifold. Inbparticular, the flatnessb properties of Wyle’s tensorb were 

traded. These propertiesb facilitated us tob identifyb the necessaryb and sufficient 

conditionb for nearly cosymplectic manifoldb to be an Einsteinb manifold. 

1.   Introduction 

    In previous years, many scientific studies appeared on the subject of nearly cosymplectic manifold, 

which received the attention of many scholars. We will mention some of those. Blairb [1], Blairb and 

Showers [2] studied someb properties ofb nearly cosymplecticb structure and theyb are considered 

analogb the conceptb nearly Kahlerb structure in Hermition geometry. There are many researchers studied 

this class, for example, Banaru [3], Endo [4], [5], [6]. Kirichenkob and Kusovab [7] studied the 

geometryb of nearly cosymplecticb manifold in the G-badjoined structure bspace. In particular, they 

foundb its  structureb equations and components of Riemannian curvature tensor. Abood and Nawaf 

[8][9][10][11], are studied some properties of nearly cosymplectic structure. By  using the adjoined 𝐺-

structure space method, we investigated the geometrical propertiesb of one tensorb on some types of 

almostb contact manifold. In particular, we studiedb  the Wyle's tensor and nearly cosymplectic manifold. 

In each Riemannian manifold, a Wyle's tensor (conformal curvature tensor) is a tensorb of typeb (3,1), 

which is invariantb with respectb to the metricb transformation. Thisb tensor has been studied on some 

classes of almost Hermitian manifold, see [12], [13].  In this paper, we have got some outcomes on 

Wyle's tensor in nearly cosymplectic manifold. In detail, we haveb found the necessaryb and sufficient 

conditionsb for nearly cosymplectic bmanifold to beb an Einsteinb manifold.  

 Preliminaries 
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 Supposeb that 𝑀 is smooth manifoldb of odd-dimensional greater than 3, X(M ) is the modules of 

smoothb vector fieldb on M, 𝑋𝑐(𝑀) is complexification of module X(M) and  𝑇𝑝
𝑐(𝑀) is the 

complexificationb of tangent spaceb 𝑇𝑝(𝑀) at the pointb 𝑝 in M . 

The set (𝑀 , 𝜂 , 𝜉 , Ф , g) is calledb an almost contactb manifold ( AC-manifoldb), where 𝜂b is 

differentialb 1-form called contactb form, bξ  is a vectorb field called  a bcharacteristic, Ф is 

endomorphismb of X(M) calledb a structure endomorphism and bg  is the Riemannianb metric on M. 

Moreover, the followingb conditions are implemented: 

(1) 𝜂(𝜉) = 1; (2) Φ(𝜉) = 0; (3)𝜂 ∘ Φ = 0; (4)Φ2 − 𝑖𝑑 + 𝜂⨂𝜉; (5)〈Φ𝑋, Φ𝑌〉 = 〈𝑋, 𝑌〉 −

𝜂(𝑋)𝜂(𝑌), 𝑋, 𝑌 ∈ 𝑋(𝑀).[14] 

The matricesb of the structure endomorphism Φ(𝑝) andb Riemannian metricb 𝑔𝑝 in A-frameb are 

respectively given byb the followingb forms:  

(Φ𝑗
𝑖) = (

0 0 0

0 √−1𝐼𝑛 0

0 0 −√−1𝐼𝑛

) , (𝑔𝑖𝑗) = (
1 0 0
0 0 𝐼𝑛

0 𝐼𝑛 0
),                                                             (2.1)   

An almost contactb manifoldn is calledn a nearlyb cosymplecticn manifoldb ( NC-manifoldb) if  theb 

equalityn ∇𝑋 (Φb)𝑌 + ∇𝑌(Φ)𝑋 = 0, holds for X and Y in X(M) supports [15]. 

   The followingb theorem explains the structureb equations of  NC-manifoldb in then G -badjoined 

structuren bspace. 

Theorem  2.1 [7].  

In the G-adjoinedb structure bspace, the structuren equationsb of nNC-manifoldb arengiven bynthe 

followingnforms: 

1) 𝑑𝜔𝑎 = −𝜔𝑏
𝑎 ∧ 𝜔𝑏 + 𝐵𝑎𝑏

𝑐𝜔𝑐 ∧ 𝜔𝑏 + 𝐵𝑎
𝑏𝜔 ∧ 𝜔𝑏 ,    

2)  𝑑𝜔𝑎 = 𝜔𝑎
𝑏 ∧ 𝜔𝑏 +  𝐵𝑎𝑏

𝑐𝜔𝑐 ∧ 𝜔𝑏 + 𝐵𝑎
𝑏𝜔 ∧ 𝜔𝑏 ,   

3)   𝑑𝜔 = 𝐶𝑐
𝑏𝜔𝑐 ∧ 𝜔𝑏 ,                                                                                                         

where  𝜔 = 𝜔0 = 𝜔0 = 𝜋∗(𝜂), 𝜋 is a naturalb projection of theb associated 𝐺-structure space onto the 

manifold 𝑀, 
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𝐵𝑎𝑏𝑐 = −
√−1

2
Φ[𝑏,𝑐]

𝑎 ,  𝐵𝑎𝑏
𝑐 =

√−1

2
Φ𝑏,𝑐̂

�̂� ,   

𝐵𝑎𝑏𝑐 =
√−1

2
Φ[�̂�,𝑐̂]

𝑎 ,      𝐵𝑎𝑏
𝑐 = −

√−1

2
Φ�̂�,𝑐

𝑎 ,    

𝐵𝑎
𝑏  = √−1Φ0,𝑏

𝑎 ,     𝐶𝑎𝑏   = √−1Φ0[�̂�,�̂�]
0 ,  

𝐵𝑎
𝑏   = −√−1Φ0,�̂�

�̂� ,   𝐶𝑎𝑏   = −√−1Φ[𝑎,𝑏]
0 ,  

𝐶𝑎     = √−1Φ𝑎,0
0 ,      𝐶𝑎     = −√−1Φ�̂�,0

0   

𝐶𝑏
𝑎     = −√−1(Φ𝑏,�̂�

0 + Φ�̂�,𝑏
0 ) = 𝐵𝑎

𝑏 − 𝐵𝑏
𝑎 ,   

𝐵𝑎𝑏   = √−1 (
1

2
Φ𝑏,0

�̂� − Φ0,𝑏
�̂� ),  

𝐵𝑎𝑏  = −√−1 (
1

2
Φ�̂�,0

𝑎 − Φ0,�̂�
𝑎 ).                        

 The tensorsb B, nC andnA bare respectively calledb thenfirst, secondb andnthird bstructurentensors. 

Definition 2.1 n [16]: A RiemannnChristoffel tensorb 𝑅 ofna smoothb manifoldnM isna tensorb ofntype 

(4,0) whichb isndefinedb as:  

                                        𝑅(𝑋, 𝑌, 𝑍, 𝑊) = 𝑔 (𝑅(𝑍, 𝑊)𝑌, 𝑋), 

where 𝑅 (𝑋, 𝑌)𝑍 = ([𝛻𝑋, 𝛻𝑌] − 𝛻[𝑋,𝑌])𝑍; 𝑋, 𝑌, 𝑍, 𝑊 ∈ 𝑇𝑝(𝑀) and satisfies the next properties: 

1)𝑅(𝑋, 𝑌, 𝑍, 𝑊) = −𝑅(𝑌, 𝑋, 𝑍, 𝑊); 

2)𝑅(𝑋, 𝑌, 𝑍, 𝑊) = −𝑅(𝑋, 𝑌, 𝑊, 𝑍); 

3)𝑅(𝑋, 𝑌, 𝑍, 𝑊) + 𝑅(𝑋, 𝑍, 𝑊, 𝑌) + 𝑅(𝑋, 𝑊, 𝑌, 𝑍) = 0; 

4)𝑅(𝑋, 𝑌, 𝑍, 𝑊) = 𝑅(𝑍, 𝑊, 𝑋, 𝑌). 

  The componentsb of Rieman-Christoffelb tensor of NC-manifoldb are givenb in  Lemma bbelow. 

Lemma 2.1 [7]: The componentsbof the Rieman-Christoffel  tensorb of 𝑁𝐶- manifoldb are givenb by the 

followingb forms: 
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1)  𝑅𝑎𝑏𝑐𝑑 = −2𝛣𝑎𝑏[𝑐𝑑]; 

2) 𝑅�̂�𝑏𝑐𝑑 = 0; 

3)𝑅�̂��̂�𝑐𝑑 = −2𝛣𝑎𝑏ℎ𝛣ℎ𝑐𝑑; 

4) 𝑅�̂�𝑏𝑐�̂� = 𝛢𝑏𝑐
𝑎𝑑 + 𝛣𝑎𝑑ℎ𝛣ℎ𝑏𝑐 − 𝛣     𝑐

𝑎ℎ 𝛣ℎ𝑏
   𝑑; 

5) 𝑅�̂�0𝑏0 = 2𝐶𝑎𝑐𝐶𝑏𝑐, 

      The otherb components ofb Rieman-Christoffel tensorb R can be obtainedb by thenpropertynof 

symmetryb fornR or equalb tonzero. 

Definition 2.2n [17]. AnRicci tensorb is a tensor of btype (2, 0) whichb is definednby  

                                              𝑟𝑖𝑗= 𝑅𝑖𝑗𝑘
𝑘 = 𝑔𝑘𝑙𝑅𝑘𝑖𝑗𝑙  . 

Definition 2.3 [8]: An NC-manifoldb has Φ- invariantb Ricci tensorb when  

                                                            𝛷a⃘𝑟= ra𝛷a 

Lemma 2.2 [8]: An NC-manifoldb has Φ-invariantb Ricci tensorb if, nandnonly if, inb thenG-adjoined 

structureb spacentheb followingncondition   0
ˆ
=a

br b nholds. 

Definition 2.4 [18]:  A Riemannianb manifoldnis calledb annEinstein bmanifold, if  the bRicci tensor 

satisfiesb thenequation 𝑟𝑖𝑗 = 𝑒𝑔𝑖𝑗 , whereb 𝑒  is cosmological bconstant. 

 The main results   

   Definition 3.1[19]: The Wyle's tensor 𝑊 is a tensorb of rank (4.0 ) whichb is defined onb Riemannian 

manifoldb by the bform: 

𝑊𝑖𝑗𝑘𝑙 = 𝑅𝑖𝑗𝑘𝑙 +
1

2(𝑛 − 1)
(𝑟𝑖𝑘𝑔𝑗𝑙 + 𝑟𝑗𝑙𝑔𝑖𝑘 − 𝑟𝑖𝑙𝑔𝑗𝑘 − 𝑟𝑗𝑘𝑔𝑖𝑙) −

𝒦

2𝑛(2𝑛 − 1)
(𝑔𝑖𝑙𝑔𝑗𝑘 − 𝑔𝑖𝑘𝑔𝑗𝑙) 

Now, we can redefine the Wyle's tensor on AC-manifold of odd-dimensional by the components form as 

follows:   

𝑊𝑖𝑗𝑘𝑙 =  𝑅𝑖𝑗𝑘𝑙 +
1

2𝑛−1
(𝑟𝑖𝑘𝑔𝑗𝑙 + 𝑟𝑗𝑙𝑔𝑖𝑘 − 𝑟𝑖𝑙𝑔𝑗𝑘 − 𝑟𝑗𝑘𝑔𝑖𝑙) −

𝒦

2𝑛(2𝑛−1)
(𝑔𝑖𝑙𝑔𝑗𝑘 −  𝑔𝑖𝑘𝑔𝑗𝑙)                       (3.1) 
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Theorem 3.1:  Inn the Gnadjoined structurenspace, the componentsnof the Wyle ntensor ofb NC-

manifoldn are givennby thenfollowingnforms: 

1) 𝑊𝑎𝑏𝑐𝑑 = −2𝐵𝑎𝑏[𝑐𝑑];   

2) 𝑊�̂�𝑏𝑐𝑑 = 0; 

3)𝑊�̂��̂�𝑐𝑑 =  −2𝐵𝑎𝑏ℎ𝐵ℎ𝑐𝑑 + 1

2𝑛−1
 (𝑟�̂�𝑐𝛿𝑑

𝑏 + 𝑟�̂�𝑑𝛿𝑐
𝑎 − 𝑟�̂�𝑑𝛿𝑐

𝑏 − 𝑟�̂�𝑐𝛿𝑑
𝑎) + 𝐾

2𝑛(2𝑛−1)
(𝛿𝑑

𝑎𝛿𝑐
𝑏 − 𝛿𝑐

𝑎𝛿𝑑
𝑏); 

4)𝑊�̂�𝑏𝑐�̂� = 𝐴𝑏𝑐
𝑎𝑑 − 𝐵𝑎𝑑ℎ𝐵ℎ𝑏𝑐 − 5

3
𝐶𝑎𝑑𝐶𝑏𝑐 + 1

2𝑛−1
 (𝑟�̂�𝑐𝛿𝑏

𝑑 + 𝑟𝑏�̂�𝛿𝑐
𝑎) − 𝐾

2𝑛(2𝑛−1)
(𝛿𝑐

𝑎𝛿𝑏
𝑑); 

5) 𝑊�̂�0𝑏0 = 𝐶𝑎𝑐𝐶𝑏𝑐 +  
1

2𝑛−1
(𝑟�̂�𝑏 − 2𝐶𝑐𝑑𝐶𝑐𝑑𝛿𝑏

𝑎.  

Andnthe othersb are conjugatento thenabove componentsnor equalnto bzero. 

Proof: 

   Bynusing thenequations (3.1) and Lemma 2.1, directlyb we obtain theb above bcomponents. 

Remark 3.1[20]: On theb space of theb 𝐺-structure, the bidentities 𝐶𝑅1 − 𝐶𝑅3 are equivalent to the 

relations: 

𝐶𝑅1 ↔ 𝑅�̂�𝑏𝑐𝑑 = 𝑅𝑎𝑏𝑐𝑑 = 𝑅�̂��̂�𝑐𝑑 = 0 

𝐶𝑅2 ↔ 𝑅�̂�𝑏𝑐𝑑 = 𝑅𝑎𝑏𝑐𝑑 = 0 

𝐶𝑅3 ↔ 𝑅�̂�𝑏𝑐𝑑 = 0 

𝐶𝑅1 ⊂ 𝐶𝑅2 ⊂ 𝐶𝑅3 

 

Definition 3.1: In theb adjoined 𝐺-structureb space, an 𝐴𝐶 −manifoldb is a manifoldb of class:  

 

𝑊𝑅1 ↔ 𝑊�̂�𝑏𝑐𝑑 = 𝑊𝑎𝑏𝑐𝑑 = 𝑊�̂��̂�𝑐𝑑 = 0 

𝑊𝑅2 ↔ 𝑊�̂�𝑏𝑐𝑑 = 𝑊𝑎𝑏𝑐𝑑 = 0 

𝑊𝑅3 ↔ 𝑊�̂�𝑏𝑐𝑑 = 0 
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𝑊𝑅1 ⊂ 𝑊𝑅2 ⊂ 𝑊𝑅3 

Theorem 3.2: Any weaklyb cosymplectic manifoldb is a sub manifold of classb 𝑊𝑅3. 

Proof: 

Letb M be NC-manifold, 

Since  𝑊�̂�𝑏𝑐𝑑 = 0 ,  this impliesb that M is a structureb of classb  𝑊𝑅3. 

 

Theorem 3.3: Let M be AC-manifoldnwithϕ-invariant Ricci tensor and vanishing wyle tensor then: 

1) If M has vanishing Ricci tensor , then M 𝐴𝑎𝑑
𝑎𝑑 is constant. 

2) If M has vanishing 𝐴𝑏𝑐
𝑎𝑑 them M is Einstein manifold. 

Proof : Since M have vanishing Wyle tensor, 

𝐴𝑏𝑐
𝑎𝑑 − 𝐵𝑎𝑑ℎ𝐵ℎ𝑏𝑐 − 5

3
𝐶𝑎𝑑𝐶𝑏𝑐 + 1

2𝑛−1
 (𝑟�̂�𝑐𝛿𝑏

𝑑 + 𝑟𝑏�̂�𝛿𝑐
𝑎) − 𝐾

2𝑛(2𝑛−1)
(𝛿𝑐

𝑎𝛿𝑏
𝑑) = 0                                   (3.2) 

1) Let M has vanishing Ricci tensor then the equation (3.2) becomes 

 

𝐴𝑏𝑐
𝑎𝑑 − 𝐵𝑎𝑑ℎ𝐵ℎ𝑏𝑐 − 5

3
𝐶𝑎𝑑𝐶𝑏𝑐 − 𝐾

2𝑛(2𝑛−1)
(𝛿𝑐

𝑎𝛿𝑏
𝑑) = 0                                                                        (3.3) 

 

By symmetrizing(𝑎, 𝑏), then we get 

𝐴𝑏𝑐
𝑎𝑑 =

𝐾

2𝑛(2𝑛−1)
(𝛿𝑐

𝑎𝛿𝑏
𝑑) 

  

By Contracting(𝑎, 𝑏), and  (𝑑, 𝑐), we have 

𝐴𝑎𝑑
𝑎𝑑 =

𝐾

2(2𝑛−1)
 

2) Let M has vanishing  𝐴𝑏𝑐
𝑎𝑑 , then the equation (3.2) becomes 
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−𝐵𝑎𝑑ℎ𝐵ℎ𝑏𝑐 −
5

3
𝐶𝑎𝑑𝐶𝑏𝑐 +

1

2𝑛−1
 (𝑟�̂�𝑐𝛿𝑏

𝑑 + 𝑟𝑏�̂�𝛿𝑐
𝑎) −

𝐾

2𝑛(2𝑛−1)
(𝛿𝑐

𝑎𝛿𝑏
𝑑) = 0 

By symmetric and anti-symmetric(𝑎, 𝑑), we have 

1

2𝑛−1
 (𝑟�̂�𝑐𝛿𝑏

𝑑 + 𝑟𝑏�̂�𝛿𝑐
𝑎) −

𝐾

2𝑛(2𝑛−1)
(𝛿𝑐

𝑎𝛿𝑏
𝑑) = 0  

By contracting  (𝑎, 𝑏) , we get 

𝑟𝑐
𝑑 = 𝑒𝛿𝑐

𝑑 , where 𝑒 =
𝐾

4𝑛
 

Since M with ϕ-invariantb Ricci tensorb and by using The definition 2.4, then M is Einsteinnmanifold. 

Theorem 3.4: Supposenthat Mn is a vanishingb Wyle nearly cosymplectic manifoldb with ϕninvariant 

Riccintensor, thennthe necessaryb andnsufficient bcondition in which M isnan Einsteinb manifoldb if   

𝐴 =
5

3
𝐶𝑎𝑑𝐶𝑏𝑑 + 𝐶0𝛿𝑏

𝑎. 

Proof:  Since M have vanishing Wyle tensor, 

𝐴𝑏𝑐
𝑎𝑑 − 𝐵𝑎𝑑ℎ𝐵ℎ𝑏𝑐 −

5

3
𝐶𝑎𝑑𝐶𝑏𝑐 +

1

2𝑛−1
 (𝑟�̂�𝑐𝛿𝑏

𝑑 + 𝑟𝑏�̂�𝛿𝑐
𝑎) −

𝐾

2𝑛(2𝑛−1)
(𝛿𝑐

𝑎𝛿𝑏
𝑑) = 0 

By symmetric and anti-symmetric(ℎ, 𝑑), we have 

𝐴𝑏𝑐
𝑎𝑑 − 5

3
𝐶𝑎𝑑𝐶𝑏𝑐 + 1

2𝑛−1
 (𝑟�̂�𝑐𝛿𝑏

𝑑 + 𝑟𝑏�̂�𝛿𝑐
𝑎) − 𝐾

2𝑛(2𝑛−1)
(𝛿𝑐

𝑎𝛿𝑏
𝑑) = 0                                                     (3.4) 

Let M be Einstein manifold, then we get 

𝐴𝑏𝑐
𝑎𝑑 − 𝐵𝑎𝑑ℎ𝐵ℎ𝑏𝑐 − 5

3
𝐶𝑎𝑑𝐶𝑏𝑐 + 𝑒

2𝑛−1
 (𝛿𝑐

𝑎𝛿𝑏
𝑑 + 𝛿𝑏

𝑑𝛿𝑐
𝑎) − 𝐾

2𝑛(2𝑛−1)
(𝛿𝑐

𝑎𝛿𝑏
𝑑) = 0                                   (3.5) 

By contractingb  the equationb (3.4) by the indicesb (𝑑, 𝑐), web obtain  

                                 𝐴 = 5

3
𝐶𝑎𝑑𝐶𝑏𝑑 + 𝐶0𝛿𝑏

𝑎                                                                                 (3.6) 

Conversely  

Let   𝐴 = 5

3
𝐶𝑎𝑑𝐶𝑏𝑑 + 𝐶0𝛿𝑏

𝑎 

By contractingb  the equationb (3.4) by the indicesb (𝑑, 𝑐), we obtain  

𝐴𝑏𝑑
𝑎𝑑 −

5

3
𝐶𝑎𝑑𝐶𝑏𝑑 +

2

2𝑛−1
 (𝑟�̂�𝑏) −

𝐾

2𝑛(2𝑛−1)
(𝛿𝑏

𝑎) = 0      (3.7) 
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From the equations 3.6 and 3.7 we get 

𝑟�̂�𝑏 = 𝑒𝛿𝑏
𝑎 

Since M hasb ϕ-invariant Riccib tensor, thenb M isb Einstein bmanifold. 

Theorem 3.5: If M is a manifoldb of class 𝑊𝑅2, thenb the  first structureb tensor isnparallel in thenfirst 

canonical connection. 

Proofb: Suppose thatb M is a manifoldb ofnclass 𝑊𝑅2, then from the definition 1  we have  

𝑊�̂�𝑏𝑐𝑑 = 𝑊𝑎𝑏𝑐𝑑 = 0 

From The Theorem 3.1, we obtain 

𝐵𝑎𝑏𝑐𝑑 = 0 

According bthe fundamentalb theorem of analysisb we have : 

∇𝐵𝑎𝑏𝑐 = 𝑑𝐵𝑎𝑏𝑐 + 𝐵𝑑𝑏𝑐𝑊𝑎
𝑑 + 𝐵𝑎𝑑𝑐𝑊𝑏

𝑑 + 𝐵𝑎𝑏𝑑𝑊𝑐
𝑑 = 𝐵𝑎𝑏𝑐𝑑𝑊𝑑 

So we obtain  

∇𝐵𝑎𝑏𝑐 = 𝐵𝑎𝑏𝑐𝑑𝑊𝑑 

Then we get  

∇𝐵𝑎𝑏𝑐 = 0 

Which meansb the tensorb 𝐵𝑎𝑏𝑐  isnparallel in the connectionb if its covariantnderivative is equalb to 

zero.  

Theorem 3.6: Let M be NC -bmanifold.. Thennthe classesb 𝐶𝑅3 and 𝑊𝑅3 are coincideb if and only if, M 

has ϕ-invariantb Riccintensor.  

Proof : Suppose thatb 𝐶𝑅3 and 𝑊𝑅3 are coincideb 

Taking intob account the lemmasb 1 and 2 , we have 

1

2𝑛−1
 (𝑟�̂�𝑐𝛿𝑏

𝑑 + 𝑟𝑏�̂�𝛿𝑐
𝑎) = 0 

By contracting the above equation  bynthe indices (a,d), we get 
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𝑟𝑏𝑐 = 0 

Conversely 

Supposenthat M  ϕ-invariantnRicci tensor 

Making use of Theorem 3.1and Lemma 2.1 , it followsb that   

𝑊�̂�𝑏𝑐𝑑 = 𝑅�̂�𝑏𝑐𝑑 

Therefore, the classes  𝐶𝑅3 and 𝑊𝑅3 are bcoincide. 
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