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Abstract. We proposed and analyzed a predator—prey model. The disease effects in predator
due to pollution in environment, as well the immigration factor effected is discussed. We
assumed that, the population are divided into three parts prey, susceptible predator and infected
predator. Firstly, the existence, uniqueness and bounded-ness of the solution of the model are
discussed. Secondly, we studied the existence and local stability of all equilibrium points.
Furthermore, some of the Sufficient conditions of the global stability of the positive
equilibrium are established using suitable Lyapunov functions. Finally, those theoretical results
are demonstrated with numerical simulations.
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1. Introduction
To study the dynamical behavior of a phenomenon, the mathematical modeling is used as an

effective tool to describe and analyze this phenomenon. Around 1800, the British Economist Malthus
formulated a single species model and subsequently modified by Verhulst [1].

In the beginning of the twentieth century several attempts have been made to predict the evolution
and existence of species mathematically. Indeed, the first major attempt in this direction was due to the
well-known classical Lotka and Volterra [2, 3]. They proposed the prey-predator model in 1927. They
also describe the continuous Lotka-Volterra model by ordinary differential equations. Further the
delay differential equations is widely used to characterize the dynamics of biological systems.

During the last three decades, the relationship between the predator and their prey is studied and its
very crucial component of study in ecology. The prey-predator interaction is prominent and significant
area of research in applied mathematical modeling and population dynamics.

Venturino [4] investigated the long-term behavior in predator-prey model which assuming the
epidemics occurred in prey population and can be transmitted by the contact of predators.
Mathematical ecology and mathematical epidemiology are two different fields in the study of biology
and applied mathematics. The combination of these fields are studied which termed as an eco-
epidemiology. Many authors have studied eco-epidemiological models and considered infection in
prey population only. Later, other authors such as Kant and Kumar [5] formulated and studied a
predator-prey model with migrating prey and disease infection in both species. In [6], Haque and
Venturino analyzed the prey-predator model by considering a Holling-Tanner functional response.
They also investigated some bifurcations around the disease-free equilibrium. Recently, many authors
have proposed and discussed eco-epidemiological models with some assumptions (for instance,[7-
10]). They considered prey-predator model with infection in prey population only. Naji and Mustafa
[9] discussed the dynamics of an eco-epidemiological model with nonlinear incidence rate.

On the other hand, there are another category papers in literature, in which the authors consider the
eco-epidemiological models where the disease spreads in predator population [11-14].
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Also, a migration can be described as an important demographic process that occurs in all living
beings. The physical movement from one place to another is termed as a migration. For example, the
bird migration is the regular seasonal movement, often north and south along a flyway, between
breeding and wintering grounds and the timing of migration seems to be controlled primarily by
changes in day length, and the reason behind the migration varies in organisms such as climatic
changes, to seek refuge, for food, shelter etc., [15].

Because we have taken prey-predator model so scientifically, the effect of migration can be considered
as a significant aspect in the formatting of prey predator mathematical models.

Dingle and Drake explained the term migration for different species. They recognized a migration as
an adaptation to resources that fluctuate spatiotemporally either seasonally or less predictably. Some
authors have studied predator-prey model by taking migration in prey species. In [16], the migration
and diffusion are important in the dynamics of spatial prey—predator interaction which is confirmed by
both theoretical and numerical analysis. Keeping the above in view, we combine a prey-predator
model with an epidemiological model.system more scientifically, the effect of migration must be taken
into consideration while formulating of mathematical model of the prey-predator systems.

In our work, we proposed a prey-predator system with disease in prey population. The interactions
between the healthy predator, susceptible prey, and infected prey and vice versa. Furthermore, the
combine of two cases are studied using four-dimensional model along with the migration in both prey
and predator population. The mortality rate of infected prey population is possible due to natural death
and the death due to disease, along with the incorporation of migration factor. The rest of the paper is
structured as follows. In section 2 we present the mathematical model with basic considerations.
Boundedness and positivity of the solutions of the model are established in section 3. Section 4 deals
with all the possible equilibrium points of the model and their feasibility conditions. Stability of the
model at various equilibrium points is discussed in section 5. Computer simulations are carried out to
illustrate our analytical findings numerically in section 6. Section 7 contains the general discussion
and biological significance of our analytical findings.

2. Mathematical Model

Our model consists of two populations, namely, the prey, whose population density is denoted by
X(t) and the predator, whose population density is denoted by Y; (t) and Y, (t),where Y; denotes to the
healthy predator, while Y, represents the infected predator and t is the time variable. We make the
following assumptions to formulate our model:

H1. In the absence of disease and predation, the prey population grows according to logistic law
with growth rate » > 0 and carrying capacity k; > 0.

H2. It is assumed that the disease spreads among the predator population only and the
transmission of disease between healthy and infected predator follow the simple law of mass
action and environment BY;Y, and yY;E, where 8 and y are the forces of infection and E €
[0,1].

H3. Predators get the same reward from the predating on the prey with different search
efficiencies. Also, infected predator becomes less active and therefore they could not catch



FISCAS 2021

IOP Publishing

Journal of Physics: Conference Series 1897(2021) 012034  doi:10.1088/1742-6596/1897/1/012034

H4.
HS.

He6.

easily the prey compared to the healthy predator. Thus, we assume that searching coefficient
of the healthy predator for prey is greater than that of infected predator.

The functional response of the predator to the prey is assumed to be of Lotka-Volterra type.
Prey population has migration rates as m;. It is a natural factor that healthy predator is

stronger as compared with the infected predator and therefore we neglected the probability of
migration of infected predator.

It has been assumed that infected predator recovers with rate a.

Based on the above assumptions, the mathematical model takes the following form as:

Table 1 Details of the parameters in the system (1): Parameters and their definition
Symbol Definition

r
n
nX

Subject

Intrinsic growth rate
measure of the quality of the prey or food for the predator
interpreted as a prey dependent carrying capacity for the predator
environmental carrying capacity for the predator
prey environment carrying capacity
half saturation constants
Migration rate of prey
Migration rate of healthy predator
Healthy prey-predation coefficient
Conversion coefficient from infected to healthy predator
Infection coefficient of healthy predator
Conversion coefficient from healthy to infected predator by contaminated environment
Natural death rate of healthy predator
Natural death rate of infected predator
Death rate of infected predator due to infection

Borx(1-3) -2 x

dt k) kptx

day; Y, +Y,

d_tlzsyl (1—#)—]/Y1E—BY1Y2+0(2Y2—m2Y1—d1Y1 (1)
ay;

= SYNHE + BNY; — ayYy — (dy + WY,

dE
o 0Y,(1—E) —nE

to the initial conditions with X(0) = 0,Y,(0) =0, Y,(0) =0, E(0) = 0, while all the

parameters are describe in the table (1).

3. Mathematical analysis

3.1. Boundedness of the solution.

Since al

| the parameters are non-negative and the interaction functions are continuously differentiable

the right hand side of system (1) is a smooth function of variables (X, Y;,Y,, E) in the positive octant,
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Q={(X,v,Y,,E))|x=0,Y, >0,Y, > 0,E > 0}.
Furthermore, it is easy to prove that  is an invariant set. In addition, it is easy to verify that, all the
interaction functions are globally Lipschitz and then the system (1) has a unique solution. Now we will
prove the boundedness of the system (1).
3.2 Theorem: All solutions of system (1) which initiate in R4 are uniformly bounded.
Proof: Let (X(t),Y;1(t),Y,(t),E(t)) be any solution of the system (1) with non-negative initial
condition (X(O), Y:(0), Y, (0),E(0)), From the first equation, we getas t —» o

X k
sup [rX (1 - k_l)] < % 2)
And from the second equation, we get
sup [sYl (1 - Y)] < Arrto )
4
Let N(t) = X(t) + Y1 (t) + Y, (t) + E(t), then from the model we get
aN _ Yy

=rx (1 —kﬁl) + 5% (1= =) —myX = (my + dy)Y — (dy + )Y,

dt nX+c

Assuming a positive constant g > 0 and g = min{m,, m, + d;,d, + u}, we get

dN __4rki+s(nrk,+4c)
SN < (= Tt (4)

Now by using Gronweall Lemma it obtain that

H _H\ ,-at
N(t) < q + (NO q) e (5)
Therefore, N(t) < g, ast — co. Now from the last equation of system (1) we have

qaE _ 0Y,(1—E) E
ar otz £
Then 2 <ov,—y,E<02—yE
dt q
By similar way as above we get:
E)<Ziastow (6)
Y1 4

Hence all the solution of system (1) that initiate in R% are confined in the region

_ 4, H o H
Q—{(X,Yl,YZ,E)ESR+-NSq,OSEsy1.q} @
Thus, these solutions are uniformly bounded and the proof is complete. ]

3.3. Existence of equilibrium points.
It is easy to verify that the system (1) has at most six biologically feasible equilibrium points. The
existence conditions of each of them along with their local stability analyses are discussed as follows

1. The vanishing equilibrium point E, = (0,0,0,0) always exists.
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2. The first axial equilibrium point E; = (X,0,0,0), where X = % (r — m,) exists provided
m; <r. (8)
3. second axial equilibrium point with no infection occurred E, = (O, Y, 0,0),
where ¥; = %(s —m, — d,) exists, provided
m, +dq <s. ©)

nX+c

4. The first planar equilibrium point E; = (X,¥;,0,0), where ¥; =

. (s —my —d;) exists

provided as the same case above by condition (9). while X, represents a positive root of the following
quadratic equation

A X2+ A4,X + A5 =0, (10)
here

A =71

Ay, =1k, + ajkqn (S_msz_dl) —k(r—my)

A = ajk, (S_mz_dl) c—kik,(r —my)

Clearly, E5 exists uniquely in interior of XY —plane when 4; < 0.

N

5. Prey-free equilibrium point with Migration permitted and infection occurred

E, = (0,Y,, ¥, E), where ¥, = 6(”11_2) and ¥, = % exist, provided E < 1,

While E, represents a positive root of the following quadratic equation

BiE®+ B,E?+B3E+B, =0 (11)

Here

B, = 7292[50’2]’1 —cD]
B, =y6[(2y + s —my — dy)cDO + sDy; + 2By1cD — 2(By; + y0)azy;c]
_ {sDZG + (Br1 +v0)?azysc — (s —my —d)(Bra + 2y9)cD9}
57 | —sDY(B +116) — (2Byy +v0)yOcD — p2yZcD
B, = (s —my —d;)cDO[By, +y6] — sD?6

with D = y; (a, + d, + ). Clearly, E, exists uniquely in interior of Positive octant of Y; Y, E — space
when B, > 0 with one of the following conditions:

B;>00rB, <0
6. The positive equilibrium point E5 = (X, ¥, ¥,, E) of system (1) can be determined by equating the
right hand side of system (1) to the zero and solve the resulting algebraic system. Straightforward
computation gives that:
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v _ }’11?7
27 0(1-E) ]
=1 _ vilappdy+u) (12)

T Bn +y0(1-E)
_ sD[DO(1-E)+y,EG| _
" nG[DpO(1-E)(s—yE-my—d;)-DBy1E+ayy,EG|

>l

c
n

while E is a unique positive root of the following sixth order polynomial equation

C1E® + CLE® + C3E* + CLE® + CsE?> + CcE+ C; =0 (13a)
Here
Cy = wy[DO(s — m;, — dy)]*y?6?
C, = {WZMG(D@Y — a;¥Y10) + a,Dn’ky (DOy — a,yy16)%y0 }
—wa[(By1 +v0)(DOy — azyy10) + yOws][y0(DOy — azyy16) + 1]

C, = 2w1[(By1 +¥0)ws + Dy6?(s — my — d)] + w1 [(Byy + yO)wy + w3y6]* — TSZDZV]&H}
—w [wawsy0 + [(Byy +y0)wy + wiyBlyy,0] — a1Dn2k1W4[2V9W3 +ws(By1 +7v6)]
7] \
(By1 +vO)ws ]wl@] |

—2w,w,Dy#? —my —dy) — [ Do? —
wiw,Dy0%(By, +y8)(s —m, 1) — wy [wayD6 —Dy62(s — my — dy)

C, =
* +a;Dn’k;[2w,Dy6%(s — my — dy) + wz[wy(Bys +v0) + wzy6] + (Bys + v0)wzw,]
+2wsrs?D?yy, 0
[((By1 +vO)ws + w3yB][2w1 DO(By, +¥6)(s —my — dy) + wo (DO + 1)] ]
2(¢ —
+[ws(Byy + y8) + Dy8%(s — my — dy)] [[_‘”3(,3)/1 +y6) + Dy8<(s —m, d1)]W1]
CS = WaWs

—rs*D?(w¢ — 2yy1D8%) — w,Dyy16%(Bys +v0)(s — my — dy)

—2a,Dn*k,DO(s — my — dy)[(Byy + yOIw, + wsy6]

2w, DO(By, +y6)(s — my — dy)[ws(By, +v0) + Dy6?(s — m, — dy)]

Ce = +W2D9[[(.8V1 +y0)[ws — (s —my —dws] + DY92(5 —mp — d1)]]
—a,Dn?k,;DO(s —m, — dy)[DO(s — m, — dy)y0 — 2(By; + ¥8)ws] + 2wsrfs?D3

_ o w1 DO(By1 +y0)(s —my —dy) ]
C; = DOBY +YO (s =m2 =d) ||\ po — o DnZk,D(s — m, — dy)

with

wy = (nk; — o)[(r — my)nky —rc]

wy, = sD[(r — my)nk, —rc — (nk, — c)]

w3 = DOYE + DO(s —m, — dy) + DBy, — azy1(By1 +v0)

w, = Dy8 — ayyy, 0

ws = y0y; +yif — DO
So by Descartes rule of sign [17], equation (13a) has a unique positive root provided that one set of the
following sets of conditions hold:

c;<0,C;>0; i=1,..5 (13b)
C;<0,6;>0; i=123,j=567 (13c)
€;<0,C;,>0; i=3,..7 (13d)

€;<0,6,>0; i=1,.,5 (13e)
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€;<0,;>0; i=123,j=567 (13f)

€, <0,C;>0; i=3..7 (139g)
Consequently, the positive point Es = (X, Y, Y,, E) exist uniquely in the %% provided that in addition
to satisfy one of conditions (13b)-(13g), the following conditions should be hold.

cG < sD[(D +yy1§)9(1—f)+ﬁyf§] }

DO(1—E)(YE +m; + dy) + DBY,E < DOs(1 — E) + ayy, E[By1 + v6(1 — E)] o

where

G= [,6’)/1 + )/9(1 - E)] [DB(I - E)(s —yE —m, — dl) — DBy, E + azylﬁ[ﬁyl + yH(l - E)]]

4. Local stability analysis:

In this section, the local stability of the equilibrium points of system (1) are established using the
linearization method. It is easy to verify that the variational matrix of system (1), at the general point
(X,Y,,Y,,E), can be writtenas J = (a;;), . ;i,j = 1,2,3,4, where

4x4’
_ _ 21X kpqVy _ X
[r—m ki (kp+X)? ka+X 0 ’ ]
Yy (Y1 +Y,) (2Y1+Y,) Y
J= % —Sm(%—yE—ﬁYZ—mz—(h —n;ic—ﬁlﬁ"‘az e | (15)
[ 0 VE + BY, BYi—ay—d,—u  ¥Y J
0 0 6(1-E) —0Y, -y

Therefore, the variational matrix of the system (1) at E, = (0,0,0,0) is given by;

rT—my 0 0 0
_ 0 S — m2 - dl az 0
](EO) - 0 0 _az _ dZ —u 0 (16)
0 0 6 -
Then the eigenvalues of J(E,) are given by;
M=-n
lz =71 — ml
/’13:S_m2_d1 (17)
Ay =—ay;—d; —
So, E, = (0,0,0,0) is an asymptotically stable equilibrium if
r<mpands <m,+d, (18)
The variational matrix of the system (1) at E; = (X, 0,0,0) is given by;
2rX a, X
r—mq — k_l - K+ X 0 0
](El) = 0 S — m2 - d1 az 0 (19)
0 0 —a,—d,—u 0
0 O 9 _]/1

Then

eigenvalues are given by;
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/11 =N
Ly=—ay—d,—p
Z3=S_m2_d1 (20)
x 2rX
14, =7Tr— m1 - kLl
So, E; = (X,0,0,0) is a locally asymptotically stable equilibrium if
s<my+d; andr<m1+2er. (21)
1
The variational matrix of the system (1) at E, = (0, ¥}, 0,0) is given by;
r—my -2 0 0 0
2
% 25V , S
J(E2) = nizl S— % -my—d; - 571 - +ta; ¥4 (22)
0 0 BYi—a,—d,—pn  v¥
0 0 0 -y
The characteristic equation is given by;
[r—m1 —“;21—/1] [s— = —m, — dy —/1] [A2 + A2+ 4, =0 (23)
Here
Ay = — (33 + dge)
Ay = U330 — U34043
Based on the above characteristic equation (23), the eigenvalues are given by
Al =7 m1 - a;ZI
2s¥;
Ay = _%_ 2—d; <0 (24)
Ayq=—"FF 3 |A] — 44,
So, E, = (0,¥;,0,0) is a locally asymptotically stable equilibrium if
r<myand c(y;8+y0)(s —my, —dy) <yis(ay, +dy +p) (25)
The variational matrix of the system (1) at E; = (X, ¥3,0,0) is given by;
_ _2rX  kpay¥y _ aX
T =M = S T 02 ko +X 0 0
ns¥y 2s¥; sPy > ~
](ES) = (nX+c)? $— nfk+c my—dy - nf+c pYi+az —yhf (26)
0 0 BYi—ay—d,—p vY
0 0 6 —Y1
The characteristic equation is given by;
[22 + A2+ 4,][2* + ByA+ B,] = 0, 27
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here
Ay = —(ay1 + @y;)
Ay = G418y — Gy2051
By = —(Q33 + G44)
By = Q33044 — G34043

Based on the above characteristic equation (27), the eigenvalues are given by;

212=_%$§ A\%_LI'AZ
. (28)
A3a = _71$% B — 4B,
So, E; = (X,¥3,0,0) is a locally asymptotically stable equilibrium if
r<myand (nX + c)(y1B +y0)(s — my — dy) < yys(ay +dy + 1) (29)
The variational matrix of the system (1) at E, = (0, Y;, Y, E) is given by;
J(E4) =
a ¥y
F —my = 0 0 0 }
Y, (Y1+Y,) 2Y,+Y, = = Y. S S
ns:% 5(1_%>—YE—5Y2—m2—d1 —Sjl—ﬂyri'az -rh (30)
l 0 YE + BY; ,Byl_a’z_flz_.“ )_/Yl }
The characteristic equation is given by;
(ﬁll - A)[AB + .4_12.2 + Az/’{ + 14_3] = O (31)
Here
{1_1 = —(Gy2 + A3z + Ay4)
42 = Qpp033 — G303z + U044 + Q33044 — U34043
Az = —0Q5033044 — Q4037043 + Q2034043 + 3032044

So either (a;; — A) = 0, which gives the eigenvalue in the X —direction by Ay = a;, or

AB+A A2+ 4,21+ 45 =0.

Now, according to the Routh-Hawirtiz Criterion all the eigenvalues of J(E,) have roots with negative
real parts if and only if 4;(i =1,3) > 0 and A = A;4, — A3 > 0. So, E, = (0,¥,,,,E) is a locally

asymptotically stable equilibrium if
a.¥,
(kp+X)?

r<m;+

N—

2Y,+Y, = S
s<s(_T)+yE+ﬁY2+m2+d1 (32)
sY;

a2<T+B}71
vE + BY, < 6V, + v,
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From ecological point of view this equilibrium is very important. The reason is quite obvious that in
this case all four populations will exist simultaneously. This provides actual interaction and
competition among all different populations. The variational matrix of the system (1) at Es =

(X,¥,,Y,, E) can be written as;

Js = (bij)4x4_ (33)
where
2rX  kyaqY a X ns¥y (Y1+7,)
b =r-m, - — - 2 171 ) = _;= ) = 1,—
11 LT ey D12 i+% 0 D2t (nkrc)?
s(2¥y+17) = = s¥. =
b22=5_—nx+c —YE —BY, —m; —d,, b23=__n§ic_ﬁy1+a2

b3, =V§+ﬁ72: b33 zﬁi_az —dy — 1, bz zyi' bys = 9(1_5)
bys = _Vi s bag = _9?2 = Y1, b13 =Db14 = b3y = by = by =0
The characteristic equation is given by;
[A*+ 4,23 + 4,22 + A0+ A,] =0 (34)

here

o T

1= —(by1 + byy + b33 + bys)

2 = b11byy — by3by1 + by1b3z + by1bas + byybsz — byzbsy + bazbys — basbys
_ {—b11(b22b33 — by3b33) + by1by2b33 — by (b3zbay — b3sbss) — b11b22b44}

_3 +b21b12b44 — by2(b33bay — b3abss) + b3 (bazbas — basbys)

Ay = (by1byy — byyby3)(b3zbay — b3absz) — by1b3y(byzbay — brabys)

o TR N1

Now, according to the Routh-Hawirtiz Criterion all the eigenvalues of J(Es) have roots with negative
real parts if and only if A;(i = 1,3,4) > 0 and A = (4,4, — A3)A3 — A34, = D, — D, > 0.

So, Es = (X, 1,5, E) is a locally asymptotically stable equilibrium if the following conditions hold:

T<m1

s<my,+d4

BT+ V) +VE<a,+dy+u+6%,+y,
D, < Dy

5. Global stability analysis

In this section, the region of global stability (basin of attraction) of each equilibrium points of system
(1) is presented as shown in the following theorems.

Theorem (5.1): Assume that, the vanishing equilibrium point E, is locally asymptotically stable in
R4, Then it is a globally asymptotically stable provided that the following conditions hold

0<d,+pu (36)

Proof: Consider the following positive definite function

10
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Vo(X,Yl,Yz,E) :X‘l‘ Y1 +Y2 +E

Clearly, Vy:R% > R is a continuously differentiable function such that V,(0,0,0,0) =0 and
Vo(X, Yy, Y5, E) > 0,V(X,Y,,Ys, E) # (0,0,0,0). Further,

o _ [rX(1—i)—“1—”1—m1X]

dt ki)  kytX
Y, +Y;
+ [sY1 (1-222) —yyiE = pYY, + ay¥y —myY, — dlYl]

+IYE + BYY, — ayY, — (dy + )Yz | + [0Y2(1 — E) — 14 E]
Now, by doing some algebraic manipulation and using the condition (36), we get

2 2
- _gyE—yE (37)

kq nX+c

Consequently, due to condition above % < 0 is negative definite and hence V, is Lyapunov function

with respect to E,. Thus E, is a globally asymptotically stable and the proof is complete.
[ |

Theorem (5.2): Assume that the equilibrium point E; is locally asymptotically. Then it is a globally
asymptotically stable in the subregion of R4 provided that

- 38
(T - ml)(X - X)Z + SYl + 9Y2 < (mz + dl)Yl + (dz + ,U)Yz + VlE ( )
Proof: Consider the following positive definite function

x-X)*
2

Vl(X,Yl,Yz,E): +Y1+Y2 +E

Clearly, V;:R% > R is a continuously differentiable function such that Vl()?,0,0,0) =0 and
Vi(X, Y1, Yy, E) > 0,V (X, Yy, Yy, E) # (X,0,0,0). Further,

avy _ > T 2 A XY
P= (X=X [rx - x-S —myx]
sY, (Y1 +Y,)
+ [Syl _# - leE - ﬁY]_YZ + a2Y2 - m2Y1 - d1Y1:|

+YE + BY1Y, — apYy — (dy + )Y, ] + [6Y, — OV2E — v E]
Now, by doing some algebraic manipulations and using the condition (38), we get
dvy <\ 2

Consequently, due to the condition above % < 0 is negative definite and hence V; is Lyapunov

function with respect to E; in the region that satisfies the given condition. Thus E; is a globally

asymptotically stable and the proof is complete. [

11
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Theorem (5.3): Assume that the equilibrium point E, is locally asymptotically. Then it is a globally
asymptotically stable in the sub region of R% that satisfied the following conditions
sty
nx+c

Cyl <nX+c

+BpYi+0<d,+u

(40)
VY1 <N

S see s—(m +d ) e N2
297 + (%) (v, —¥) <L
Where the symbol L is given in the proof.
Proof: Consider the following positive definite function

LAY E) =X+ (n-T - 1n;—.1) +Y, +E

Clearly, V,:®% — R is a continuously differentiable function such that V,(0,¥;,0,0) =0 and
V,(X, Yy, Y5, E) > 0,v(0,Y,0,0) # (0,0,0,0). Further,

av, [ ( x) a XY, ]
—Z=[rx(1—-=)——"—-mX
dt kq kp+X 1

+ (Yl;fl) [5Y1 (1 - Y1+Y2) —YhE - BNY, + ayY, —myY; — dlYl]

nx+c

+YME + V1Y, — apY, — (dy + Y, | + [0Y, — OV,E — v E]

Now, by doing some algebraic manipulation and using the condition (40), we get

T <r-m)X + (m) (h-¥)" = [+ - (2 1 g¥; + 0)| v,

2 () s~ () -
Where
L= —m)X + [+ 1) — (2 + pY, +6)| 1, + (cyl ———)sVi¥y + (11 —¥)E

Consequently, due to condition above % < 0 is negative definite and hence V, is Lyapunov function

with respect to E, in the region that satisfies the given condition. Thus E, is a globally asymptotically
stable and the proof is complete. ]

Theorem (5.4): Assume that the equilibrium point E5 is locally asymptotically stable. Then it is a
globally asymptotically stable in the sub region of R% that satisfied the following conditions

12
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sty 5
— BV 0 <dytp
Yh<n
X<x (42)

a ¥y

WXZ < ()/1 —]/le)E + [(dz + [,l) - ( h + BY]_ + 9)] YZ
72 < 4411422

Proof: Consider the following positive definite function
Vs(X, Y1, Yo E) = (X =X = XInZ) + (Y, = 7 — FIn3 )+Y2 +E

Clearly, V3: %% - R is a continuously differentiable function such that Vs(X,¥;,Y,, E) =0 and
V3(X, Yll YZIE) > Or V(X, Yll YZI E) S %i and (Xr Yll YZ!E) * (XI ?jh Yz, E)

Taking the derivative with respect to the time and simplifying the resulting terms, we get that

dvs (X X) [ 2 Xy,
s = X —Lxz -4 x
dt X kq ky+X 1

(52 o )~ e = s ]

+YE + V1Y, — apY, — (dy + WY, | + [0Y,(1 — E) — 4 E]

dVS: [qn(X X) +q2(X - X)(Yl—Y1)+q22(Y1—Y1)]

_ a, Xy, ( _ ) + a¥; 2 _ a X7,
(ko +X)(ka+X) (ky+X) (ko +X) (ka+X)(ka+X)
[04

— il = 2RV, — (= yR)E = [(do + ) — (2

P +9)]Y2

Consequently by using (42) conditions we get that

L < [ (X = 8) + Ja(t - )] + = x?

(ka+X) (ko +X)

(43)
_(Vl - V?l)E - [(dz +u) - (nX+c +pY + 9)] Y,
Where
_r _ a1k, _ nsYy
11 =3 N2 = G048 | X+ mR+c)’
_ sc scty mytd; s
922 = (nX+c)(nX+c) + (nX+c)(nX+c) + Yy Yy

Obviously, % is negative definite and hence V5 is Layapunov function with respect to E5. So Ej is

globally asymptotically stable in the sub region that satisfies the given condition. ]

13
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Theorem (5.5): Assume that the equilibrium point E, is locally asymptotically stable. Then it is a
globally asymptotically stable in the sub region of R% that satisfied the following conditions

nsY2+nsv2v,
(nX+c)c
nsY2+nsv, 7, a
(nX+c)c ko+X
[ : (44)
12 < 411922
2
q13 < 411933
2
q23 < 422933

my

Proof: Consider the following positive definite function

(a-¥2)* | (E-E)?
2 2

(r1— Yl)

V(X Y;,Y5,E) =X+ +

Clearly, V,:R% > R is a continuously differentiable function such that V,(0,¥;,¥,,E) =0 and
V4(X' Yll YZ!E) > 01 V(Xr er YZI E) € mi and (Xl YII Yz, E) * (01 )71!?2' E)

Taking the derivative with respect to the time and simplifying the resulting terms, we get that

ava _ _ T y2_@aXV
dac [TX k1X ky+X le]
= Y, sY,Y,
+(Y; - 1) [5Y1 (1 - ?:_C) - ﬁ —yVE — Y Y, + ayY, — (my + d1)y1]

+(Y, = L)YME + BY1Y, — ayY, — (dy + )Y, | + (E — E)[0Y, — 6Y,E — y4E]

% == [ﬂ 1 =Y)? + g, =), =) +-2 qzz (Y, = 1,) ]
~[ 0 - )+ i - BE - B) + "— (E - EY?]
— 22 (v, — 1) + qua(Ye — BI(E — ) + Z2(E - B)?

ns¥2 +nsvzy, r a ns¥Z+nsv, ¥,
= [r = (my + B )| X — X - [ - B xy,
(nX+c)c k1 ko+X (nX+c)c

Consequently by using (44) conditions we get that

_—[\/@(n—ﬂﬂ\/@%—72)]2—“%(%—71“\/%(E‘E)r
[ G2 (v, - 7,) + \/‘T (E - E)] = (my + ) | x

Where

(45)

s(Y1+Y1+1,) = %, csY: E Y.
qi1 = ﬁ+ YE +BY, + (my +dy) — 5,412 = (nX+1c) BYy — (a; + YE + BY,),

Qo2 = @y +dy + = BY1,q13 = VY1, Ga3 = OFE — (yY1 + 6),q33 = 6, + 71

14
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Obviously, % is negative definite and hence V, is Layapunov function with respect to E,. So E, is

globally asymptotically stable in the subregion that satisfies the given condition. ]

Theorem (5.6): Assume that the equilibrium point E5 is locally asymptotically stable. Then it is a
globally asymptotically stable in the subregion of R% that satisfied the following conditions

a.¥; r
(k2 +X) (k2 +X)

(s +p8%,) <
afz < §Q11QZ2 (46)
2
453 < 3922933
2
454 < 3 922944
954 < q33G44

S(Y1+Y1+Y2)+m +dy+yE

Proof: Consider the following positive definite function

2

(Yl—?l)z + (Yz—?z)z + (E-E)

Vs(X, Y1, Yo E) = (X =X = XInZ) + 5 _ -

Clearly, Vs:®% > R is a continuously differentiable function such that Vs(X,¥;,¥,,E) =0 and
VS(X, Yll YZ!E) > Or V(X, Yll YZI E) S %1 and (Xr Yll YZ!E) * ()?l ?jh ?21 E=')

dav: = Y,
d—j=(X—X)[r—kllx—M—ml]

ky+X
+(Y1 - ?1) [SY]_ (1 - ﬁ) - % - leE - ‘[gY]_YZ + a2Y2 - (mz + dl)Yl]

+(Y, = %) YE + VY, — auYy — (dy + WYs | + (E — E)[8Y, — OY,E — 14 E]
Furthermore by taking the derivative with respect to the time and simplifying the resulting terms, we
get that
dVS [Chl(X X) + qu(X X)(Yl - Yl) + A2z (Yl - Yl) ]
- [qﬁ (Y1 - Y1) + 6123(Y1 - Yl)(YZ - Yz) + 3 (Yz - Yz) ]
qu (Yl ?1)2 + q24(Y1 - ?1)(E - Ez') + q44 (E E) ]

- [% (Y, = 7,)" + qsa(Y, - B) (E - E) + %(E ~£)’]

Consequently by using (46) conditions we get that
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<[+ 00 [ ]

-[\/%(yl_?m\/%(E_E)]Z_[\/%(yz_?z)Jr\/%(E-ﬁ)]z

(47)

Where
=T _ 011—171 __* 5"?1(71“72)
Q11 = k1 (k2+X)(k2+)7)'q12 T UetX)  (nX+o)(nX+c)
s(Y,+Y,+Y _ 7
G = ) 4 n, dy yE — (5 + BT,), 4y = 2o — (BY; + @z + VE + BYy),

Q33 =0y +dy + 11— BY1, G0 = YV1,qza = —0(1 —E) — ¥}, qug = 0V, + 14

Obviously, % is negative definite and hence Vs is Layapunov function with respect to E5. So Es is

globally asymptotically stable in the sub region that satisfies the given condition. |

6. Numerical Simulation

To visualize the above analytical findings and understand the effect of varying the parameters
on the global dynamics of the system (1), numerical simulation is done in this section. The objectives
of this study are confirming our obtained analytical results and detecting the set of control parameters
that affect the dynamics of the system. Consequently, system (1) is solved numerically for different
sets of initial conditions and for different sets of parameters. It is observed that for the following set of
hypothetical parameters the system (1) has a globally asymptotically stable positive equilibrium point
as shown in the below figures:

r=11, ¢=05 a, =06 m =03, s=12, k, =06
m, =03, d; =01,y =12a, =05 d, =01, u=0.2 (48)
n=07 k; =07, f=09,60=06 7y, =02

We obtained that the trajectories of system (1) with three different sets of positive initial conditions
approach asymptotically to the positive equilibrium point
Es = (0.419,0.239,0.158,0.322) as shown in figure.1
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Figure 1. Globally asymptotically stable positive equilibrium point E5 of system (1) for:
(a) Trajectories of X(t) (b) Trajectories of Y;(t) (c) Trajectories of Y,(t) (d) Trajectories of E(t)

Clearly, figure. 1 confirms our obtained analytical results regarding to existence that positive
equilibrium point is a globally asymptotically stable. However, for the data by equation (48) with r =
0.2 and s = 0.3, the solution of system (1) approaches asymptotically to the vanishing equilibrium

point with no migration as shown in the following typical, figure 2

@ ®)
6 4
started at 0.1 started at 0.2
started at 0.9 35 started at 0.9 ||
5 —startedat5.1 [ started at 3.9
~ 3
J &
Pt
3 25
o 3
<) @
= =
23 2
E 5
=
2 15
2K ]
* 2 4
n |
b
S | %
¥ S
0 0
[ 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
Time Time
© @
7 6
started at 0.3 started at 0.7
& started at 15 || started at 2.4
— startedat 3.5 S started at 5.1
g
~ 5 g
& _E 4
= 2
& 4 B
i 33
g st £
3
g £y
S
B af £
\
T &
\ 1
< &
.
\\\ .
5 g o e
0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
Time Time

Figure 2- Globally asymptotically stable of vanishing equilibrium point E, of system (1) for:
(a) Trajectories of X(t) (b) Trajectories of Y;(t) (c) Trajectories of Y,(t) (d)
Trajectories of E(t)
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Now in order to investigate the effect of varying parameters value at a time on the dynamical behavior
of system (1), the following results are observed. According to the figure 3, it is clear that the solution
of system (1) approaches asymptotically to the disease-free wherein migration of prey equilibrium
point for the parameters values given in Eq. (48) with varying s = 0.8,m, = 0.5and d; = 0.4, to

obtain the trajectories of system (1) approach asymptotically to the E; = (0.509,0,0,0) as shown in

Figure. 3
@ o)
5 4
started at 0.1 started at 0.2
started at 0.9 35 started at 0.9
started at 5.1 ) started at 3.9
4
>~ 3
&
§ 25
o3 e
k2 5
P g 2
E p
2 2
§' 15
g
a 1
1
\ 05 L
0 L L L L L 0 —
[ 1000 2000 3000 4000 5000 6000 [ 1000 2000 3000 4000 5000 6000
Time Time
© @
6 6

started at 0.3

started at 0.7
started at 2.4
started at 5.1

started at 1.5
started at 3.5

)

IS

Infected Predator (3,)
“w
S
Environmental Pollution (E)
L “w

-
//:
o
-

e
8 T

0 = 0 :
0 1000 2000 3000 4000 5000 6000 [ 1000 2000 3000 4000 5000 6000
Time Time

Figure 3- Globally asymptotically stable of axial equilibrium point E; of system (1) for:
(a) Trajectories of X(t) (b) Trajectories of Y;(t) (c) Trajectories of Y,(t) (d)
Trajectories of E(t)

Again, we choose the intrinsic growth rate and the environment coefficient values r = 0.5,y; = 0.8
respectively, keeping other parameters fixed as given in equation (48), we get the trajectories of
system (1) still approaches to the second axial equilibrium point while the healthy predator increases.

Furthermore, the effect of environment is not most different, as shown in figure 4.
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Figure 4- Globally asymptotically stable of equilibrium point E;, of system (1)
(a) Trajectories of X(t) (b) Trajectories of Y;(t) (c) Trajectories of Y,(t) (d)
Trajectories of E(t)

On the other hand, system (1) for the following set of hypothetical data approaches asymptotically to
the first planar equilibrium point as shown in figure 5,

r=11, m;=03, s=05 n=05 ¢c=05 y;, =02
m, =03, d; =0.01,y =0.02,u=0.2, 8 =0.6, § =0.09 (49)
kl = 0.7, al = 0.06, az = 0.1, k2 = 0.6, dz = 0.1

We obtained that the trajectories of system (1) with different sets of initial conditions approach

asymptotically to the positive equilibrium point E; = (0.497,0.322,0,0) as shown in figure 5.
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Figure 5- Globally asymptotically stable of interior equilibrium point E5 of system (1)
(a) Trajectories of X(t) (b) Trajectories of Y;(t) (c) Trajectories of Y,(t) (d)

Trajectories of E(t)

Again, we choose the intrinsic growth rate coefficient values r = 0.35, keeping other parameter fixed

as given in equation (48), we get the trajectories of system (1) still approaches to Prey-free equilibrium

point with migration permitted and infection occurred. Furthermore, the effect of environment is not

most different, as shown in figure 6.
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Figure 6- Globally asymptotically stable of equilibrium point E, of system (1) for:
(@) Trajectories of X(t) (b) Trajectories of Y;(t) (c) Trajectories of Y,(t) (d)
Trajectories of E(t)

7 CONCLUSIONS AND DISCUSSION

In this paper, we consider a predator-prey model with modified Leslie-Gower and Holling type-11
functional response. We discuss the structure of nonnegative equilibria and their local stability.
Migration has been allowed among prey and healthy predator population. It is also remarkable that
Holling type-Il functional responses are more frequently used as compare to other functional
responses. By the above discussion, we can note that each of the functional responses are useful and
have their specific importance in ecology. However, in the present study we have considered Holling
type-11 functional response.
Finally, to complete our understanding to the global dynamical behavior of system (1), numerical
simulation is used using hypothetical set of parameters values given by Eq. (48) and (49). In the

following, the obtained numerical simulation results are summarized.

1. The trajectory of system (1) approaches asymptotically to positive equilibrium point starting
from different initial points using the data Eq. (48), which indicates to existence of globally
asymptotically stable positive equilibrium point.

2. Increasing the inhibition rate of disease or disease death rate above a specific value leads to
extinction in predator species due to the lack in their food. Further increasing at least one of
these parameters causes extinction in the infected prey specie and the trajectory of system (1)
approaches asymptotically to free equilibrium point. Otherwise, the system still persists at a
positive equilibrium point.

3. We observed that migration of prey (m;) plays a leading role in the existence and stability of

equilibria of systems (1).
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4. (Es) is most important equilibrium point since it provides the coexistence of all the four
species simultaneously. For ecological balance of an eco-system coexistence of all the species
in respective proportions is very important. The stability of (E5) indicates the existence of all

the species for a long time.
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