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Univalence Criteria for Holomorphic Functions Involving
Srivastava-Attiya Operator

Huda F. Hussian, Abdul Rahman S. Juma
Department of Mathematics, University of Anbar, Ramadi, Iraq

E-mail: dr_juma@hotmail.com

Abstract. The purpose of present paper is to introduce and investigate the univalence criteria
of holomorphic functions by employ a basically general form of Srivastava-Attiya operator. In
specific, we derive several sufficient conditions of univalence for the generalized Srivastava-
Attiya operator .Furthermore, number of famous univalent conditions would follow across
specializing the parameters involved.Relevant connections with other related previous works
are also indicating.

1. Introduction
Let A be the class of functions f of the form
f@=z+ X 2", €Y)

which are holomorphic in the openunitdisk U ={z € C: |z| < 1}.

Let S be the subclass of A, which consists of functions of the form (1)

that are univalent and normalized by the conditions

f(0) =0 and f'(0)=1inU.

In geometric function theory, the Univalence of complex functions considered as substantial
property. However, it is complicated, and in many situations impossible to show immediately that a
certain complex function is univalent. because of that many authors found different kinds of sufficient
conditions of univalence. On of the most substantial of these conditions of univalence in the domains
U and the exterior of the closed unit disk is the well-known criterion of Becker [2].Becker us the
generalized Loewner differential equation and theory of Loewner chains cleverly. Extension of these
criterias were given by Deniz and Orhan [4], Ali et al. [1] and Nehari [6].

For f € A, the generalized Srivastava-Attiya operator

wébajgg(“ Y :A — A is defined by
pI%q),
sap _ w  Miei(1+BDk—1 (B(a+kbs,BY (a+1)® k
w(ﬁp).(ocq),bf(z) =7+ Xi=2 ML, (1 +o)k—4 (B(a+1,b,s,ﬁ) (a+k) ez “

B;ieCli=1,..,p); a; €C\Z;(i=1,..,q);z€U;p<q+1;
min{R(a),R(s)} > 0; 8 > 0whenR(b) > 0and S € C;a € C\Z,
when b = 0). For more details see [9,10]
In this paper, we derive sufficient conditions of univalence for the generalized Srivastava-Attiya

operator wEB‘;f (o) f(2).
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Furthermore, a number of known univalent conditions would follow across specializing the
parameters involved. We will use the following lemmas to prove our results.
Lemmal.l [2] Let f € A. Ifforall ze U

zf'(2)
1 -1z1* 40 <1, 3)
then f is univalent in U.
Lemmal2 [7] Letf € A. Ifforallze U
m —1l<1 4
f?(@) -

then f is univalent in U.

Lemmal.3 [11] Let be real number n > %andf eEA. Ifforallze U
L2 +1-n|<n, 5)

— |z|2n
@~ 2P |7
then f is univalent in U.

Lemmal4[5] IffeS. Ifforallze U,
Z _14 i by 7" (6)
i zk
f(@) ‘
then Y=k = D|by| < 1.

Lemmal5[8] Letv e C,Re(v) =0and f € A. Ifforall ze U
1_|Z|2Re(v) Zf”(z)
= 12 %) <«
7@ | | =L (7

then a function
. v
T,(2) = (v [y f'(y)dy)
0
is univalent in U.
2. Main Results
In this section, we determine the sufficient conditions to get univalence for holomorphic functions by

using the Srivastava — Attiya operator.

Theorem 2.1 Let f € A. Ifforallze U
o b (+B)k-1 (B(a+kb,s,B a+1)% _
SR ( V() [k@k - Dl lal < 1,

?=1(1+°<i)k_1 B(a+1,b,5,8) \a+k
hen 5%f is univalent in U.
the w(ﬁp)l(“q)'bf(z) s univalent in U ®)
Proof . Let f € A. Then for all z € U, we have
z(ws'“'ﬁ f(z)) 12| (w”ﬁ f(z))
(Bp)(xq).b (Bp)(xq)b
(1 -z [—— s (1 = |-21») ,
s,afB sap
(w(ﬁp)'(fxq).bf(z)> ‘(w(ﬁp)’(“q)'bf(z)> ‘
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o L+ B)ky (Bla+kb,s,B\ra+ 1\ ]
i [Z + Zic=2 17, (1 +<)pq (B(a +1,p, s,ﬁ) (a + k) i 2
< (1 +121%) = :
w iU+ Bdk-1(B(a+k,b,s, B\ a+1\°
2+ iy Barinep) are) @z
ML (1 +oc)p—y \Bla+1,b,5,/\a+
w (1 +Bdk-1(Bla+kb,s,B)(a+1\° ‘o
@ e TS (B(a +1,b, s,ﬁ) (a57) ke-1z
= z
1[5 I_, (1 + Bk <B(a +k,b, s,,B) (a + 1)5 P
F=2TT. (1 o), \Bl@+Lb,5,8) \a+k) * %

w | (1 + By B(a+k,b,s,B\ (a+1\° _
1 [zkzzl e (Brorrpss) ) k=1 la| 1242

| H?:I(l +ﬁi)k—1 | (B(a + k, b, S,B> (a + 1)Sk |a | |Zk—1|
?:1(1 +o¢)k_q  \Bla+1,bs,B/\at+k k

P (A+Bk-1| (Bla+kbs, B\ a+1\

i=1 i/k—1 ,b,s, a B

(L +0) g | (B(a +1,b, S,[)’) (a + k) k(k = 1)layl

?=1(1 + ﬁi)k—l | (B(a + k, b, S,ﬁ) (a + 1)5 . |a |
?=1(1 +&)g_q  \Bla+1,bs,B)\a+k k

<(@1+z1*)

[1 — Yhe2

25z, |11
<

1—Zﬁzln

Applying Lemma 1.1,we get

14 . s
2 Y%, | Hi=1(1 + Bidk-1 | (B(a+k,b,s,[>’) (Zii) k(k — 1)|a]

?:1(1 +o¢)_1  \B(a+1,b,s,B -
w [ (1 +Bk-1| (B(a+kb,s B a+1\° =
12 | %:1(1 +0¢;) k-1 | (B(a +1,b, S,ﬁ> (a + k) ke la
then
N Z.J_ 1 + Pi)k- B + kl b; ) + 1 s
2), | My 3+ Adis I @ Sﬁ)(a ) ke = Dlal
= i (1 +x)kq  \B(a+1,b,s,/\a+k
oo p . .
<10 e | (G raes) re) Hho
= i (1 +x)q  \B(a+1,b,s,8/\a+k
therefor,
N p_ 1 + bidk- B + k; b! ) + 1 s
[2 Y I HE | (o) () k=Dl
e i (T +ec)peq B(a+1,b,s,/\a+k
N p_ 1 + i - B + kl b; y + 1 s
e
= Tl (T 4oc)peq B(a+1,b,s,p/\a+k
and we have
N 1'7_ 1 + bidk- B + k; bl ’ + 1 s
Z | Hiq_l( Biik-1 ( (a s ,3) (a ) ol K2k - 1] <1
) i=1(1 +0¢;) -1 B(a+1,b,s,/ \a+k

Theorem 2.2 Letf € A. Ifforallze U
I, (1 + B)i—1 (B(a +k,b, s,,B’) (a +1
M2, (1 +;),_1 \B(a+1,b,5,8/\a+k

then ¢f}§§§(«q),bf(z) is univalent in U.

Proof. Let f € A. We must show that

s 1
) la <% ©)
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2 (450 oS @ )|
2
| 2 (V5 ) of @ )

<1,

thus
z* (tpa;zi(“q)'bf(z) ) _ |22 (lpé‘ﬁi;i(“q)'bf(z)) |

sapB 2™ 2
2V @ ) | 2 (w(sgj;f (mq),,,f(z))
w Hioi(1+Br—1 (B(a+k,b,s, B\ (a+1\° '
|z|? [Z + Yk=2 H?:i(l +°<i)llz—i <B(a +1,b, s,ﬁ) (a + k) @ 2*
2 o f=1(1+,3i)k—1 B(a+k,b,s, B\ ra+1\° k 2
Z+ Xic2 17, (1 +o¢)p—y (B(a +1,b, s,ﬁ) (a + k) Ak Z

|z|?

1432, I, (L + Bis (B(a +k b,s,ﬁ) @ n 1)5 kay 21

N, +x),_, \Bl@a+1Lbs,B)\a+k

<
w M (L+ Bt (Blat+k,b,s,B))a+ 1\ w I (L+ Bt (Bla+kb,s,B)\a+1\ . z
2 [Zz 2220 1'[3.’:1(1 s (B(a ¥1,b, s,ﬂ)) (GF) @z | +(2k nfl:lu s (B(a ¥ l,b,s,[f)) (G5r) @
mP_ (1+8;) B s
2 ) =1 k-1 (a+kb,s,B) (a+1 k=1
1zI?[1+2, |nii; o), 1|(B(a+1,b,s,p)'(m) klag| |27
< _ _
2

= » , P .
5 [|Z| 2 5| —z| 350, |Hi=1(1+ﬁl)k—1 | (B(u+k.b,s,8))(£1)5|ak| |zk‘]— | _Z;ozz<|nl=1(1+ﬁl)k—1 | (B(a+k,b,s,B))(£1)s| ™ |zk|>

ML, (1+%),_,  \Bla+1bsp)/\a+k N7, (+ey),_, | \B@ribsp))\atk
w [ +B)k-1| (Bla+kb,s,B) ra+t1y
B L+ I | R |- (BaFmep) Gw) wa
- 2

w (1T (A4 Bkt | (Bla+kb,s,P))ja+ 1\ w (1T, (1+B)ic1 | (Ba+kb,s,B)) a+ 1
2 [1—22k:z<| Hﬁ’:i(l +o<i)l,:,i | (B(a+1,b,s,B)) (a+k) |""k|]_2k:2(| 1‘[;?:1(1 +°<l-):j | (B(a+ 1bs, [3)) (a+k) |ak|)

2
M8, (1481 j_q | (B(atkb,s,B) (a+1)S
nL, (o), | (B(a+1,b,s,[s’)(—) klay|

a+k
Al
MEy ()i | (Blatkbsp)(atiy® ’ [P, (1 +B)k-1|(Ba+k.bs.p at1y?
1_2(|H?=1(1+°<i)k—1|(B(a+1'b's"8)(m) lakl) - |l'[?=1(1+oci)k_1|(B(a+1,b,s,ﬁ) (a+k) lal
Applying Lemma 1.2,we get
2
H?=1(1+ﬁi)k_1 (B(a+k,b,s,ﬁ)(a+1)5|ak|]

a .
ni=1(1+°cl)k—1 B(a+1,b,s,B

a+k
2
21122 Hf=1(1+Bi)k_1|(B(a+k.b,s,8)(a_ﬂ)5|a 1) =2 |Hf=1(1+ﬁi)k_1|(a_ﬂ)s(s(uk,b,s,ﬁ)la |
nL, (), _,  \Blatibsp/\atk k N%, (1)), \a+k) \Bla+1bsp k

M2, (14B)k-1 | (BatkbsB)Y (a+1)S z B
1+[ l_[?=1(1+oci)k_1 | (B(a+1,b,s,/3)) (a+k) lakl <2

4 [ MY, (1+B)k-1 | (B(a+k,b,s,ﬁ)) (a__,_l)s lakl]z , [

ML, (A+e)r—s ' \B(a+1,b,5,8)/ \a+k

1+

<

2

1+

<1

2

M, (1+B8)k-1
H?=1(1+°<i)k—1

2
(B(a+k,b,s,B) (a+1)s ||
B(a+1,b,s,8/ \a+k klf

then

P, (14 Bu-r | (Bla+kb,s, )\ a+1\° T
1+ [' I—[?zl(l +0¢;) k-1 | (B(a +1,b, s,ﬁ)) (a + k) lakl]
M., (1 + B)eer | (Bla+kb,s,p)\a+1y |
e [ | Hli]=1(1 +0¢;) -1 | (B(a +1,b, s,ﬁ)) (a + k) lakl]
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H?:]_(l + ﬁi)k—l

24|

(B(a + kb, s,ﬁ) (ot 1)5 ] z

<
]‘[?zl(l +)pq | \B(a+ 1,b,5,8)\a+k =1
therefor,
2
[ HhaaCt + B (B(a +k, b,s,ﬁ> (& 1)5 all <1
M, +o)e;  \Bla+1bs,p/ \avk) "W =%
and we have
| MY, (1 +B)k—1 | (B(a+k,b,s,[}) (a_ﬂ)s | 1
ML, (+x)k—1 ' \B(a+1,b,sB/ \a+k k=17

Theorem 2.3 Let f € A. Ifforallze U

o M}, (1+Bk-1 (B(a+kbsBY (a+1\S _ 1

Sk [zac — 1)+ (an - 0 MR (Meskst) (o) o || <2p-1, 958 (0)
then ‘l’fbtf(«q),bf(z) is univalent in U.
Proof. Let f € A. If for all z € U, we have
z(ws'“'” « f(Z)>
(1- |Z|277).| (Bp)(=q)b +1-7
s,apB
(l”wp),(«q).bf (Z)>
|z| (wf'g'ﬁ_(“ )l,,f(z)) ‘
< (1= 12PN ——— + [1 -]

s,a,pB
(w(ﬁp).((«q>).bf (Z)>

w T (1+Bi-1 (Bla+kb,s B\ ra+1\°
[z + Xk=2 Hgl:i(l +°Ci)llj—i (B(a +1,b, s,ﬁ) (a + k) @ 2"

w P 1+ B)k1 (Bla+kbs, B (a+ 1\ '
[Z  Zic=z H?zi(l +ocl-):_i (B(a +1,b, s,/3> (a + k) Qe Zk]

n
|z]

=1+ z%.

+11—nl

D ) s
2] [Zz;z | e @ H P | (Bla b kDB (a4 2y - 1)|ak||zk—2|]

9 (1 40¢),_ B(a+1,b,s,B)
< (1+z]2). i1 5 -1
11| — ’_Zoo_ | [T, (1 + Bk | (B(a +k, b,s,ﬁ) (a + 1)Sk ] |21
=2 [T (1o, | \B(a+Lb,s5,B) \a+k
+ |1p— nl
w | iz1(X 4+ Bdk-1 | (Bla+k,b,s,B) (a+1\°
22 | i ey | (Btarr55) (c5) +0e = Dlad .
B 1-y= | [ (1 + By | <B(a +k, b, s,,B) (a + 1)Sk|a | -
=2 T (1 +oc)_y | \B(a+Lb,5,B)\a+k k
Applying Lemma 1.3,we get
w [ (14 Bko1 | (Bla+k,b,s,B)fa+ 1\
2 Yic=2 | 1A +o)p—y | (B(a +1, b,s,,B) (a + k) ke(k = Dlal
= +1-nl<

w (I, +BDk-1| (Bla+kb,s B\ (a+1\°
-3 | T A+ | (B(a 1,0, s,ﬁ) (GF7) Had
then
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o .1+ Bi-1 | (B(a+k,b,s, B a+1\°
25 | (4o | <B(a+1.b,5,ﬁ) (a+k) k(k — Dlagl -
1_ye |H?=1(1+Bi)k_1 (B(a+k,b,s,3) (a+1)sk|a = n-1
e ?:1(1 +o¢)—y  \Bla+1,b,s,p)\a+k k

therefor,
2 Z | [T, (1 + Bidk-1 | (B(a + k, b,&ﬁ) (a +1
LTI (1 +o),y  \B(a+1,bs,p/\a+k
+ 27 Z | H?=1(1 + B)k-1 | (B(a + k,b,S,ﬂ) (a +1
& TIL (1 +e)y  \B(a+1,b,s, 8/ \a+k

_ i | I, (1 + Bk | (B(a +k, b,S,ﬂ) (a +1
LTI, (1 4oy \B(a+1,b,s,p/\a+k

) k= Dlayl

S
) Klal

N
) Klawl <2n-1,

and we have
© 7, (1+B)k- B(a+k,b,s, 1\S
S, | MeaCtPes | (Batkbsf) (@) 4, | [2k — 1) + (27 - D] < 25— 1.

H?=1(1+0<i)k_1 B(a+1,b,s,B/ \a+k
As applications of Theorems 2.1, 2.2, and 2.3, we have the following Theorem.

Theorem 2.4 Let f € A. If for all z € U. One of inequality
(9-11) holds then Y7, (k — 1) |bi| < 1, ..(11)
z — [oe) _ k
where T 14+ Y 1(k—1) b,z
(Bp)(xq)b
Proof. Let f € A. Then in view of theorems 2.1, 2.2, 2.3

l/)S’a'ﬁ )bf(Z) is univalent in U.
@)

(Bp)(
Using Theorem 2.1,
sap " s,a,B8+2
(bvmz@mem)za_mgiﬁﬂﬂfﬁ
7 Yrehel | ()
(1”(52?5 (! (Z)> e
s,a,f+1
= (1= |2y |2 (P
= 1/)s,aL.B f(2
(Bp)(=q)b.
= 1 il V4 2 Z— S‘a’ﬁ+1 z
(1-1z[% T (6, ) (<) 7 O
_ _ 2 ) k o) Hf=1(1+ﬁi)k—1 B(a+k,b,s,B atl y k ,
el |z| ) [1 + Zk=l by z ] [Z +Zk:2 Hg=1(1+°‘i)k—1 (3(a+1,b,5,/3) (a+k) Ay Z ]

-t Y fnel 12#1][ 1] - |

_zm | H?=1(1 + Bidk-1 | (B(a + k,b,s,,[)’> (a + 1>Sk | |a | |Zk—1 |
k=2 [IL,(1+),_; \Bla+1,bsp/\atk k

s@+|dﬂp+§f|m|pwﬂl
k=1
— zw | H?=1(1 + Biik-1 | (B(a +k, b,S,[)’) (a + 1>Sk | | . | |Zk—1 |
k=2 ?:1(1 +%;)_1 \B(a+1,b,s,p/\a+k k

p .
<2 [1 _ye, | [, (A+B)k-1 | (B(a+k.b,s,ﬂ) (a_“)sk|ak| ] [1+ X7 |bell]

ML, (1+x)_1 ' \B(a+1,b,s,B/ \a+k
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o I M2, (L+B)k- B(a+k,b,s,8 a+1
=2 [1 + T bl - 2R | n?=i(1+o<,-)k_1 | (B(a+1,b,s,ﬁ) (a+k k| kl]
o o 2, (148 k- B(a+k,b,s,B\ (a+1
(Zk=1 | bk' )(_ Zk:z | ]'[?=i(1+o<i)k_1 | (B(a+1,b,s,ﬁ) (m) klakl)'
Applying Lemma 1.4, we get
M2, (1+B8)k-1 B(a+k,b,s,B\ (a+1\°
21+ 52lbel - 252, | Do | ( ) (2 lael -

H?=1(1+°<i)k—1 B(a+1,b,s,8/) \a+k

P .
252, |bel) (Zzozl | iz, (14+BDk-1 | (B(a+k,b,s,ﬁ) (a_-l-l)s |ak|>] <1

H?=1(1+°<i)k—1 B(a+1,b,s,8/ \a+k

therefor,
P }
2|1+ Bialbil - 28i, | MG | (Sltkoed) (a7, |-

ML, (+)k—1 ' \B(a+L1b,s,B/ \a+k
- . 7., (1+BDk-1 | (B(a+kbsp) (a+l ) < (e=Dlby|
2= |b’<|)(2k=2 | ML, (A +o)k—1 | (B(a+1,b,5,ﬁ) (a+k) lael )| = (k=1)|bg|’
and we have
Stk = Dlbl? <1
Theorem 2.5 Let f € A. If for alzeU

M7, (1+8) B(a+k,b,s,B +1\°
Bt kl20k = 1) + Re()] it b L (Gerat) (5 lal < Re(@), Re() >0 (12)
then

1
z ’ v
G, (2) = (vf yv-1 [lp(sbi;i(«q).bf(z)] dy) is univalent in U
0
Proof. Let f € A. Thenforall z € U

I s,apB HI s,afp !
11222 PP e @) | 1 jgpemee F (V5,007
Re(v) i Re(v) !
Yol (@) Yol o f(@)
(Bp).(xq)b (Bp).(xq):b
© l-[?: (1+8y),,_ a+k,b,s, a S "
1+|Z|ZR€(V) |Z|| Z+zk:21‘[q 1(1+o(l-)k 1(?&0.:11(252)(%) akzk |
Re(®) =1 (1+8y) a+kb,s, a '
T s (Berkha) (022 1
[T, (1 + Bi—1 (B(a+ k,b,s, B (a+ 1\® ‘e
g ppprew P2 e, o (B(a +1,5, s,,@) (a%) k0= D
Re(v) P (A +Bdk-1(B(a+k,b,s, B\ (a+ 1\
1| = |— ¥ i=1 L < )y Uy o, ) k k-1
1] | Xic=2 H?zl(l +; ) k-1 B(a+1,b,s,f (a + k) Az
Hl 11+ Bk-1| (Bla+k,b,s,B\(a+1)° 2
1+| |272e(v) | |[Zk 2| (1+°<L)k R | (B(a+1,b,s,,8)(a+k) k(k_l) |ak||Z |
Re(v) [_ (1 +Bk-1| (Bla+kb,s,B) (a+1\° 1
" Zi= | T ey | (BEas1sp) Gp) K12
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o | Hiey(1+ Bi—1 | (Bla+k,b,s, B\ (a+1\°
237 | T (o) | <B(a +1,b, s,ﬁ) (GF%) K= Dlad

e (L4 Bidk1 (B(a +k, b;S'ﬁ) (a + 1)Skl ak|]

[T;-
1-— Zoo= i=1
o= | ?:1(1 +)g_q  \Bla+1,b,s,)\a+k

B Re(v)

Applying Lemma 1.5, we get
o H?zl(l +Bidk-1| (B(a+k,b,s,B)ra+1\°
2 Xic=2 | l?zl(l +¢;) ko1 | (B(a +1,b, s,,B) (a + k) (ke = Dlay|

p . s
Re(v) [1 v | P, (1 + Bk | (B(a +k, b,s,ﬁ) (a + 1) " akl]

<1

?:1(1 +)ky  \B(a+1,bs,B)\a+k
then
N P_ 1 + b - B + k: b’ ) + 1 s
2 )" | Mol Pics | BELRBSPY @2 2N~ 1yl
e T (T +oc)peq B(a+1,b,s,8/\a+k
N p_ 1 + i - B +k! bl ) + 1 s
< Re()[1- . | RGP (BlaT LD 0Py @7 )
k=2 i:l(l +cxl)k—1 B(a + 1! bl S;ﬁ a+k
therefor,
N I?_ 1 + b — B + kl bl ) + 1 s
2 ) Mt A | (a2 2By (OT D)k~ Dlad
= o, (14—  \B(a+1,b,s,/\a+k
N HI')—1(1 + B)k-1 | (Bla+k,b,s, B\ ra+1\°
+Re(v)z i= ( )( ) k| ai| < Re(v),
k=2 | ?:1(1 +¢;) k-1 | B(a+1,b,s,/\a+k k
and we have
o) H?—l(l + ,Bi)k_l <B(a + k, b, S’ﬂ) (a + 1)5
] k[2(k — 1) + Re(v)] |a| < Re(v).

kzzz | foa (1 o) | B(a+1,b,s,/\a+k )] la
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