
Journal of Physics: Conference
Series

     

PAPER • OPEN ACCESS

Separation Axioms with Grill-Topological Open Set
To cite this article: R B Esmaeel and M O Mustafa 2021 J. Phys.: Conf. Ser. 1879 022107

 

View the article online for updates and enhancements.

You may also like
Investigations of heat exchanger elements
at tests
A R Lepeshkin, V V Nazarov, I S
Verbanov et al.

-

Poisson processes directed by
subordinators, stuttering poisson and
pseudo-poisson processes, with
applications to actuarial mathematics
O Rusakov and Yu Yakubovich

-

Micronutrient value and antioxidant activity
of malt wheat sprouts
O Yu Eremina, N V Seregina, T N Ivanova
et al.

-

This content was downloaded from IP address 18.221.222.47 on 07/05/2024 at 08:03

https://doi.org/10.1088/1742-6596/1879/2/022107
https://iopscience.iop.org/article/10.1088/1742-6596/1683/2/022107
https://iopscience.iop.org/article/10.1088/1742-6596/1683/2/022107
https://iopscience.iop.org/article/10.1088/1742-6596/2131/2/022107
https://iopscience.iop.org/article/10.1088/1742-6596/2131/2/022107
https://iopscience.iop.org/article/10.1088/1742-6596/2131/2/022107
https://iopscience.iop.org/article/10.1088/1742-6596/2131/2/022107
https://iopscience.iop.org/article/10.1088/1755-1315/677/2/022107
https://iopscience.iop.org/article/10.1088/1755-1315/677/2/022107
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjsuOvILqsjMqAlSuCc1OhiwzyUsz41d8rOerZBglBwU3PLcphdmgrQAf5HzTagwqNYTzaKYcE1dwt70SvywEcAYMLiWS4J2ZcmNsZxL0S15oCiVFEolTNxMZxFb6fLR5oZx19d89PbJn0bxIRW6yL20ltxW7uwVtKBWXtGPDYWhRIsKQybbXIID6GooMBTyYLWFclepYhU22hybc1cK4tQ6QKUWTQ8HJGLQ3I6jhEViWzUsANbd8v5zniBuMcR5IEr7v4xLcY_NKEOL9Q6PN0nR6M6u-1CFcnsjNC1dmlzpLiT6ZcYvm_6bFpGQA2EqqxmIZP2-RtIxWyp7CcyuWoHI2ATVenw&sig=Cg0ArKJSzOM5S2DCtkug&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://iopscience.iop.org/partner/ecs%3Futm_source%3DIOP%26utm_medium%3Ddigital%26utm_campaign%3DIOP_tia%26utm_id%3DIOP%2BTIA


Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

Ibn Al-Haitham International Conference for Pure and Applied Sciences (IHICPS)
Journal of Physics: Conference Series 1879 (2021) 022107

IOP Publishing
doi:10.1088/1742-6596/1879/2/022107

1

 

 

 

 

 

 

 

 

Separation Axioms with Grill-Topological Open Set 

R B Esmaeel1,* and M O Mustafa2,3 

1Department of Mathematics, Ibn Al-HaithamCollege of Education, University of 

Baghdad, IRAQ 
2Department of Mathematics, College of Computers Science And Mathematics, 

University of Mosul, IRAQ 
3Department of Mathematics, College of Basic  Education, University of Telafer, 

IRAQ 

E-mail: ranamumosa@yahoo.com  

Abstract. The concepts 𝔾-g-closedness and 𝔾-g-openness were used to popularize presented 

modern classes of separation axioms in grill topological spaces. Many relationships between 

multiple kinds of these classes are summarized, too. 

1. Introduction  

A nonempty collection 𝔾 of nonempty subsets of a topological space Ӿ is named a Grill if 

i. ᾉ ∈  𝔾 and ᾉ ⊆  ℬ ⊆  Ӿ then ℬ ∈  𝔾  
ii.  ᾉ, ℬ ⊆  Ӿ and ᾉ ∪  ℬ ∈  𝔾 then ᾉ ∈  𝔾 𝑜𝑟 ℬ ∈  𝔾 [1]. Let Ӿ be a nonempty set. Then the 

following families are grills on Ӿ. [1-3] 

• {∅} and P(Ӿ)\{∅} are trivial examples of grills on Ӿ. 

• 𝔾  ͚   the grill of all infinite subsets of Ӿ. 

• 𝔾𝑐𝑜  the grill of all uncountable subsets of Ӿ. 

• 𝔾𝑝 ={ Λ: Λ ∈ P(Ӿ), 𝑝 ∈ Λ } is a specific point grills on Ӿ.  

• 𝔾ᾉ ={ ℬ: ℬ ∈ P(Ӿ), ℬ  ᾉ𝑐≠ ∅}, and 

    If (Ӿ,ȶ) is a topological space, then the family of all non-nowhere dense subsets called  𝔾 ={ ᾉ ⊆  Ӿ: 

intȶ clȶ(ᾉ) ≠ ∅}. Is the one of kinds of grill on Ӿ. 

Let 𝔾 be a grill on a topological space(Ӿ,ȶ). The operator φ: P(Ӿ)→P(Ӿ) was defined by  𝜑 (ᾉ)={ӿ∈ Ӿ  

\ Ư ᾉ∈𝔾, for all Ư∈ȶ(ӿ)}, ȶ(ӿ) denotes the neighborhood of ӿ. A mapping : P(Ӿ)→P(Ӿ) is defined as 

 (ᾉ)=ᾉ ∪ φ (ᾉ) for all ᾉ ∈ P(Ӿ) [4-6]. 

The map  satisfies Kuratowski closure axioms: [3,4] 

        (i)        (∅) = ∅, 

(ii) If ᾉ ⊆   ℬ, then  (ᾉ) ⊆    (ℬ), 

(iii) If ᾉ  ⊆ Ӿ, then  ( (ᾉ)) =  (ᾉ), 

(iv) If ᾉ, ℬ ⊆ Ӿ, then  (ᾉ ∪ ℬ) =  (ᾉ) ∪  (ℬ). 

 

         In this research, we presented 𝔾-g-closed set and it is  complement 𝔾-g-open set some notions 

have been presented by new kinds of separation axioms like: 𝔾-g-Ŧ0-space, 𝔾-g-Ŧ1-space, 𝔾-g-Ŧ2-

space. ■ 

mailto:ranamumosa@yahoo.com
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2.  Separation Axioms with Grill-Topological Open Set 
Definition 2. 1: In grill topological space (Ӿ, ȶ, 𝔾), let ⅅ ⊆ Ӿ. ⅅ is said to be grill-g-closed set denoted 

by "𝔾-g-closed", if (ⅅ - Ư) ∉ 𝔾 then, (𝑐𝑙(ⅅ) - Ư) ∉ 𝔾 where every, Ư ⊆ Ӿ and Ư ∈ ȶ. 

Now, ⅅ𝑐  is a grill-g-open set denoted by "𝔾-g-open" .The family of all "𝔾-g-closed" sets denoted by 

𝔾𝐠C(Ӿ). The family of all "𝔾-g-open" sets  denoted by 𝔾𝐠O(Ӿ).  

 

Example 2. 2: Consider the space (Ӿ, ȶ, 𝔾), where Ӿ = { ᶂ1, ᶂ2, ᶂ3}, ȶ = {Ӿ, ∅, { ᶂ1}, { ᶂ2}, { ᶂ1, ᶂ2}}, and 

𝔾 = {Ӿ, { ᶂ1}, { ᶂ1, ᶂ2}, { ᶂ1, ᶂ3}}.  So,   

P(Ӿ) = { Ӿ, ∅, { ᶂ1}, { ᶂ2}, { ᶂ3}, { ᶂ1, ᶂ2}, { ᶂ1, ᶂ3}, { ᶂ2, ᶂ3}} 

𝔾gC(Ӿ) = { Ӿ, ∅, { ᶂ1}, { ᶂ2}, { ᶂ3}, { ᶂ1, ᶂ2}, { ᶂ1, ᶂ3}, { ᶂ2, ᶂ3}}, 𝔾gO(Ӿ) = { Ӿ, ∅, { ᶂ1}, { ᶂ2}, { ᶂ3}, { ᶂ1, 

ᶂ2}, { ᶂ1, ᶂ3}, { ᶂ2, ᶂ3}}. 

 

Remark 2. 3: For any (Ӿ, ȶ, 𝔾) then  

i. Every closed set is a 𝔾-g-closed set.  

ii. Every open set is a 𝔾-g-open set. 

The converse of Remark 2. 3 is not true. See Example 2. 2. 

{ᶂ1} is a 𝔾-g-closed set, but {ᶂ1} is not closed set. 

{ᶂ1, ᶂ3} is a 𝔾-g-open set, but {ᶂ1, ᶂ3}   is not open set. 

 

Definition 2. 4: The space (Ӿ, ȶ, 𝔾) is a 𝔾-g-Ŧ0-space shortly “𝔾g-Ŧ0-space” if for each ꬺ  ꬻ and ꬺ, ꬻ 

∈ Ӿ, there exist Ư ∈ 𝔾g-o(Ӿ) whenever, ꬺ ∈ Ư and ꬻ ∉ Ư or ꬺ ∉ Ư and ꬻ ∈ Ư. 

 

Example 2. 5: Consider the space (Ӿ, ȶ, 𝔾), where Ӿ = { ᶂ1, ᶂ2 }, ȶ = {Ӿ, ∅, { ᶂ1}} and 𝔾 = {Ӿ, { ᶂ2}}. 

𝔾gC(Ӿ) = { Ӿ, ∅, { ᶂ2}}, 𝔾gO(Ӿ) = { Ӿ, ∅, { ᶂ1}}. Hence (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ0-space. 

 

Proposition 2. 6: If (Ӿ, ȶ ) is a Ŧ0-space then (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ0-space. 

Proof: By Remark 2. 3. (ii).For each Ư ∈ ȶ, then  Ư is a 𝔾g-open set ,so the proof is over. 

 

Definition 2. 7: The space (Ӿ, ȶ, 𝔾) is a 𝔾-g-Ŧ1-space shortly “𝔾g-Ŧ1-space” if for each ꬺ, ꬻ ∈ Ӿ and 

ꬺ  ꬻ. Then there are 𝔾g-open sets Ư1,Ư2 whenever ꬺ ∈ Ư1 , ꬻ ∉ Ư1 and ꬻ ∈ Ư2 , ꬺ ∉ Ư2. 

 

Example 2. 8: A space (Ӿ, ȶ, 𝔾) when Ӿ = ₦, where ₦ is the set of all natural numbers,  ȶ= ȶcof = { Ư  

₦, Ư𝑐 is a finite set}  ∅  𝑎𝑛𝑑 𝔾 = P(Ӿ)\{∅}. So (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ1-space. Since for each ꬺ, ꬻ ∈ Ӿ 

and ꬺ  ꬻ. Then there are 𝔾g-open sets (₦ - {ꬻ}), (₦ - {ꬺ}) whenever {ꬻ} and {ꬺ} are two finite sets 

such that (ꬺ ∈ (₦ - {ꬻ})) , (ꬻ ∉ (₦ - {ꬻ})) and (ꬺ ∉ (₦ - {ꬺ})) , (ꬻ ∈ (₦ - {ꬺ})). 

 

Proposition 2. 9: If (Ӿ, ȶ ) is a Ŧ1-space then (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ1-space. 

Proof: By Remark 2. 3.(ii).For each Ư ∈ ȶ, then  Ư is a 𝔾g-open set ,so the proof is over. 

 

Proposition 2. 10: If (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ1-space then it is a 𝔾g-Ŧ0-space. 

 

Proof: Let ꬺ, ꬻ ∈ Ӿ such that ꬺ  ꬻ since (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ1-space, then there exists Ư1,Ư2∈ 𝔾g-o(Ӿ) 

such that, ꬺ ∈ Ư1 , ꬻ ∉ Ư1 and ꬻ ∈ Ư2 , ꬺ ∉ Ư2. Then there exist Ư ∈ 𝔾g-o(Ӿ) whenever, ꬺ ∈ Ư , ꬻ ∉ 

Ư and ꬺ ∉ Ư , ꬻ ∈ Ư . 

The converse of proposition 2. 10 is not true for example 2. 11. 

 

Example 2. 11: The grill topological space (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ0-space, where Ӿ = {ᶂ1, ᶂ2}, ȶ = {Ӿ, ∅, { 

ᶂ2}}  and 𝔾 = {Ӿ, { ᶂ1}}. 𝔾gC(Ӿ) = { Ӿ, ∅, { ᶂ1}}, 𝔾gO(Ӿ) = { Ӿ, ∅, {ᶂ2}}. The grill topological space 

(Ӿ, ȶ, 𝔾) is not 𝔾g-Ŧ1-space, since for any elements ᶂ1  ᶂ2, there is no 𝔾g-open set Ư containing ᶂ1 which 

does not contain ᶂ2. 
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Definition 2. 12: The space (Ӿ, ȶ, 𝔾) is a 𝔾-g-Ŧ2-space shortly “𝔾g-Ŧ2-space” if for each ꬺ  ꬻ. There 

are 𝔾g-open sets Ư1 , Ư2 whenever ꬺ ∈ Ư1 , ꬻ ∈ Ư2  and Ư1  Ư2 = ∅. 

 

Example 2. 13: Consider the space (Ӿ, ȶ, 𝔾), where Ӿ = { ᶂ1, ᶂ2, ᶂ3}, ȶ = {Ӿ, ∅, { ᶂ1},  {ᶂ2}, { ᶂ1, ᶂ2}}, and 

𝔾 = {Ӿ, { ᶂ1}, { ᶂ1, ᶂ2 }, { ᶂ1 , ᶂ3}}.  So, 𝔾gC(Ӿ) = P(Ӿ) =  𝔾gO(Ӿ). Hence (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ2-space. 

 

Proposition 2. 14: If (Ӿ, ȶ ) is a Ŧ2-space then (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ2-space. 

 

Proof: By Remark 2. 3. (ii).For each Ư ∈ ȶ, then  Ư is a 𝔾g-open set ,so the proof is over. 

 

Proposition 2. 15: If (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ2-space then it is a 𝔾g-Ŧ1-space. 

 

Proof: Let ꬺ, ꬻ ∈ Ӿ whenever, ꬺ  ꬻ since (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ2-space, then there are 𝔾g-open sets Ư1,Ư2 

such that ꬺ ∈ Ư1, ꬻ ∈ Ư2 and Ư1  Ư2 = ∅. Implies ꬺ ∈ Ư1 and ꬻ ∉ Ư1 or ꬻ ∈ Ư2 and ꬺ ∉ Ư2 . 

The converse of proposition 2. 15 is not true see example 2. 8. 

 A space (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ1-space. Which is not 𝔾g-Ŧ2-space, since there is no two 𝔾g-open sets, 

Ư1,Ư2 such that Ư1  Ư2  = ∅. 

 

Remark 2. 16: We have formerly noted that (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ𝑖-space whenever, it is a Ŧ𝑖-space (for 

every 𝑖 ∈ { 0, 1, 2 }). 

The converse of  Remark 2. 16 is not true in general for example 2. 17. 

 

Example 2. 17: Consider the space (Ӿ, ȶ, 𝔾), where Ӿ = { ᶂ1, ᶂ2, ᶂ3}, ȶ = {Ӿ, ∅}, and 𝔾 = P(Ӿ)\{∅}.  So, 

𝔾gC(Ӿ) = P(Ӿ) =  𝔾gO(Ӿ). Then the space (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ𝑖-space (for every 𝑖 ∈ { 0, 1, 2 }). But the 

space (Ӿ, ȶ) is not Ŧ𝑖-space (for every 𝑖 ∈ { 0, 1, 2 }).  

The following diagram shows the relations between the various kinds of concepts of our formerly 

mentioned. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
𝔾g-Ŧ0-space 

𝔾g-Ŧ1-space 

Ŧ2-space 

Ŧ1-space 

Ŧ0-space 

𝔾g-Ŧ2-space 

Diagram (2. 1) 
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Relationships among Ŧ𝑖-space and 𝔾g-Ŧ𝑖-space 

 

3.  Separation Axioms with Some Types of Open Functions 

Definition 3. 1: The function Ҕ: ( Ӿ, ȶ, 𝔾) →( Ұ, ƫ, Ǥ ) is called 

i. 𝔾-g-open function, shortly "𝔾go-function" if Ҕ (Ư) ∈ Ǥg-o(Ұ) whenever, Ư ∈   𝔾g-o(Ӿ).  

ii. 𝔾∗-g-open function, shortly "𝔾∗go-function" if Ҕ (Ư) ∈ Ǥg-o(Ұ) whenever, Ư ∈  ȶ. 

iii. 𝔾∗∗-g-open function, shortly "𝔾∗∗go-function" if Ҕ (Ư) ∈ ƫ whenever, Ư ∈ 𝔾g-o(Ӿ). 

 

Proposition 3. 2: If (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ𝑖-space and Ҕ is an onto, 𝔾go-function from ( Ӿ, ȶ, 𝔾) to ( Ұ, ƫ, Ǥ 

) then Ұ is a Ǥg-Ŧ𝑖-space (for every 𝑖 ∈ { 0, 1, 2 }). 

 

Proof: If 𝑖 = 0: Let ꬺ, ꬻ ∈ Ұ such that ꬺ  ꬻ. Since Ҕ is an onto function, then Ҕ−1(ꬺ)  ∅  Ҕ−1(ꬻ) and 

Ҕ−1(ꬺ),  Ҕ−1(ꬻ) ∈ Ӿ and Ҕ−1(ꬺ)  Ҕ−1(ꬻ). Since (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ0-space, then there exist Ư ∈ 𝔾g-

o(Ӿ) whenever Ҕ−1(ꬺ) ∈ Ư , Ҕ−1(ꬻ) ∉ Ư or Ҕ−1(ꬺ) ∉ Ư, Ҕ−1(ꬻ) ∈ Ư. Since Ҕ is a 𝔾go-function, then 

Ҕ(Ư) is a Ǥg-open set such that ꬺ ∈ Ҕ(Ư) and ꬻ ∉  Ҕ(Ư) or ꬺ ∉ Ҕ(Ư) and ꬻ ∈  Ҕ(Ư). Hence Ұ is a Ǥg-

Ŧ0-space. If 𝑖 = 1: Let ꬺ, ꬻ ∈ Ұ such that ꬺ  ꬻ. Since Ҕ is an onto function, then Ҕ−1(ꬺ)  ∅  Ҕ−1(ꬻ) 

and Ҕ−1(ꬺ),  Ҕ−1(ꬻ) ∈ Ӿ and Ҕ−1(ꬺ)  Ҕ−1(ꬻ). So (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ1-space, then there exists Ư1,Ư2 

∈ 𝔾g-o(Ӿ) such that Ҕ−1(ꬺ) ∈ Ư1 , Ҕ−1(ꬻ) ∉ Ư1and Ҕ−1(ꬻ) ∈ Ư2 , Ҕ−1(ꬺ) ∉ Ư2. By the condition Ҕ 

is a 𝔾go-function, Ҕ(Ư1), Ҕ(Ư2)  are Ǥg-open sets in Ұ such that ꬺ ∈ Ҕ(Ư1) , ꬻ ∉ Ҕ(Ư1) and ꬻ ∈ Ҕ(Ư2) 

, ꬺ ∉ Ҕ(Ư2). Hence ( Ұ, ƫ, Ǥ ) is a Ǥg-Ŧ1-space. 

 If 𝑖 = 2: The same proof above , but Ҕ(Ư1)  Ҕ(Ư2) = ∅.  Hence ( Ұ, ƫ, Ǥ ) is a Ǥg-Ŧ2-space. 

 

Corollary 3. 3: If (Ӿ, ȶ  ) is a Ŧ𝑖-space and Ҕ is an onto, 𝔾∗go-function from ( Ӿ, ȶ, 𝔾) to ( Ұ, ƫ, Ǥ ) then 

( Ұ, ƫ, Ǥ )  is a Ǥg-Ŧ𝑖-space, where 𝑖 ∈ { 0, 1, 2 }. 

 

Proof: Follows from Ҕ(Ư) is a Ǥg-open in ( Ұ, ƫ, Ǥ ) for all open set Ư in Ӿ . 
 

Corollary 3. 4: If (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ𝑖-space and Ҕ is an onto, 𝔾∗∗go-function from ( Ӿ, ȶ, 𝔾) to ( Ұ, ƫ, Ǥ 

) then Ұ is a Ŧ𝑖-space, where 𝑖 ∈ { 0, 1, 2 }. 

 

Proof: Follows from Ҕ(Ư) is an open set in Ұ for all 𝔾g-open set Ư in ( Ӿ, ȶ, 𝔾). 

 

Corollary 3. 5: If Ҕ is an onto and open function from ( Ӿ, ȶ ) to ( Ұ, ƫ ) and (Ӿ, ȶ) is a Ŧ𝑖-space, then ( Ұ, 

ƫ, Ǥ ) is a Ǥg-Ŧ𝑖-space, where 𝑖 ∈ { 0, 1, 2 }, for any grill Ǥ on ( Ұ, ƫ, Ǥ ). 

 

Definition 3. 6: The function Ҕ: ( Ӿ, ȶ, 𝔾) →( Ұ, ƫ, Ǥ ) is called 

i. 𝔾-g-continuous function, shortly "𝔾g-continuous function" if Ҕ−1(Ư) ∈ 𝔾g-o(Ӿ) for all Ư ∈ ƫ.   
ii. Strongly-𝔾-g-continuous function, shortly "Strongly-𝔾g-continuous function" if Ҕ−1(Ư) ∈ ȶ for 

every, Ư ∈ Ǥg-o(Ұ). 

iii. 𝔾-g-irresolute function, shortly "𝔾g-irresolute function" if Ҕ−1(Ư) ∈ 𝔾g-o(Ӿ)   for every, Ư ∈ Ǥg-

o(Ұ). 

 

Proposition 3. 7: If ( Ұ, ƫ ) is a Ŧ𝑖-space and Ҕ: ( Ӿ, ȶ, 𝔾) → ( Ұ, ƫ, Ǥ ) is an injective, 𝔾g-continuous 

function then ( Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ𝑖-space, where 𝑖 ∈ { 0, 1, 2 }. 

 

Proof: If 𝑖 = 0: Let ꬺ, ꬻ ∈ Ӿ such that ꬺ  ꬻ. Since Ҕ is an injective function, then Ҕ(ꬺ)  Ҕ(ꬻ), where, 

Ҕ(ꬺ), Ҕ(ꬻ) ∈ Ұ. So, ( Ұ, ƫ ) is a Ŧ0-space, then there exist Ư ∈ ƫ whenever, Ҕ(ꬺ) ∈ Ư,  Ҕ(ꬻ) ∉ Ư or Ҕ(ꬺ) 
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∉ Ư,  Ҕ(ꬻ) ∈ Ư. By Ҕ is a 𝔾g-continuous function, then  Ҕ−1(Ư) ∈ 𝔾g-o(Ӿ) whenever, ꬺ ∈ Ҕ−1(Ư), ꬻ 

∉ Ҕ−1(Ư) or ꬺ ∉ Ҕ−1(Ư), ꬻ ∈ Ҕ−1(Ư). Hence ( Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ0-space. 

 If 𝑖 = 1: Let ꬺ, ꬻ ∈ Ӿ such that ꬺ  ꬻ. Since Ҕ is an injective function, then Ҕ(ꬺ)  Ҕ(ꬻ), where, Ҕ(ꬺ), 

Ҕ(ꬻ) ∈ Ұ. So, ( Ұ, ƫ ) is a Ŧ1-space, then there exists Ư1, Ư2 ∈ ƫ whenever, Ҕ(ꬺ) ∈ Ư1 , Ҕ(ꬻ) ∉ Ư1 and 

Ҕ(ꬻ) ∈ Ư2 , Ҕ(ꬺ) ∉ Ư2 . Since Ҕ is a 𝔾g-continuous function, then  Ҕ−1(Ư1) and Ҕ−1(Ư2) are 𝔾g-open 

sets whenever, ꬺ ∈ Ҕ−1(Ư1) , ꬻ ∉ Ҕ−1(Ư1) and ꬻ ∈ Ҕ−1(Ư2) , ꬺ ∉ Ҕ−1(Ư2). Hence (Ӿ, ȶ, 𝔾) is a 𝔾g-

Ŧ1-space. 

 If 𝑖 = 2: The same proof above  but Ҕ(Ư1)  Ҕ(Ư2) = ∅.  Hence ( Ұ, ƫ, Ǥ ) is a Ǥg-Ŧ2-space. 

 

Remark 3. 8: Let Ҕ: ( Ӿ, ȶ, 𝔾) →( Ұ, ƫ, Ǥ ) is a function 

If Ҕ is a continuous function, then Ҕ is a 𝔾g- continuous function 

 

Corollary 3. 9: If ( Ұ, ƫ ) is a Ŧ𝑖-space and Ҕ: ( Ӿ, ȶ, 𝔾) →( Ұ, ƫ, Ǥ ) is an injective continuous function,  

then ( Ӿ, ȶ, 𝔾)  is a 𝔾g-Ŧ𝑖-space, where 𝑖 ∈ { 0, 1, 2 }. 

 

Proof: Since every continuous function is a 𝔾g-continuous function by Proposition 3. 7, then Corollary 

3. 5, is applicable 

 

Proposition 3. 10: If ( Ұ, ƫ, Ǥ ) is a Ǥg-Ŧ𝑖-space and Ҕ: ( Ӿ, ȶ, 𝔾) → ( Ұ, ƫ, Ǥ ) is an injective strongly-

𝔾g-continuous function then ( Ӿ, ȶ ) is a Ŧ𝑖-space, where 𝑖 ∈ { 0, 1, 2 }. 

 

Proof: Follows from, Ҕ−1(Ư) ∈ ȶ for each Ư ∈ Ǥg-o(Ұ). 

 

Proposition 3. 11: If ( Ұ, ƫ, Ǥ ) is a Ǥg-Ŧ𝑖-space and Ҕ: ( Ӿ, ȶ, 𝔾) → ( Ұ, ƫ, Ǥ ) is an injective 𝔾g-irresolute 

function then ( Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ𝑖-space, where 𝑖 ∈ { 0, 1, 2 }. 

 

Proof: Since Ҕ−1(Ư) ∈ 𝔾g-o(Ӿ) for each Ư ∈ Ǥg-o(Ұ). 

 

4. Gg-Convergence Sequence 

Definition 4. 1: Let ( Ӿ, ȶ, 𝔾) be a grill topological space, where  ӿ0 ∈ Ӿ and  (Șꬻ)ꬻ ∈ ₦ be a sequence in 

Ӿ.  Then (Șꬻ)ꬻ ∈ ₦ is called Gg-Convergence to  ӿ0 shortly Șꬻ ⤳ ӿ0 if for every Gg-open set Ư where, 

 ӿ0 ∈ Ư there exist Ҡ ∈ ₦ where, Șꬻ ∈ Ư for every ꬻ ≥ Ҡ. A sequence (Șꬻ)ꬻ ∈ ₦ is called Gg-divergence, 

if it is not Gg-Convergence. 

 

Theorem 4. 2: If (Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ2-space then every Gg-Convergence sequence in Ӿ  has a unique 

limit point. 

Proof:  Let (Șꬻ)ꬻ ∈ ₦ be a sequence in Ӿ where, Șꬻ ⤳ ӿ1 and Șꬻ ⤳ ӿ2; ӿ1 ӿ2 where, ӿ1, ӿ2 ∈ Ӿ. Since 

(Ӿ, ȶ, 𝔾) is a 𝔾g-Ŧ2-space then there exists Ư1,Ư2 ∈ 𝔾go(Ӿ) such that ӿ1 ∈ Ư1 and ӿ2 ∈ Ư2 where 

Ư1  Ư2 = ∅. Since Șꬻ ⤳ ӿ1 and ӿ1 ∈ Ư1 ∈ 𝔾go(Ӿ) implies there exist Ҡ1 ∈ ₦; Șꬻ∈ Ư1 for all ꬻ ≥ Ҡ1. 
So, Șꬻ ⤳ ӿ2 and ӿ2 ∈ Ư2 ∈ 𝔾go(Ӿ) implies there exist Ҡ2 ∈ ₦; Șꬻ∈ Ư2 for all ꬻ ≥ Ҡ2. Hence, Ư1  Ư2 

 ∅, that is contradiction. 

 The prerequisite that a space Ӿ is a 𝔾g-Ŧ2-space is very necessary to make Theorem 4. 2 is proper. 

 

Example 4. 3: Let (Ӿ, ȶ, 𝔾) be a grill topological space, where, Ӿ = { ᶂ1, ᶂ2, ᶂ3}, ȶ = {Ӿ, ∅}, and 𝔾 = {Ӿ, { 

ᶂ3}, { ᶂ1, ᶂ3 }, { ᶂ2 , ᶂ3}}.  Then 𝔾gC(Ӿ) = { Ӿ, ∅,{ ᶂ3}, { ᶂ1, ᶂ3}, { ᶂ2, ᶂ3}}, 𝔾gO(Ӿ) = { Ӿ, ∅, { ᶂ1}, { ᶂ2}, { 

ᶂ1, ᶂ2}}.The sequence (Șꬻ)ꬻ ∈ ₦ in Ӿ, where Șꬻ = ᶂ3  for all ꬻ ∈ ₦. The sequence (Șꬻ)ꬻ ∈ ₦ has one limit point 

such that Șꬻ ⤳ ᶂ3, but (Ӿ, ȶ, 𝔾) is not 𝔾g-Ŧ2-space. 

 

Proposition 4. 4: If a sequence (Șꬻ)ꬻ ∈ ₦ is a Gg-convergence to  ӿ0 in (Ӿ, ȶ, 𝔾), then it is a convergence 

to  ӿ0. 
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Proof:  Let Ư be an open set in Ӿ where,  ӿ0 ∈  Ư. By Remark 2. 3. (ii). Ư is a Gg-open set in Ӿ where, 

 ӿ0 ∈  Ư. Since (Șꬻ)ꬻ ∈ ₦ is a Gg-convergent to  ӿ0, then there exist Ҡ ∈ ₦ where, Șꬻ ∈ Ư for every ꬻ ≥
Ҡ. Hence (Șꬻ)ꬻ ∈ ₦ is a convergent to  ӿ0. 

The converse of Proposition 4. 4 is not true for example 4. 5. 

 

Example 4. 5: Let (Ӿ, ȶ, 𝔾) be a grill topological space, where, Ӿ = ₦ set of all natural numbers ȶ = {Ӿ, ∅}, 

and 𝔾 = P(Ӿ)\{∅},  𝔾gC(Ӿ) = P(Ӿ) =  𝔾gO(Ӿ). The sequence (Șꬻ)ꬻ ∈ ₦  where Șꬻ = ꬻ  for all ꬻ ∈ ₦ is a 

convergent to ꬻ for all ꬻ ∈ ₦, which is not Gg-convergence for any element in ₦. 

 

Proposition 4. 6: Let Ҕ: ( Ӿ, ȶ, 𝔾) → ( Ұ, ƫ, Ǥ ) be an injective and 𝔾g-irresolute function and (Șꬻ)ꬻ ∈ ₦ 

be a sequence in Ӿ. Then Ҕ(Șꬻ) ⤳ Ҕ( ӿ0) in ( Ұ, ƫ, Ǥ ) whenever, Șꬻ ⤳  ӿ0 in ( Ӿ, ȶ, 𝔾). 

 

Proof: Let Ư is a Ǥg-open set in Ұ where Ҕ( ӿ0) ∈  Ư. Since Ҕ is a 𝔾g-irresolute function, then Ҕ−1(Ư) 

is a Gg-open set where,  ӿ0 ∈ Ҕ−1(Ư). Since (Șꬻ)ꬻ∈ ₦ is a Gg-convergent to ӿ0, then there exist Ҡ ∈ ₦ 

where, Șꬻ ∈ Ҕ−1(Ư) for all ꬻ ≥ Ҡ. Since Ҕ is an injective function, then there exist Ҡ ∈ ₦ where, Ҕ(Șꬻ) 

∈ Ư for all ꬻ ≥ Ҡ. Hence Ҕ(Șꬻ) is a Gg-convergent to Ҕ( ӿ0). 

 

Theorem 4. 7: Let Ҕ: ( Ӿ, ȶ, 𝔾) → ( Ұ, ƫ, Ǥ ) be an injective and 𝔾g-continuous function and (Șꬻ)ꬻ ∈ ₦ be 

a sequence in Ӿ. Then Ҕ(Șꬻ) → Ҕ( ӿ0) in ( Ұ, ƫ, Ǥ ) whenever, Șꬻ ⤳  ӿ0 in ( Ӿ, ȶ, 𝔾). 

 

Proof: Let Ư is an open set in ( Ұ, ƫ, Ǥ ) where, Ҕ( ӿ0) ∈  Ư. Since Ҕ is a 𝔾g- continuous function, then 

Ҕ−1(Ư) is a Gg-open set in ( Ӿ, ȶ, 𝔾) where,  ӿ0 ∈ Ҕ−1(Ư). Since (Șꬻ)ꬻ ∈ ₦ is a Gg-convergent to ӿ0, then 

there exist Ҡ ∈ ₦ where, Șꬻ ∈ Ҕ−1(Ư) for all ꬻ ≥ Ҡ. Since Ҕ is an injective function, then there exist 

Ҡ ∈ ₦ where, Ҕ(Șꬻ) ∈ Ư for all ꬻ ≥ Ҡ. Hence Ҕ(Șꬻ) is a convergent to Ҕ( ӿ0). 

 

Proposition 4. 8: Let Ҕ: ( Ӿ, ȶ, 𝔾) → ( Ұ, ƫ, Ǥ ) be an injective and strongly-𝔾g-continuous function and 

(Șꬻ)ꬻ ∈ ₦ be a sequence in Ӿ. Then Ҕ(Șꬻ) ⤳ Ҕ( ӿ0) in ( Ұ, ƫ, Ǥ ) whenever, Șꬻ →  ӿ0 in ( Ӿ, ȶ, 𝔾). 

 

Proof: Let Ư is a Ǥg-open set in ( Ұ, ƫ, Ǥ ) where Ҕ( ӿ0) ∈  Ư. Since Ҕ is a strongly-𝔾g-continuous 

function, then Ҕ−1(Ư) is an open set in Ӿ  where,  ӿ0 ∈ Ҕ−1(Ư). Since (Șꬻ)ꬻ ∈ ₦ is a convergent to ӿ0, 

then there exist Ҡ ∈ ₦ where, Șꬻ ∈ Ҕ−1(Ư) for all ꬻ ≥ Ҡ. Since Ҕ is an injective function, then there 

exist Ҡ ∈ ₦ where, Ҕ(Șꬻ) ∈ Ư for all ꬻ ≥ Ҡ. Hence Ҕ(Șꬻ) is a Gg-convergent to Ҕ( ӿ0). 

 

References 

[1] Choquet G 1947 Sur les notions de filter et grille Comptes Rendus Acad. Sci. Paris 224 171-173 

[2] Roy B and Mukherjee M N 2007 On a type of compactness via grills  Matematicki Vesnik. 59 

113-120 

[3] Roy B  and Mukherjee M  N 2007 on a typical topology induced by a grill Soochow J. Math 33 

(4) 771-786 

[4] Shawqi A Hazza, Sobhy A EL-Sheikh, Ali Kandil and Mohamed Ahmed Abdelhakem  2015 on          

ideals and grills in topological spaces South Asian Journal of Mathematics  5 (6) 233-238 

[5] Thenmozhi P, Kaleeswari M and Maheswari N 2015 Regular Generalized Closed Sets in Grill    

Topological Spaces International Journal of Science Research 2319-7064 

[6]    Mustafa M O and Esmaeel R  B 2020 Some Properties in Grill–Topological Open and Closed Sets 

Ready to be Published in Journal of Physics: Conference Series (6𝑡ℎ International Conferen of  

Iraqi AL-Khwarizmi Association) 

 


