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Some convergence  results  by using𝑲 −  iteration  process  in  

𝑪𝑨𝑻(𝑯)spaces 

Shahla Abd Al-Azeaz Kadhim           

Directorate General of Education Baghdad′ s Karkh Third/Ministry of Education  

 Email: ousamastat@gmail.com 

 Abstract  : In this paper, we study the convergence and∆ −convergence results    of 𝐾 −iteration 

process for Lipschizian self-mapping with   𝐿 ≥ 1in  𝐶𝐴𝑇(𝐻) spaces , 𝐻 > 0 . 

𝟏 −Introduction   

Let  𝐷   a positive  number  . A metric   space  (𝐸, 𝑑)  is said  to be  a𝐷 − geodesic space if any  two  

points  of   𝐸 with  the distance  less  than  𝐷 are  joined   by a  geodesic  .If 𝐻 > 0,then 𝐸 is  said to be 

a 𝐶𝐴𝑇(𝐻)  space if and only if it  is  𝐷𝐻 −  geodesic   and  any  geodesic   

triangle∆(𝑥 , 𝑦 , 𝑤)  in    𝐸with𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑤) + 𝑑(𝑤, 𝑥) <  2 𝐷𝐻 satisfies the  𝐶𝐴𝑇(𝐻)   inequality 

.If  𝐻 < 0,then  𝐸  is  said to be a𝐶𝐴𝑇 (𝐻)  space if  and only if  it  is a geodesic  space  such that all  of 

its geodesic triangle satisfy the  𝐶𝐴𝑇(𝐻 inequalitysee ([1]).                                                             He  et 

al .[2]definedMann  iteration in𝐶𝐴𝑇(𝐻)spaces  , 𝐻 > 0 for self mapping  𝑉 as follows , for any 𝑥1 ∈ 𝐸 

𝑥𝑛+1 = (1 − 𝛾𝑛)𝑥𝑛 ⊕ 𝛾𝑛𝑉𝑥𝑛  ; 𝑛 ≥ 0     … (𝑖) 

Where  {𝛾𝑛}is  sequence in (0,1)  and  proved the sequencedefined by (𝑖)  converges in 𝐶𝐴𝑇(𝐻) 

spaces.                                                                                                                                                 
Kifayat U., Kashif  I.  and  Muhammed A. [3] introdused𝐾 − iteration in 𝐶𝐴𝑇(0),  space   for   Suzuki  

generalized  nonexpansive self  mapping  𝑉 as follows , for any 𝑥1 ∈ 𝐸 

𝑥𝑛+1 = 𝑉𝑦𝑛 

𝑦𝑛 =  𝑉(1 − 𝜎𝑛)𝑉𝑥𝑛  ⊕ 𝜎𝑛𝑉𝑧𝑛 

𝑧𝑛 = (1 − 𝛾𝑛)𝑥𝑛  ⊕ 𝛾𝑛𝑉𝑥𝑛 ; 𝑛 ≥ 0             … (𝑖𝑖) 

 

Where  {𝜎𝑛}and{𝛾𝑛} are sequences in (0,1) and  proved  the  sequence defined by  (𝑖𝑖)  converges in 

𝐶𝐴𝑇(0 space .                                                                                                                                             
Raweerots S . [4]  denote  the  set of  fixed  points of  the  mapping 𝑉 by 𝐹(𝑉) = {𝑥 ∈ 𝐸; 𝑉𝑥 = 𝑥}. 
On the other hand    𝐴 sequence  {𝑦𝑛} in the  space 𝐴  is  said to be  ∆ − converges  to  𝑦 if  𝑦  is  the  

unique asymptotic  center of {𝑣𝑛}for everysubsequence   {𝑣𝑛}of  {𝑦𝑛} . we  write  ∆ − lim
𝑛→∞

𝑦𝑛 = 𝑦 . 

where  the asymptotic  center   𝐶({𝑦𝑛})of {𝑦𝑛}is  the set 

𝐶({𝑦𝑛}) = {𝑥 ∈  𝐴: 𝑟({𝑦𝑛}) = 𝑟(𝑦, {𝑦𝑛})} .see ([5])                                                         

Das and Debata [6]introdused Ishikawa  iteration  in  𝐶𝐴𝑇(0) space for two nonexpansiveself 

mapping𝑠  𝑉 and 𝑊as follows, forany𝑥1 ∈ 𝐸 

𝑥𝑛+1 = (1 − 𝜎𝑛)𝑥𝑛 ⊕ 𝜎𝑛𝑊𝑦𝑛 

𝑦𝑛 = (1 − 𝛾𝑛)𝑥𝑛 ⊕ 𝛾𝑛𝑉𝑥𝑛  ; 𝑛 ≥ 0     … (𝑖𝑖𝑖) 

mailto:ousamastat@gmail.com
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Where  {𝜎𝑛}and {𝛾𝑛} are sequences in (0,1) and  proved  the sequence defined by (𝑖𝑖𝑖)∆ − converges 

in 𝐶𝐴𝑇(0) space . Jun[7]defined Ishikawa  iteration in𝐶𝐴𝑇(𝐻), 𝐻 > 0  space  for self mapping 𝑉as 

follows , for any 𝑥1 ∈ 𝐸 

𝑥𝑛+1 = (1 − 𝜎𝑛)𝑥𝑛 ⊕ 𝜎𝑛𝑉𝑦𝑛 

𝑦𝑛 = (1 − 𝛾𝑛)𝑥𝑛 ⊕ 𝛾𝑛𝑉𝑥𝑛  ; 𝑛 ≥ 0     … (𝑣) 

Where  {𝜎𝑛}and{𝛾𝑛} are sequences in (0,1) and  proved  the sequencedefined by  (𝑣)∆ − converges to 

a fixed point of𝑉 in  𝐶𝐴𝑇(𝐻) space . 

 2- Preliminaries 

In this section ,we provide some definitions  and lemmas which  will be used                                   Lemma 

(2.1)[8]: Let 𝐻 > 0  and(𝐸, 𝑑)  is  a  complete  𝐶𝐴𝑇(𝐻)   spacewith diam (E) =
π 2−μ⁄

√H
for some 𝜇 ∈

(0, 𝜋 2⁄  ) . Then  

𝑑((1 − 𝜎)𝑥 ⊕ 𝜎𝑦 , 𝑤) ≤ (1 − 𝜎)𝑑(𝑥, 𝑤) + 𝜎𝑑(𝑦, 𝑤) 

for all  𝑥, 𝑦, 𝑤 ∈ 𝐸  and  𝜎 ∈ (0,1). 

Definition (2.2)[3]: Let  𝐺  be  a non−empty  and   convex   subset  of  a CAT(H)spaceand  𝑉: 𝐺 → 𝐺 

is a mapping  for any 𝑥1 ∈ 𝐸 ,  the sequence {𝑥𝑛}  define  by 

𝑥𝑛+1 = 𝑉𝑦𝑛 

𝑦𝑛 =  𝑉((1 − 𝜎𝑛)𝑉𝑥𝑛  ⊕ 𝜎𝑛𝑉𝑧𝑛) 

𝑧𝑛 = (1 − 𝛾𝑛)𝑥𝑛  ⊕ 𝛾𝑛𝑉𝑥𝑛 ; 𝑛 ≥ 0                  … (1) 

is  said  to be  𝐾 − iteration   sequence𝐶𝐴𝑇(𝐻)space, {𝜎𝑛}and {𝛾𝑛} are  sequences  in (0,1).     
 

Definition (2.3)[9]: Let  𝐺   be  a non−empty  and   convex     subset  of  𝐶𝐴𝑇(𝐻). A mapping   

𝑉: 𝐺 → 𝐺  is  said  to be                                                                                                                                       

(𝑖)  Lipschizian if   𝑑(𝑉𝑥, 𝑉𝑦) ≤ 𝐿 𝑑(𝑥, 𝑦) … (2) 

for all 𝑥, 𝑦  ∈ 𝐺 and 𝐿 ≥ 1 

Definition (2.4)[4]: 𝐴  point 𝑦 ∈ 𝐸  is a ∆ −  cluster point  of {𝑦𝑛}  if there   exist asubsequence of  
{𝑦𝑛}that ∆ − converges to𝑦 ,for a sequence{𝑦𝑛}in 𝐴 . 
 

Lemma(2.5  ), [2]  ∶ Let(𝐸, 𝑑) is  a  complete   𝐶𝐴𝑇(𝐻)space . 𝑞 ∈ 𝐸                                             

Suppose  that  a sequence{𝑦𝑛} in 𝐴   ∆ − converges to𝑦such that 𝑟(𝑞, 𝑦𝑛) <
𝐷𝐻

2
 . Then  𝑑(𝑦, 𝑞) ≤

 lim
𝑛→∞

inf 𝑑(𝑦𝑛 , 𝑞) 

 

Definition (2.6)[4] ∶ Let  (𝐸, 𝑑)  be a complete metric space and 𝐺be  a non−empty  subset  of 𝐸 . Then 

a sequence {𝑦𝑛}  in   𝐸  isFej é r monotone with respect to 𝐺 . If  𝑑(𝑦𝑛+1 , 𝑞) ≤ 𝑑(𝑦𝑛 , 𝑞), 𝑛 ≥
0   andfor all  𝑞 ∈ 𝐺.  
 

Lemma(2.7  ), [2] ∶Let 𝐻 > 0    and(𝐸, 𝑑)  is  a  complete  𝐶𝐴𝑇(𝐻)  space , 𝐺 is a nonempty  subset   

of  𝐸 .  Suppose that the sequence {𝑦𝑛} in   𝐸isFejér monotone with respect to  𝐺 and the asymptotic 

radius 𝑟({𝑦𝑛}) of{𝑦𝑛} is less than 
𝜋

2
 .If any∆ −cluster point of{𝑥𝑛} in 𝐺. Then{𝑦𝑛} ∆ − converges to a 

point in 𝐺 . 
 

Definition (2.8)[1]: Let  G   be  a non − empty  and   convex     subset  of  𝐶𝐴𝑇(𝐻)space.A 

sequence{𝑦𝑛}inG issaid to be  an   approximate fixed point sequence for G if lim
𝑛→∞

𝑑( 𝑦𝑛 , 𝑉𝑦𝑛) = 0 . 

𝟑 −Main Theorem 
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In this section ,   The  convergence  and  ∆ −convergenceresults  of  𝐾 −  iteration process   has   been    

proved . 
Theorem(3.1): Let 𝐻 > 0  and(𝐸, 𝑑)  is  acomplete 𝐶𝐴𝑇(𝐻)   space with  

diam (E) =
π 2−μ⁄

√H
for some𝜇 ∈ (0, 𝜋 2⁄  ), 𝐺 is a nonempty and convex subset  of   𝐸  and    𝑉: 𝐺 → 𝐺is 

Lipschizian mapping with𝐿 ≥ 1  , 𝐹 ≠ ∅.Let{𝑥𝑛}define  by  condition (1) with𝛾𝑛    and𝜎𝑛 ∈  (0,1). If   
 𝐺   is   complete  and  lim

𝑛→∞
inf 𝑑( 𝑥𝑛 , 𝐹) = 0    or 

lim
𝑛→∞

sup𝑑( 𝑥𝑛 , 𝐹) = 0, then {𝑥𝑛}converges to a unique  point  in 𝐹 . 

 

Proof: Let 𝑞 ∈ 𝐹, from  lemma (2.1), condition(1)and(2), 
𝑑(𝑧𝑛 , 𝑞) =  𝑑((1 − 𝛾𝑛)𝑥𝑛  ⊕ 𝛾𝑛𝑉𝑥𝑛 , 𝑞)  

≤ (1 − 𝛾𝑛)𝑑(𝑥𝑛 , 𝑞) + 𝛾𝑛𝑑(𝑉𝑥𝑛 , 𝑞) 

≤ (1 − 𝛾𝑛)𝑑(𝑥𝑛 , 𝑞) + 𝛾𝑛 𝐿 𝑑(𝑥𝑛 , 𝑞) 

= (1 − 𝛾𝑛 + 𝛾𝑛 𝐿)𝑑(𝑥𝑛 , 𝑞) 

≤ (1 + 𝛾𝑛 𝐿)𝑑(𝑥𝑛 , 𝑞) … (3) 

From  lemma (2.1),  condition(1), (2)and(3), we get      

𝑑(𝑦𝑛 , 𝑞) =  𝑑(𝑉(1 − 𝜎𝑛)𝑉𝑥𝑛  ⊕ 𝜎𝑛𝑉𝑧𝑛 , 𝑞)  
≤ 𝐿 𝑑((1 − 𝜎𝑛)𝑉𝑥𝑛  ⊕ 𝜎𝑛𝑉𝑧𝑛 , 𝑞)  

≤  𝐿[(1 − 𝛾𝑛)𝑑(𝑉𝑥𝑛 , 𝑞) + 𝜎𝑛𝑑(𝑉𝑧𝑛 , 𝑞)] 
≤ 𝐿[(1 − 𝜎𝑛) 𝐿 𝑑(𝑥𝑛 , 𝑞) + 𝜎𝑛 𝐿 𝑑(𝑧𝑛 , 𝑞)] 

= [𝐿2 + 𝜎𝑛 𝛾𝑛 𝐿3]𝑑(𝑥𝑛 , 𝑞) 

= 𝐿2[1 + 𝜎𝑛 𝛾𝑛 𝐿]𝑑(𝑥𝑛 , 𝑞) … (4) 

From  lemma (2.1),  condition(1), (2), (3)and(4), we get       

𝑑(𝑥𝑛+1 , 𝑞) = 𝑑(𝑉𝑦𝑛 , 𝑞) 

≤ 𝐿 𝑑(𝑦𝑛 , 𝑞) 

=  𝐿3[1 + 𝜎𝑛 𝛾𝑛 𝐿]𝑑(𝑥𝑛 , 𝑞) 

Hence , for all𝑛 , 𝑚 𝜖 𝑁 and every 𝑞 ∈ 𝐹, there exist𝑠 𝑊 > 0 such that, 
𝑑(𝑥𝑛+𝑚 , 𝑞) ≤ 𝑊 𝑑(𝑥𝑛 , 𝑞) . 

Now we  show  that{𝑥𝑛}  is acaushysequence in 𝐺,since  lim
𝑛→∞

𝑑( 𝑥𝑛 , 𝐹) = 0,  so for each 𝛿 > 0,

𝑡ℎ𝑒𝑟𝑒 𝑒 𝑛1  ∈ 𝑁 such  that 

𝑑(𝑥𝑛 , 𝐹) <
𝛿

𝑊 + 1
for  all  n > n1 

Thus  , there exist𝑠 𝜌 ∈ 𝐹 such that  

𝑑(𝑥𝑛 , 𝜌) <
𝛿

𝑊+1
for  all  n > n1 ,  we get  

𝑑(𝑥𝑛+𝑚 , 𝑥𝑛) ≤  𝑑(𝑥𝑛+𝑚 , 𝜌) + 𝑑(𝑥𝑛 , 𝜌) 

≤  𝑊𝑑(𝑥𝑛 , 𝜌) + 𝑑(𝑥𝑛 , 𝜌) 

≤ ( 𝑊 + 1 )𝑑(𝑥𝑛 , 𝜌) 

 ≤ ( 𝑊 + 1 )
𝛿

𝑊 + 1
= 𝛿 , 

therefore{𝑥𝑛}  is a caushysequence in 𝐺 .  From the completeness  of  𝐺 ,  we get lim
𝑛→∞

{𝑥𝑛}existsand 

equals𝜌 ∈ 𝐺, thereforefor all𝛿1 > 0 

there exist𝑠 𝑛1 ∈ 𝑁such that  𝑑(𝑥𝑛 , 𝜌) <
𝛿1

3(2 + 3𝜗1)
 

Now , lim
𝑛→∞

inf 𝑑( 𝑥𝑛 , 𝐹) = 0  or lim
𝑛→∞

sup 𝑑( 𝑥𝑛 , 𝐹) = 0      

gives that lim
𝑛→∞

𝑑( 𝑥𝑛 , 𝐹) = 0.So there exist𝑠  𝑛2 ∈ 𝑁withn2 > n1 

𝑑(𝑥𝑛 , 𝜌) <
𝛿1

3(2+3𝜗1)
. 

Thus there exist𝑠  𝜃 ∈ 𝐹 such that  
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𝑑(𝑥𝑛2
 , 𝜃) <

𝛿1

3(4+ 3𝜗1)
, we obtain 

𝑑(𝑉𝜌, 𝜌) ≤ 𝑑(𝑉𝜌 , 𝜃 ) +  𝑑(𝜃, 𝑥𝑛2
) + 𝑑(𝑥𝑛2

, 𝜌) 

≤ 𝐿 𝑑(𝜌 , 𝜃 ) +  𝑑(𝜃, 𝑥𝑛2
) + 𝑑(𝑥𝑛2

, 𝜌) 

≤
𝛿1

3(4 +  3𝜗1)L
+

𝛿1

3(4 +  3𝜗1)
+

𝛿1

3(2 + 3𝜗1)
 

≤ 𝐿 (4 +  3𝜗1)
𝛿1

3(4 +  3𝜗1)L
+ (4 +  3𝜗1)

𝛿1

3(4 +  3𝜗1)
 

 +(2 + 𝜗1)𝛿1/3(2 + 𝜗1) 

=  
𝛿1

3
+

𝛿1

3
+

𝛿1

3
= 𝛿1 

Since 𝛿1 is arbitrary so  𝑑(𝑉𝜌, 𝜌), so thus𝑉𝜌 = 𝜌 , there fore𝜌 ∈ 𝐹. 
 

Corollary (3.2) Let (𝐸, 𝑑)  is  a  complete   𝐶𝐴𝑇(0)   space  , 𝐺  is  a nonempty   and    convex    subset   

of   𝐸  and    𝑉: 𝐺 → 𝐺  is  Lipschizian mapping  

with    𝐿 ≥ 1  ,      𝐹 ≠ ∅.   Let    {𝑥𝑛}define   by  condition(1) with  𝛾𝑛and𝜎𝑛 ∈  (0,1).    If    𝐺 is 

complete and  lim
𝑛→∞

inf 𝑑( 𝑥𝑛 , 𝐹) = 0 or lim
𝑛→∞

sup𝑑( 𝑥𝑛 , 𝐹) = 0, the{𝑥𝑛}converges to a unique point in 

𝐹. 
Corollary(3.3)  Let 𝐸 , 𝐺, 𝑉    and{𝑥𝑛}  be as in theorem(3.1)  with  𝐹(𝑉) ≠ ∅ if 

 
(𝑖){𝑥𝑛} is an approximate fixed point sequence for 𝑉 

(𝑖𝑖)there exists a function  𝜏: [0, ∞[ → [0, ∞[   which is right continuous at  0, 𝜏(0) =
0 and𝜏(𝑑(𝑥𝑛 , 𝑉𝑥𝑛) ≥  𝑑(𝑥𝑛 , 𝐹 ), for all 𝑛 ∈ 𝑁  
then {𝑥𝑛}converges to a unique  point  in 𝐹 . 
 

proof ;From (𝑖)  and (𝑖𝑖) , we get 

lim
𝑛→∞

𝑑( 𝑥𝑛 , 𝐹) ≤ lim
𝑛→∞

 𝜏(𝑑(𝑥𝑛 , 𝑉𝑥𝑛) 

=  𝜏 lim
𝑛→∞

(𝑑(𝑥𝑛 , 𝑉𝑥𝑛) 

= 𝜏(0) = 0 

Thus  lim
𝑛→∞

𝑑( 𝑥𝑛 , 𝐹) = 0 . 

Thus lim
𝑛→∞

inf 𝑑( 𝑥𝑛 , 𝐹) = 0  and lim
𝑛→∞

sup 𝑑( 𝑥𝑛 , 𝐹) = 0 .  

By theorem(3.1) , {𝑥𝑛}converges to a unique  point  in𝐹 . 
 

Corollary (3.4) Let 𝐸 , 𝐺, 𝑉   and {𝑥𝑛}  be  as inCorollary(3.2)  with 𝐹(𝑉) ≠ ∅  if 
(𝑖){𝑥𝑛} is approximate fixed point sequence for 𝑉 

(𝑖𝑖)there exists a function  𝜏: [0, ∞[ → [0, ∞[   which is right continuous at  0, 𝜏(0) =
0 and𝜏(𝑑(𝑥𝑛 , 𝑉𝑥𝑛) ≥  𝑑(𝑥𝑛 , 𝐹 ), for all 𝑛 ∈ 𝑁  
then {𝑥𝑛}  converges  to  a unique   point  in 𝐹 . 
 

Theorem(3.5)Let 𝐸 , 𝐺, 𝑉 and{𝑥𝑛}  be as in theorem(3.1) with 𝐹(𝑉) ≠ ∅if 

(𝑖)  𝑑(𝑥0 , 𝐹) <
𝑇𝐻

4
 for 𝑥0  ∈ 𝐺 . (𝑖𝑖){𝑥𝑛} is Fej é r monotone with respect to 

𝐺.  (𝑖𝑖𝑖){𝑥𝑛} is  an   approximate fixed point sequence for 𝑉. then{𝑥𝑛}  ∆ −converges to a  point  in 

𝐹 . 
 

proof ∶Set 𝐹0 = 𝐹 ∩ 𝐵𝜋

2

(𝑥0) . 

Let {𝑥𝑛} is Fejér monotonewith respect  to 𝐹0and𝑞 ∈ 𝐹 such that 𝑑(𝑥0 , 𝑞) <
𝜋

4
  . Then 𝑞 ∈  𝐹0we get  
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𝑑(𝑥𝑛+1 , 𝑞) ≤  𝑑(𝑥𝑛 , 𝑞) ≤ 𝑑(𝑥0 , 𝑞) <
𝜋

4
   , for all 𝑛 ≥ 0.                … (5) 

Hence 𝑟({𝑥𝑛}) <
𝜋

4
 

from  lemma (2.7) ,let𝑞 ∈ 𝐺be a  ∆ − cluster  point  of {𝑥𝑛}, then there exists asubsequence {𝑥𝑛𝑙
}of{𝑥𝑛} 

which  ∆ − converges to 𝑞 . By (5) , we obtain 𝑟(𝑞, {𝑥𝑛𝑙
}) ≤ 𝑑(𝑥0 , 𝑞) <

𝜋

4
 . 

Using  lemma (2.5) , we get 

 𝑑(𝑞, 𝑥0 ) ≤  𝑑(𝑞, 𝑞) + 𝑑(𝑥0 , 𝑞)  ≤  lim
𝑙→∞

inf 𝑑( 𝑥𝑛𝑙
 , 𝑞) + 𝑑(𝑥0 , 𝑞) <

𝜋

4
 .  

That is 𝑞  ∈  𝐵𝜋

2

(𝑥0 ) . From condition (𝑖𝑖𝑖), we obtain  

lim
𝑙→∞

sup 𝑑( 𝑉𝑞 , 𝑥𝑛𝑙
 ) ≤ lim

𝑙→∞
sup 𝑑( 𝑉𝑞 , 𝑉𝑥𝑛𝑙

 ) + lim
𝑙→∞

sup 𝑑( 𝑉𝑥𝑛𝑙
 , 𝑥𝑛𝑙

)    

≤ lim
𝑙→∞

sup 𝑑( 𝑞 , 𝑥𝑛𝑙
 ) 

Hence  𝑉𝑞  ∈ 𝐶({𝑥𝑛𝑙
})and𝑉𝑞 = 𝑞 . Then 𝑞 ∈ 𝐹0  and using  lemma (2.7) , we get{𝑥𝑛}  ∆ − converges  

to a  point  in  𝐹 . 
 

Corollary (3.6) Let 𝐸 , 𝐺, 𝑉 and{𝑥𝑛}  be as in corollary(3.2) with 𝐹(𝑉) ≠ ∅  if 

(𝑖)  𝑑(𝑥0 , 𝐹) <
𝑇𝐻

4
 for 𝑥0  ∈ 𝐺 . (𝑖𝑖){𝑥𝑛}is  Fejér   monotone  with respect to 𝐻.  (𝑖𝑖𝑖){𝑥𝑛} is   an   

approximate fixed point sequence for𝑉. then{𝑥𝑛}   ∆ −  converges  to a  point  in 𝐹 . 

4- Conclusions 
 The  convergence  and  ∆ −convergenceresults  of  𝐾 −  iteration process has  been  proved   when   

used  Lipschizian self mapping with 𝐿 ≥ 1 in  𝐶𝐴𝑇(𝐻) , 𝐻 > 0 spaces . alsoe stablished    the 

convergence and ∆ −convergence results has been in 𝐶𝐴𝑇(0)spaces . 

5- Suggestion 
1 −  we can  useuniformly Lipschizian mapping  to  established  the convergence  and  ∆ − 

convergesresults  ofK − Iteration . 
2 −  we  can use another iteration  to established the convergence and  ∆ − convergesresults  . 
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