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Abstract. In the present paper first we recall the definition of algebra fuzzy metric space and 

some basic properties of algebra fuzzy metric space are introduced. Our goal is to prove the fixed 

point theorem in fuzzy complete algebra fuzzy metric space. Finally, the application to this 

theorem introduced.  

1.Introduction 

Kider in 2011 [1] introduced a fuzzy normed space. Also he proved this fuzzy normed space has 

completion in [2]. Again Kider introduced a new fuzzy normed space in 2012 [3]. Kider and Hussain in 

2014 [4] introduced a new type of fuzzy metric space called standard fuzzy metric space and they study 

continuous, uniform continuous mappings on a standard fuzzy metric spaces. Again Kider in 2014 [5] 

study completeness of Hausdorff standard fuzzy metric spaces.   

Kider and Kadhum in 2017 [6] introduced the fuzzy norm for a fuzzy bounded operator on a fuzzy 

normed space and proved its basic properties then other properties were proved by Kadhum in 2017 [7]. 

Ali in 2018 [8] proved the basic properties of complete fuzzy normed algebra. Kider and Ali in 2018 [9] 

introduced the notion of fuzzy absolute value and study properties of finite dimensional fuzzy normed 

space. Again Kider and Ali in 2019 [10] introduced a new type of fuzzy normed algebra and they study 

properties of a complete fuzzy normed algebra.     

The concept of general fuzzy normed space was presented by Kider and Gheeab in 2019 [11] [12] 

also they proved basic properties of this space and the general fuzzy normed space GFB (V, U). Kider 

and Kadhum in 2019 [13] introduce the notion of fuzzy compact linear operator and proved its basic 

properties a gain Kider and Kadhum in 2019 [14] study properties of fuzzy closed linear operator. For 

more information about fuzzy metric spaces also see [15, 16]. 

In 2020 Kider [17] introduced the notion of fuzzy soft metric space after that he investigated and 

proved some basic properties of this space again Kider in 2020 [18] introduced a new type of fuzzy 

metric space he called it algebra fuzzy metric space after that the basic properties of this space is proved.    

In the present paper first we recall the notion of algebra fuzzy metric space which is a new type of 

fuzzy metric space then we recall basic properties of this space that will be used later in this paper. After 

that we introduce the main result in this paper it is the fixed point theorem with which prove to show 

that the important of this theorem and application to system of linear equation, solution of the differential 

equation, Fredholm integral equation and Volterra integral equation are introduced. 

 

2. Basic Properties of Algebra fuzzy metric space 

Definition 2.1: [18] 
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Let ⊗: 𝐼 ×  𝐼 → 𝐼 be a binary operation function then ⊗ is said to be continuous t-conorm ( or simply 

t-conorm) if it satisfies the following conditions  𝑠, 𝑟 , 𝑧, 𝑤 ∈  𝐼 where 𝐼 = [0, 1] 
(i)𝑠 ⊗  𝑟 =  𝑟 ⊗  𝑠 

(ii) 𝑠 ⊗ [𝑟 ⊗  𝑧]  =  [𝑠 ⊗  𝑟]  ⊗  𝑧 
(iii) ⊗ is continuous function 

(iv)𝑠 ⊗  0 =  0 

(v) (𝑠 ⊗  𝑟)  ≤  (𝑧 ⊗  𝑤) whenever 𝑠 ≤  𝑧 and 𝑟 ≤  𝑤.  

Lemma 2.2: [18] 

If ⊗ is a continuous t-conorm on I then 

(i)1 ⊗  1 = 1 

(ii)0 ⊗  1 =  1 ⊗  0 = 1 

(iii)0 ⊗  0 =  0 

(iv)𝑎 ⊗  𝑎 ≥  𝑎 for all 𝑎 ∈  [0, 1]. 

Example 2.3: [18] 

The algebra product 𝑎 ⊗  𝑏 =  𝑎 +  𝑏 –  𝑎𝑏 is a continuous t-conorm for all 𝑎, 𝑏 ∈ 𝐼. 

Definition 2.4: [18] 

Assume that 𝑆 ≠ ∅, a fuzzy set D̃ in S is represented by D̃ =  {(𝑠, μD̃(𝑠)): 𝑠𝑆, 0 ≤ μD̃(𝑠) ≤  1} where 

μD̃(𝑠): 𝑆 →  [0,1] is a membership function. 

The following definition the main definition 

Definition 2.5: [18] 

 A triple (𝑆, 𝑚,⊗) is said to be the algebra fuzzy metric space if S≠ ∅, ⊗ is a continuous t- conorm and 

𝑚: 𝑆 × 𝑆 → [0, 1] satisfying the following conditions: 

(1)0 ≤  𝑚(𝑠, 𝑟)  ≤  1 ; 

(2) 𝑚(𝑠, 𝑟)  =  0 if and only if 𝑠 =  𝑟; 

(3) 𝑚(𝑠, 𝑟)  =   𝑚(𝑟, 𝑠) ; 

(4) 𝑚(𝑠, 𝑡)  ≤  𝑚(𝑠, 𝑟)  ⊗  𝑚(𝑟, 𝑡) 

For all s, r, t  S then the triple (𝑆, 𝑚,⊗) is said to be the algebra fuzzy metric space  

Example 2.6:[18] 

If (𝑆, 𝑑) is a metric space and 𝑡 ⊗  𝑟 =  𝑡 +  𝑟 –  𝑡𝑟  for all t, r ∈ [0, 1]. Put 𝑚𝑑(𝑠, 𝑢) =
𝑑(𝑠,𝑢)

1+𝑑(𝑠,𝑢)
 for 

all s, u  S. Then (𝑆, 𝑚𝑑 ,⊗) is algebra fuzzy metric space. 𝑚𝑑 is known as the algebra fuzzy metric 

comes from d. 

Example 2.7: [18] 

If 𝑆 ≠ ∅  put 𝑚𝐷(𝑠, 𝑢) = {
0         𝑖𝑓 𝑠 = 𝑢
1         𝑖𝑓 𝑠 ≠ 𝑢

  

Then (𝑆, 𝑚𝐷 ,⊗) is algebra fuzzy metric space known as the discrete algebra fuzzy 

 metric space. 

Definition 2.8: [18] 

If (𝑆, 𝑚,⊗) is algebra fuzzy metric space then 𝑓𝑏(𝑠, 𝑗)  = {𝑢𝑆: 𝑚(𝑠, 𝑢)  < 𝑗} is known as an open 

fuzzy ball with center sS and radius j ∈(0, 1). Similarly closed fuzzy ball is defined by 

 𝑓𝑏[𝑠, 𝑗]  = {𝑢𝑆: 𝑚(𝑠, 𝑢)  ≤ 𝑗}. 

Definition 2.9: [18] 



Ibn Al-Haitham International Conference for Pure and Applied Sciences (IHICPS)
Journal of Physics: Conference Series 1879 (2021) 022099

IOP Publishing
doi:10.1088/1742-6596/1879/2/022099

3

 

 

 

 

 

 

If (𝑆, 𝑚,⊗) is algebra fuzzy metric space and W⊆S is known as fuzzy open if 𝑓𝑏(𝑤, 𝑗)  ⊆ 𝑊 for any 

arbitrary w∈W  and for some j ∈(0, 1).   

Also 𝐷 ⊆ 𝑆 is known as fuzzy closed if 𝐷𝐶 is fuzzy open then the fuzzy closure 

 of D, D̅ is defined to be the smallest fuzzy closed set contains D. 

Definition 2.10: [18] 

If (𝑆, 𝑚,⊗) is algebra fuzzy metric space then 𝐷 ⊆ 𝑆 is known as fuzzy dense in S 

whenever D̅=S. 

Theorem 2.11: [18] 

If 𝑓𝑏(𝑠, 𝑗) is open fuzzy ball in algebra fuzzy metric space (𝑆, 𝑚,⊚) then it is a fuzzy open set. 

Proposition 2.12: [18] 

 In algebra fuzzy metric space (𝑆, 𝑚,⊗) 𝑠𝑛  → 𝑠 if and only if 𝑚(𝑠𝑛, 𝑠)  → 0. 

Definition 2.13: [18] 

 In algebra fuzzy metric space (𝑆, 𝑚,⊗) a sequence (𝑠𝑛) is fuzzy Cauchy if for each r∈(0, 1) then we 

can find N such that 𝑚(𝑠𝑛, 𝑠𝑚) <  𝑟, for each m, n ≤ N. 

Definition 2.14: [18] 

 An algebra fuzzy metric space (𝑆, 𝑚,⊗) is known as fuzzy complete if (𝑠𝑛) is fuzzy Cauchy 

sequence then  𝑠𝑛 → 𝑠 ∈ S. 

Theorem 2.15: [18] 

In algebra fuzzy metric space (𝑆, 𝑚,⊗) 𝑖𝑓 𝑠𝑛  → 𝑠 ∈  𝑆 then (𝑠𝑛) is fuzzy Cauchy sequence. 

Definition 2.16: [18] 

Anon empty set D in algebra fuzzy metric space (S, m, ⊗) is known as fuzzy bounded whenever we 

can find s∈(0, 1)  with 𝐷 ⊂  𝑓𝑏(𝑑, 𝑠)  for some d ∈S. Also a sequence (𝑑𝑛) in algebra fuzzy metric 

space (𝑆, 𝑚,⊗) is fuzzy bounded if we can find s∈(0, 1) with {𝑑1, 𝑑2, … , 𝑑𝑛, … }  ⊆  𝑓𝑏(𝑑, 𝑠) for some 

d ∈S. 

Lemma 2.17:[18] 

In algebra fuzzy metric space (𝑆, 𝑚,⊗) If the sequence (𝑠𝑛) ∈S with 𝑠𝑛 → 𝑠 ∈S. Then (𝑠𝑛) is fuzzy 

bounded. 

Lemma 2.18: [18] 

In algebra fuzzy metric space (𝑆, 𝑚,⊗) if (𝑠𝑛) ∈ S with 𝑠𝑛 →s ∈S and 𝑠𝑛 → d ∈S as n→ ∞. Then s=d. 

Theorem 2.19: [18] 

In algebra fuzzy metric space (𝑆, 𝑚,⊗) when D⊂S then dD̅ if and only if there is (dn) ∈ D with dn→ d. 

Definition 2.20: [18]  

If (𝑆, 𝑚𝑆 ,⊗) and (𝑉, 𝑚𝑉 ,⊗) are two algebra fuzzy metric spaces and W  S. Then a function 𝑇: 𝑆 → 𝑉 is 

called fuzzy continuous at w∈W. If for every 0 <  𝑟 <  1, we can find some 0 <  𝑡 <  1, with 

mV[𝑇(𝑤), 𝑇(𝑠)]  <  𝑟 as s∈W and mS(𝑤, 𝑠)  <  𝑡. 

 Also f is said to be fuzzy continuous on W if it is fuzzy continuous at every point of W.  

Theorem 2.21: [18] 

If (𝑆, 𝑚𝑆 ,⊗) and (𝑉, 𝑚𝑉 ,⊗) are two algebra fuzzy metric spaces and 𝑊  𝑆. Then a function 𝑇: 𝑆 → 𝑉 is 

fuzzy continuous at w∈W if and only if whenever wn → 𝑤  in W then   𝑇(𝑤𝑛) →  𝑇(𝑤) in V. 
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Theorem 2.22: [18]  

The function 𝑇: 𝑆 → 𝑉 is fuzzy continuous on S if and only if 𝑇−1(𝐷) is fuzzy open in S for all fuzzy open 

subset D of V where (𝑆, 𝑚𝑆,⊗) and (𝑉, 𝑚𝑉 ,⊗) are algebra fuzzy metric spaces. 

 

3.Fixed Point Theorem 

Definition 3.1: 

If (𝑈, 𝑚,⊗) is algebra fuzzy metric space then the function 𝑆: 𝑈 → 𝑈 is known as a fuzzy contraction 

on U if we can find r∈(0, 1) with 𝑚[𝑆(𝑢), 𝑆(𝑣)]  ≤  𝑟 𝑚(𝑢, 𝑣)  for all u, v ∈U. The constant r is called 

the fuzzy contraction constant. 

The proof of the next result is clear and hence is omitted. 

Theorem 3.2: 

Suppose that (𝑈, 𝑚,⊗) is algebra fuzzy metric space. If the function 𝑆: 𝑈 → 𝑈 is a fuzzy contraction on 

U then S is fuzzy continuous. 

The following theorem is the key of all results in this section 

Theorem 3.3: 

Suppose that (𝑈, 𝑚,⊗) is fuzzy complete algebra fuzzy metric space where 𝑈 ≠ ∅, 𝑎 ⊗ 𝑏 = 𝑎 +  𝑏 −
𝑎𝑏 for all a, b∈I and assume that the function 𝑆: 𝑈 → 𝑈 is a fuzzy contraction on U that is we can find 

r∈(0, 1) with 𝑚[𝑆(𝑢), 𝑆(𝑣)]  ≤  𝑟 𝑚(𝑢, 𝑣)  for all u, v ∈U. Then S has exactly one fixed point. 

Proof: The construction of the iterative sequence (𝑢𝑘) follows by Choosing  𝑢0 ∈U and define  

𝑆(𝑢0) =  𝑢1, 𝑆(𝑢1) =  𝑆2(𝑢0) =  𝑢2, … , 𝑆𝑘(𝑢0) =  𝑢𝑘 , …                                                             (1) 

Now (𝑢𝑘) is a fuzzy Cauchy sequence follows from the next steps 

𝑚(𝑢𝑛+1, 𝑢𝑛)  =  𝑚[𝑆(𝑢𝑛), 𝑆(𝑢𝑛−1)]   ≤  𝑟 𝑚(𝑢𝑛, 𝑢𝑛−1)  = 𝑟 𝑚[𝑆(𝑢𝑛−1), 𝑆(𝑢𝑛−2)] 
               ≤  𝑟2 𝑚(𝑢𝑛−1, 𝑢𝑛−2)  = 𝑟2 𝑚[𝑆(𝑢𝑛−2), 𝑆(𝑢𝑛−3)] 

And so on we have 

𝑚(𝑢𝑛+1, 𝑢𝑛)  ≤  𝑟𝑛 𝑚(𝑢1, 𝑢0)                                                                                                     (2) 

Therefore if we take n>j ≥N for some N ∈ ℕ we have 

𝑚(𝑢𝑗, 𝑢𝑛)  ≤  𝑚(𝑢𝑗, 𝑢𝑗+1)  ⊗  𝑚(𝑢𝑗+1, 𝑢𝑗+2)  ⊗, … ,⊗  𝑚(𝑢𝑛−1, 𝑢𝑛) 

           ≤  𝑚(𝑢𝑗, 𝑢𝑗+1)  +  𝑚(𝑢𝑗+1, 𝑢𝑗+2) +, … , 𝑚(𝑢𝑛−1, 𝑢𝑛) – [𝑚(𝑢𝑗, 𝑢𝑗+1)𝑚(𝑢𝑗+1, 𝑢𝑗+2)  …  

           𝑚(𝑢𝑛−1, 𝑢𝑛)] 
        ≤  [𝑟𝑗 +  𝑟𝑗+1 + … +  𝑟𝑛−𝑗] 𝑚(𝑢0, 𝑢1) – [𝑟𝑗  𝑟𝑗+1  …  𝑟𝑛−𝑗] 𝑚(𝑢0, 𝑢1) 

𝑚(𝑢𝑗, 𝑢𝑛)  ≤  [(𝑟𝑗  
1−𝑟𝑛−𝑗

1−𝑟
 ) – (𝑟[(𝑛−𝑗)𝑗+(𝑛−𝑗)] )] 𝑚(𝑢0, 𝑢1)                                                       (3) 

Now choose t ∈(0, 1) so that [(𝑟𝑗  
1−𝑟𝑛−𝑗

1−𝑟
 ) – (𝑟[(𝑛−𝑗)𝑗+(𝑛−𝑗)] )] 𝑚(𝑢0, 𝑢1)  < 𝑡. 

Thus 𝑚(𝑢𝑗, 𝑢𝑛)  < 𝑡 for all n>j ≥N that is (𝑢𝑘) is a fuzzy Cauchy sequence but U is fuzzy complete so 

we can find u∈U such that (𝑢𝑘) is fuzzy converges to u. 

 The proof of u is a fixed point of S follows from the following steps 

𝑚(𝑢, 𝑆(𝑢))  ≤  𝑚(𝑢, 𝑢𝑛)  ⊗  𝑚(𝑢𝑛, 𝑆(𝑢)) 
≤  𝑚(𝑢, 𝑢𝑛)  +  𝑚(𝑢𝑛, 𝑆(𝑢))  −  𝑚(𝑢, 𝑢𝑛) 𝑚(𝑢𝑛, 𝑆(𝑢)) 

≤  𝑚(𝑢, 𝑢𝑛)  +  𝑟 𝑚(𝑢𝑛−1, 𝑢)  −  𝑚(𝑢, 𝑢𝑛) 𝑟 𝑚(𝑢𝑛−1, 𝑢) 

By taking limit to both sides as n→ ∞ and using 𝑢𝑘 →u getting 𝑚(𝑢, 𝑆(𝑢)) = 0 which implies that 

S(u)=u. 

Finally, to show that u is the only fixed point of S. Assume that S(u)=u and S(y) = y that is S has two 

fixed points u and s. Now 

𝑚(𝑢, 𝑦) =  𝑚(𝑆(𝑢), 𝑆(𝑦))  ≤  𝑟 𝑚(𝑢, 𝑦). Thus 𝑚(𝑢, 𝑦) =  0 since r ∈(0, 1). Hence u=y. 

Corollary 3.4: 
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In Theorem 3.3 the iterative sequence (𝑢𝑘) where 𝑢0 is arbitrary fuzzy converges to the unique fixed 

point u of S. Error estimates are the prior 

      𝑚(𝑢𝑗, 𝑢)  ≤  [
𝑟𝑗

1−𝑟
 ] 𝑚(𝑢0, 𝑢1)                                                                                         (4) 

and the posterior estimates 

  𝑚(𝑢𝑗, 𝑢)  ≤  [
𝑟

1−𝑟
 ] 𝑚(𝑢𝑗−1, 𝑢𝑗)                                                                                          (5) 

Proof: The inequality (4) follows from inequality (3)  

𝑚(𝑢𝑗, 𝑢𝑛)  ≤  [(𝑟𝑗  
1−𝑟𝑛−𝑗

1−𝑟
 ) – (𝑟(𝑛−𝑗)𝑗+(𝑛−𝑗)] )] m(𝑢0, 𝑢1). Since r ∈(0, 1) we 

have (1 − 𝑟𝑛−𝑗) ∈(0, 1) hence by letting n→ ∞ we have inequality (4) 

𝑚(𝑢𝑗, 𝑢)  ≤  [
𝑟𝑗

1 − 𝑟
 ] 𝑚(𝑢0, 𝑢1). 

Now we derive (5) by taking j=1 and writing 𝑦0 for 𝑢0 and 𝑦1 for 𝑢1 we have from (4)  

m(𝑦1, u) ≤ [
𝑟

1−𝑟
 ] m(𝑦0, 𝑦1). Putting 𝑦0=𝑢𝑗−1 we have 𝑦1 = 𝑆(𝑦0) =  𝑢𝑗thus we obtain (5). 

Theorem 3.5: 

Suppose that 𝑆: 𝑈 → 𝑈 is a function where (𝑈, 𝑚,⊗) is algebra fuzzy metric space and 𝑎 ⊗ 𝑏 = 𝑎 +
 𝑏 − 𝑎𝑏 for all a, b∈I. Assume that 𝑚(𝑢0, 𝑆(𝑢0)) < (1 − 𝑟)𝑡 and S is a fuzzy contraction on the closed 

fuzzy ball 𝑓𝑏[𝑢0, 𝑡] that is we can find r∈(0, 1) with 𝑚[𝑆(𝑢), 𝑆(𝑣)]  ≤  𝑟 𝑚(𝑢, 𝑣)  for all u, v ∈ 𝑓𝑏[𝑢0, 𝑡]. 
Then the iterative sequence (𝑢𝑘) fuzzy converges to 𝑢 ∈  𝑓𝑏[𝑢0, 𝑡], this u is fixed point of S and it is 

the only fixed point of S in 𝑓𝑏[𝑢0, 𝑡]. 

Proof: 

(𝑢𝑘)  ∈  𝑓𝑏[𝑢0, 𝑡] follows from the next step. In inequality (3) put j=0 and use 

 𝑚(𝑢0, 𝑆(𝑢0))  < (1 − 𝑟)𝑡 we have 

𝑚(𝑢0, 𝑢𝑛)  ≤  [
1

(1 − 𝑟)
 − 𝑟𝑛]𝑚(𝑢0, 𝑢1)  

= [
1

(1 − 𝑟)
] 𝑚(𝑢0, 𝑢1)  −  𝑟𝑛𝑚(𝑢0, 𝑢1) 

                 <   𝑡 − (1 − 𝑟) 𝑟𝑛𝑡  < 𝑡. 
Hence (𝑢𝑘)  ∈  𝑓𝑏[𝑢0, 𝑡] also 𝑢 ∈  𝑓𝑏[𝑢0, 𝑡] since (𝑢𝑘) is fuzzy converges to u and 𝑓𝑏[𝑢0, 𝑡] is closed. 

Now from the proof of Theorem 3.3 the other assertion of the theorem follows.  

Definition 3.6: 

Let ℝ be the field of real numbers and ⨂ be a continuous t-norm. A fuzzy set aℝ is a function from ℝ 

to I is called algebra fuzzy absolute value on ℝ if it satisfies the following conditions for all r, s ∈ ℝ; 

(1)   𝑎ℝ(𝑟) ∈ 𝐼 

(2) aℝ(r) = 0 if and only if r=0 

(3) 𝑎ℝ(𝑠𝑟) ≤ 𝑎ℝ(𝑠) ∙ 𝑎ℝ(𝑟) 

(4) 𝑎ℝ(𝑠 + 𝑟) ≤ 𝑎ℝ(𝑠)⨂𝑎ℝ(𝑟) 

Then the triple (ℝ, 𝑎ℝ, ⨂) is called algebra fuzzy absolute value space. 

Example 3.7: 

Let U=C[a, b]  and t⊗s=t + s −ts for all t, s ∈I. Define 𝑚(𝑓, 𝑔)  =  𝑚𝑎𝑥𝑡∈[𝑎,𝑏] 𝑎ℝ[𝑓(𝑡) – 𝑔(𝑡)] then 

(𝑈, 𝑚, ⨂) is algebra fuzzy metric space. 

Proof: 

(1)Since aℝ[𝑓(𝑡) – 𝑔(𝑡)]  ∈ (0, 1) for all t∈[a, b] it is clear that m(f, g) ∈(0, 1) 
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(2)m(f, g) = 0 if and only if 𝑚𝑎𝑥𝑡∈[𝑎,𝑏]𝑎ℝ[𝑓(𝑡) – 𝑔(𝑡)]  =  0 if and only if 𝑎ℝ[𝑓(𝑡) – 𝑔(𝑡)]  =  0 for 

all t ∈ [a, b] if and only if f(t) –g(t) =0 for all t ∈ [a, b] if and only if f(t) =g(t) for all t ∈ [a, b] if and 

only if f=g. 

(3)it is clear that  𝑚(𝑓, 𝑔)  = 𝑚(𝑔, 𝑓). 

(4)𝑚(𝑓, 𝑔)  =  𝑚𝑎𝑥𝑡∈[𝑎,𝑏] 𝑎ℝ[𝑓(𝑡) – ℎ(𝑡)  + ℎ(𝑡) – 𝑔(𝑡)] 

≤  𝑚𝑎𝑥𝑡∈[𝑎,𝑏] 𝑎ℝ[𝑓(𝑡) – ℎ(𝑡)] ⨂ 𝑚𝑎𝑥𝑡∈[𝑎,𝑏] 𝑎ℝ[ℎ(𝑡) – 𝑔(𝑡)] 

 ≤  𝑚(𝑓, ℎ) ⨂ 𝑚(ℎ, 𝑔) 
For all f, g, h ∈U. Hence (U, m, ⨂) is algebra fuzzy metric space. 

Theorem 3.8: 

If 𝑎 ⊗ 𝑏 = 𝑎 +  𝑏 − 𝑎𝑏 for all a, b ∈I define m: ℝ2 →I by 𝑚(𝑢, 𝑣) =  𝑎ℝ(𝑢 − 𝑣) for all u, v∈ ℝ. 

Then (ℝ, 𝑚,⊗) is algebra fuzzy metric space. 

Proof: 

(1)it is clear that m(u, v) ∈I for all u, v∈ ℝ. 

(2) 𝑚(𝑢, 𝑣) = 0 if and only if aℝ(u−v)=0 if and only if u−v=0 if and only if u=v. 

(3)it is clear that 𝑚(𝑢, 𝑣)  =  𝑚(𝑣, 𝑢) 

(4)𝑚(𝑢, 𝑧) =  𝑎ℝ(𝑢 − 𝑧) =  𝑎ℝ(𝑢 − 𝑣 +  𝑣 – 𝑧) 

≤  𝑎ℝ(𝑢 − 𝑣) ⊗ 𝑎ℝ(𝑣 − 𝑧) 

 ≤  𝑚(𝑢, 𝑣)  ⊗  𝑚(𝑣, 𝑧) 

Hence (ℝ, 𝑚,⊗) is algebra fuzzy metric space 

Theorem 3.9: 

If 𝑠 ⊗ 𝑟 = 𝑠 +  𝑟 − 𝑠𝑟 for all s, r ∈I then (ℝ, 𝑚,⊗) is a fuzzy complete where 𝑚(𝑢, 𝑣) =  𝑎ℝ(𝑢 − 𝑣) 

for all u, v∈ ℝ. 

Proof: 

Let (𝑟n ) be a fuzzy Cauchy sequence in ℝ then (𝑟n ) has a monotonic subsequence (𝑟𝑛j
) but (𝑟n ) is a 

fuzzy bounded hence (𝑟𝑛j 
) is a fuzzy bounded thus (𝑟𝑛j

)  fuzzy approaches to r∈ ℝ that is every s∈(0, 

1) we can find N ∈ ℕ with 𝑎ℝ (𝑟𝑛k  −  𝑟k ) ≤ 𝑠. Since (𝑟n ) is a fuzzy Cauchy sequence in ℝ so 𝑎ℝ (𝑟m −

 𝑟n ) ≤ 𝑠    for all m, n ≥N. That is for k ≥N,  

 𝑎ℝ (𝑟𝑛k  − 𝑟k ) ≤ 𝑠. Now for all k≥N 

𝑎ℝ (𝑟𝑘 – 𝑟 ) ≤ 𝑎ℝ (𝑟𝑘 – 𝑟𝑛𝑘  +  𝑟𝑛𝑘  − 𝑟) 

≤ 𝑎ℝ (𝑟𝑘 – 𝑟𝑛𝑘  ) ⊗ 𝑎ℝ (𝑟𝑛𝑘  −  𝑟 ) 

≤ s ⊗ s 

Now we can find t∈(0, 1) with s ⊗ s <t that is 𝑎ℝ (𝑟𝑘 −  𝑟 ) ≤ t. Thus (𝑟𝑛) approaches to r∈ ℝ. Hence 

(ℝ, m, ⊗) is a fuzzy complete. 

Example 3.10: 

If 𝑠 ⊗ 𝑡 = 𝑠 +  𝑡 − 𝑠𝑡 for all s, t ∈I define m: ℝ𝑛  → 𝐼 by 𝑚(𝑢, 𝑣) =  𝑚𝑎𝑥𝑗 𝑎ℝ(𝛼𝑗  − 𝛽𝑗) for all 𝑢 =

(𝛼1, 𝛼2, … , 𝛼𝑛), 𝑣 = (𝛽1, 𝛽2, … , 𝛽𝑛)  ∈ ℝ𝑛. Then (ℝ𝑛, 𝑚,⊗) is algebra fuzzy metric space. 

Proof: 

(1)it is clear that m(u, v) ∈I for all u, v∈ ℝ𝑛. 

(2) 𝑚(𝑢, 𝑣) = 0 if and only if 𝑚𝑎𝑥𝑗 aℝ(𝛼𝑗 −𝛽𝑗)  if and only if aℝ(𝛼𝑗 −𝛽𝑗) for all j=1, 2, …,n if and 

only if 𝛼𝑗 −𝛽𝑗=0 for all j=1, 2, …,n if and only if 𝛼𝑗 = 𝛽𝑗 for all j=1, 2, …,n if and only if u=v. 

(3)it is clear that 𝑚(𝑢, 𝑣)  =  𝑚(𝑣, 𝑢) 

(4) 𝑚(𝑢, 𝑧) =  𝑚𝑎𝑥𝑗  𝑎ℝ(𝛼𝑗 – 𝛾𝑗) 

=  𝑚𝑎𝑥𝑗   𝑎ℝ(𝛼𝑗 − 𝛽𝑗 + 𝛽𝑗  − 𝛾𝑗) 
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≤  𝑚𝑎𝑥𝑗  𝑎ℝ(𝛼𝑗 − 𝛽𝑗)   ⊗ 𝑚𝑎𝑥𝑗  𝑎ℝ(𝛽𝑗  − 𝛾𝑗) 

≤  𝑚(𝑢, 𝑣)  ⊗  𝑚(𝑣, 𝑧) 

Where 𝑧 = (𝛾1, 𝛾2, … , 𝛾𝑛)  ∈ ℝ𝑛. 

Hence (ℝ𝑛, 𝑚,⊗) is algebra fuzzy metric space 

Example 3.11: 

If 𝑠 ⊗ 𝑡 = 𝑠 +  𝑡 − 𝑠𝑡 for all s, t ∈I then (ℝ𝑛, 𝑚,⊗) is fuzzy complete where m: ℝ𝑛 →I  is defined by 

𝑚(𝑢, 𝑣) =  𝑚𝑎𝑥𝑗 𝑎ℝ(𝛼𝑗  − 𝛽𝑗) for all 𝑢 = (𝛼1, 𝛼2, … , 𝛼𝑛), 𝑣 = (𝛽1, 𝛽2, … , 𝛽𝑛)  ∈  ℝ𝑛. 

Proof: 

Consider a fuzzy Cauchy sequence (𝑢𝑘) in ℝ𝑛 putting 𝑢𝑘 = (𝑟1𝑘, 𝑟2𝑘, … 𝑟𝑛𝑘). Since (𝑢𝑘) is fuzzy Cauchy 

so for any s∈ (0, 1) we can find N∈ ℕ with 

𝑚(𝑢𝑘 , 𝑢𝑗) =  𝑚𝑎𝑥𝑖 𝑎ℝ(𝑟𝑖𝑘 − 𝑟𝑖𝑗)  <  𝑠                                                                   (6) 

for all k, j ≥N and i=1, 2, …, n. This implies that aℝ(𝑟𝑖𝑘 − 𝑟𝑖𝑗) < 𝑟. 

This shows that for any fixed i, 1≤ i ≤n the sequence (𝑟𝑖1, 𝑟𝑖2, … )is a fuzzy Cauchy sequence in 

(ℝ, 𝑚,⊗). But (ℝ, 𝑚,⊗) is fuzzy complete by Theorem 3.10 so it fuzzy converges that is 𝑟𝑖𝑘 → 𝑟𝑖 as 

k→ ∞. Now we use these n limits to define u=(𝑟1, 𝑟2, …, 𝑟𝑛) it is clear that u∈ ℝ𝑛. From (6) by letting 

j→ ∞ we have  

𝑚(𝑢𝑘 , 𝑢) = 𝑚(𝑢𝑘 , 𝑙𝑖𝑚
𝑗→∞

𝑢𝑗) =  𝑚𝑎𝑥𝑖  𝑎ℝ(𝑟𝑖𝑘 − 𝑟𝑖)  <  𝑠 

Thus (𝑢𝑘) is fuzzy converges to u. Hence (ℝ𝑛, 𝑚,⊗) is fuzzy complete. 

Example 3.12: 

Let 𝑈 = 𝐶[𝑎, 𝑏]  and 𝑡 ⊗ 𝑠 = 𝑡 +  𝑠 − 𝑡𝑠 for all t, s ∈I. then (𝑈, 𝑚, ⨂) is fuzzy complete where   

𝑚(𝑓, 𝑔)  =  𝑚𝑎𝑥𝑡∈[𝑎,𝑏] 𝑎ℝ[𝑓(𝑡) – 𝑔(𝑡)] 

Proof: 

Let (𝑓𝑘) be a fuzzy Cauchy sequence in C[a, b]. Then for any s ∈ (0, 1)we can find N∈ ℕ such that for 

m, n ≥N we have  

𝑚(𝑓𝑘 , 𝑓𝑛)  =  𝑚𝑎𝑥𝑡∈[𝑎,𝑏] 𝑎ℝ[𝑓𝑘(𝑡) – 𝑓𝑛(𝑡)]  <  𝑠                                                           (7) 

Hence for fixed t=𝑡0 ∈[a, b], 𝑎ℝ[𝑓𝑘(𝑡0)– 𝑓𝑛(𝑡0)] < 𝑠. This shows that (𝑓1 (𝑡0), 𝑓2(𝑡0), …) is fuzzy 

Cauchy sequence in (ℝ, 𝑚,⊗). But (ℝ, 𝑚,⊗) is fuzzy complete by Example 3.9 so it is fuzzy converge 

to f(𝑡0). In this way we can associate with each t ∈[a, b] a unique f(t) ∈ ℝ. This defines a function f on 

[a, b] and we show that f ∈C[a, b] and (𝑓𝑘) fuzzy converges to f. From (7) with n→ ∞ we have 

𝑚𝑎𝑥𝑡∈[𝑎,𝑏]𝑎ℝ[𝑓𝑘(𝑡)– 𝑓(𝑡)] < 𝑠  for all k≥N. Hence for every t∈[a, b],  

 𝑎ℝ[𝑓𝑘(𝑡) – 𝑓(𝑡)]  <  𝑠  for all k≥N. 

This shows that (𝑓𝑘(t)) fuzzy converge to f(t) uniformly on [a, b]. Since all members of (𝑓𝑘) are fuzzy 

continuous on [a, b] and the fuzzy convergence is uniform the limit function f is fuzzy continuous on [a, 

b]. Hence 𝑓 ∈ 𝐶[𝑎, 𝑏]. Also (𝑓𝑘) fuzzy converges to f. Hence (𝐶[𝑎, 𝑏], 𝑚, ⨂) is fuzzy complete. 

 

4.Application of Fixed Point Theorem 

The following result is an application of Theorem 3.3 to system of linear equations  

Theorem 4.1: 

If the system of n linear equations 

𝑢 = 𝐶𝑢 +  𝑏                                             (𝐶 = (𝑐𝑗𝑘), 𝑏 given)                                    (8) 

in n unknowns 𝛼1, 𝛼2, …, 𝛼𝑛, (the component of u) satisfies  

∑ aℝ
𝑛
𝑘=1 (𝑐𝑗𝑘) < 1, (𝑗 = 1, 2, … , 𝑛)                                                                                 (9) 

It has only one solution u. This solution can be obtained as the limit of the iterative sequence (𝑢(0), 

𝑢(1), 𝑢(2), …) where 𝑢(𝑗) is arbitrary and 
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𝑢(𝑗+1) = 𝐶𝑢(𝑗) + 𝑏, ( 𝑗 = 0, 1, , , , )                                                                                  (10) 

Error bounds are 

 𝑚(𝑢(𝑗), 𝑢)  ≤  [(
𝑟

1 − 𝑟
 )]𝑚(𝑢(𝑗−1), 𝑢(𝑗))   ≤  [(

𝑟𝑗

1 − 𝑟
 )]𝑚(𝑢(0), 𝑢(1)) 

Proof: 

Let 𝑣 = (𝛽1, 𝛽2, … , 𝛽𝑛), 𝑤 = (𝛾1, 𝛾2, … , 𝛾𝑛)  ∈  ℝ𝑛. From Example 3.10 and Example 3.11, (ℝ𝑛, 𝑚,⊗
) is fuzzy complete algebra fuzzy metric space. 

Now define S: ℝ𝑛 → ℝ𝑛by v= S(u)=Cu+b where C=(𝑐𝑗𝑘) is a fixed n×n real matrix and b∈ ℝ𝑛. First 

we will show that S is a fuzzy contraction 𝛽𝑗=∑ 𝑐𝑗𝑘
𝑛
𝑘=1 𝛼𝑗+ 𝜎𝑗 where b=(𝜎1, 𝜎2, …, 𝜎𝑛). Putting 

S(w)=z where z=(𝛿1, 𝛿2, …, 𝛿𝑛). Now 

𝑚(𝑣, 𝑧) = 𝑚(𝑆(𝑢), 𝑆(𝑤)) = 𝑚𝑎𝑥𝑗𝑎ℝ(𝛽𝑗  −  𝛿𝑗)  =  𝑚𝑎𝑥𝑗𝑎ℝ(∑ 𝑐𝑗𝑘

𝑛

𝑘=1
(𝛼𝑗 − 𝛿𝑗)) 

            ≤  𝑚𝑎𝑥𝑗[𝑎ℝ(𝛼𝑗  − 𝛿𝑗) 𝑎ℝ(𝑐𝑗𝑘)]  ≤  𝑚𝑎𝑥𝑗𝑎ℝ(𝛼𝑗  −  𝛿𝑗) 𝑚𝑎𝑥𝑗𝑎ℝ(𝑐𝑗𝑘) 

Thus 𝑚(𝑣, 𝑧)  ≤  𝑟 𝑚(𝑢, 𝑤) where 𝑟 = 𝑚𝑎𝑥𝑗aℝ(𝑐𝑗𝑘). 

Now the assertion of the theorem follows from the proof of Theorem 3.3. 

Definition 4.2:  

Suppose that (ℝ, 𝑎ℝ, ⨂) is algebra fuzzy absolute value space. The function 𝑓: ℝ → ℝ is said to be 

satisfying a fuzzy Lipschitz condition if aℝ[f(t) – f(s)] ≤ k aℝ(t – s)  for all t, s ∈ ℝ where the constant 

k is called fuzzy Lipschitz constant. 

The next result is an application of Theorem 3.3 to differential equations. 

Theorem 4.3: 

Let f be fuzzy continuous function on the rectangle 𝐷 = {(𝑡, 𝑢): |𝑡 − 𝑡0| ≤ 𝑎, |𝑢 − 𝑢0| ≤ 𝑏}and fuzzy 

bounded on D that is 𝑎ℝ(𝑓(𝑡, 𝑢)) ≤ 𝑐 for all (t, u)∈D. Suppose that f satisfies a fuzzy Lipschitz condition 

on D with respect to its second argument, that is there is a constant k such that for (t, u), (t, v) ∈D, 

aℝ(𝑓(𝑡, 𝑢) – 𝑓(𝑡, 𝑣)) ≤ 𝑘aℝ(𝑢 –  𝑣). Then the initial value problem 
𝑑𝑢

𝑑𝑡
= 𝑓(𝑡, 𝑢), 𝑢(𝑡0) = 𝑢0 has a 

unique solution. This solution exists on an interval [𝑡0 –  𝛽, 𝑡0  +  𝛽] where 𝛽 <min{a, 
𝑏

𝑐
, 

1

𝑘
} 

Proof: 

Let 𝐶(𝐽) be the algebra fuzzy metric space of all real-valued continuous functions on the interval 𝐽 =
[𝑡0 –  𝛽, 𝑡0  +  𝛽] with fuzzy metric defined by 𝑚(𝑓, 𝑔) =  𝑚𝑎𝑥𝑡∈𝐽𝑎ℝ[𝑓(𝑡) − 𝑔(𝑡)]. Then by Example 

3.7 and Example 3.12 (C(J), m, ⨂) is fuzzy complete algebra fuzzy metric space. Let �́� be the subspace 

of C(J) consisting of all those functions u ∈C(J) that satisfy aℝ(u(t)− 𝑢0) ≤ c𝛽, It is clear that �́� is closed 

in C(J). �́� is fuzzy complete. 

By integration we see that 
𝑑𝑢

𝑑𝑡
=f(t, u) can be written u=S(u) where S: �́� → �́� is defined by 𝑆(𝑢(𝑡)) =

 𝑢0  + ∫ 𝑓(𝜏, 𝑢(𝜏))𝑑𝜏
𝑡

𝑡0
. S is defined for all u ∈ �́� since c𝛽 <b so that if u ∈ �́� then 𝜏 ∈J and (𝜏, u(𝜏))∈ 

D and the integration exists since f is fuzzy continuous on D. To see S 

maps  �́� into itself  

𝑎ℝ[𝑆(𝑢(𝑡)) − 𝑢0] ≤  𝑎ℝ[∫ 𝑓(𝜏, 𝑢(𝜏)𝑑𝜏
𝑡

𝑡0
] ≤ 𝑐𝑎ℝ[𝑡 − 𝑡0] ≤ 𝑐𝛽. 

Now we will show that S is a fuzzy contraction on �́�. By the fuzzy Lipschitz condition, we have 

𝑎ℝ[𝑆(𝑢(𝑡)) −  𝑆(𝑣(𝑡)]  = 𝑎ℝ[∫ [𝑓(𝜏, 𝑢(𝜏)) − 𝑓(𝜏, 𝑣(𝜏)]𝑑𝜏
𝑡

𝑡0

 

                                ≤ 𝑎ℝ[𝑡 − 𝑡0] 𝑚𝑎𝑥𝜏∈𝐽𝑘 𝑎ℝ[𝑢(𝜏) −  𝑣(𝜏)] 

                                ≤ 𝑘𝛽𝑚(𝑢, 𝑣) 



Ibn Al-Haitham International Conference for Pure and Applied Sciences (IHICPS)
Journal of Physics: Conference Series 1879 (2021) 022099

IOP Publishing
doi:10.1088/1742-6596/1879/2/022099

9

 

 

 

 

 

 

But the last expression does not depends on t. we can take the maximum on the left and have 

𝑚[𝑆(𝑢), 𝑆(𝑣)]  ≤  𝑟 𝑚(𝑢, 𝑣) where r=k𝛽. Thus S is a fuzzy contraction on �́�. Then Theorem 3.3 implies 

that S has a unique fixed point u ∈ �́� that is a fuzzy continuous function u on J satisfying 𝑢 = 𝑆(𝑢). Or  

𝑢(𝑡)  =  𝑢0  + ∫ 𝑓(𝜏, 𝑢(𝜏)𝑑𝜏
𝑡

𝑡0
                                                                             (11) 

Since (𝜏, 𝑢(𝜏)) ∈D where f is fuzzy continuous (8) may be differentiated. 

 Hence u is even differentiable and satisfies 
𝑑𝑢

𝑑𝑡
=f(t, u), u(𝑡0)= 𝑢0. 

Conversely every solution of 
𝑑𝑢

𝑑𝑡
=f(t, u), u(𝑡0)= 𝑢0 must satisfy (11). 

The next result is an application of Theorem 3.3 to integral equations 

Theorem 4.4: 

Suppose k and v in the Fredholm integral equation 

𝑢(𝑡) − 𝜇 ∫ 𝑘(𝑡, 𝜏)𝑢(𝜏)𝑑𝜏
𝑏

𝑎
= 𝑣(𝑡)                                                                                (12) 

are fuzzy continuous on J×J where J=[a, b] respectively and assume that 𝜇 satisfies  

𝑎ℝ(𝜇) <
1

𝑐(𝑏−𝑎)
                                                                                                              (13) 

Where c is defined in 

𝑎ℝ(𝑘(𝑡, 𝜏)) ≤ 𝑐  for all (𝑡, 𝜏)  ∈ 𝐺                                                                                 (14) 

Then (12) has a unique solution u on J. This function u is the limit of the iterative sequence (𝑢0, 𝑢1, 

…) where 𝑢0 is any fuzzy continuous function on J for n=0, 1, … 

𝑢𝑛+1(𝑡) = 𝑣(𝑡) + 𝜇 ∫ 𝑘(𝑡, 𝜏)𝑢𝑛(𝜏)𝑑𝜏
𝑏

𝑎
                                                                          (15) 

Proof: 

The kernel function k of (12) is a given function on the square G=J×J and v is a given function on J. 

We assume that v∈C[a, b] and k is fuzzy continuous on G. Then k is fuzzy bounded on G by (14). 

Now (12) can be written S(u)=u where 

𝑆(𝑢) =  𝑣(𝑡)  +  𝜇 ∫ 𝑘(𝑡, 𝜏)𝑢(𝜏)𝑑𝜏
𝑏

𝑎
                                                                                (16) 

Formula (16) defines an operator 𝑆: 𝐶[𝑎, 𝑏]  → 𝐶[𝑎, 𝑏]. Now 

𝑚(𝑆(𝑢), 𝑆(𝑦))  =  𝑚𝑎𝑥𝑡∈𝐽 𝑎ℝ[𝑆𝑢(𝑡) –  𝑆𝑦(𝑡)] 

= aℝ(μ)maxt∈Jaℝ[∫ k(t, τ)[u(τ) − y(τ)]dτ
b

a

 

≤ 𝑎ℝ(𝜇)𝑚𝑎𝑥𝑡∈𝐽 ∫ 𝑎ℝ{𝑘(𝑡, 𝜏)[𝑢(𝜏) − 𝑦(𝜏)]}𝑑𝜏
𝑏

𝑎

 

≤ 𝑎ℝ(𝜇)𝑚𝑎𝑥𝑡∈𝐽 ∫ 𝑎ℝ{𝑘(𝑡, 𝜏)}𝑎ℝ{[𝑢(𝜏) − 𝑦(𝜏)]}𝑑𝜏
𝑏

𝑎

 

≤ 𝑎ℝ(𝜇)𝑐𝑚𝑎𝑥𝜎∈𝐽𝑎ℝ[𝑢(𝜎)–  𝑦(𝜎)] ∫ 𝑑𝜏
𝑏

𝑎

 

≤ 𝑎ℝ(𝜇) 𝑐 𝑚(𝑢, 𝑦)(𝑏 − 𝑎) 

This can be written 𝑚(𝑆(𝑢), 𝑆(𝑦))  ≤  𝑟 𝑚(𝑢, 𝑦) where 𝑟 = 𝑎ℝ(𝜇) 𝑐(𝑏 − 𝑎) 

We see that S becomes a fuzzy contraction from (13). Then Theorem 3.3 implies that S has a unique 

fixed point u on J.  This function u is the limit of the iterative sequence (𝑢0, 𝑢1, …) where 𝑢0 is any 

fuzzy continuous function on J for n=0, 1, …   𝑢𝑛+1(𝑡)  =  𝑣(𝑡)  + 𝜇 ∫ 𝑘(𝑡, 𝜏)𝑢𝑛(𝜏)𝑑𝜏
𝑏

𝑎
. 

Theorem 4.5: 

Suppose that v in Volterra integral equation 

𝑢(𝑡) –  𝜇 ∫ 𝑘(𝑡, 𝜏)𝑢(𝜏)𝑑𝜏
𝑡

𝑎
= 𝑣(𝑡)                                                                                       (17) 

is fuzzy continuous on J and the kernel k is fuzzy continuous on the  
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triangular region D in the t𝜏-plane by a≤ 𝜏 ≤t, a≤t≤b. Then equation (17) has a unique solution u on J 

for every 𝜇. 

Proof: 

We see that equation (16) can be written u=S(u) with 𝑆: 𝐶(𝐽) → 𝐶(𝐽)defined by  

𝑆(𝑢(𝑡)) = 𝑣(𝑡)  +  𝜇 ∫ 𝑘(𝑡, 𝜏)𝑢(𝜏)𝑑𝜏
𝑡

𝑎
                                                                               (18) 

since k is fuzzy continuous on R and R is fuzzy closed also k is fuzzy bounded function on D so 

aℝ(𝑘(𝑡, 𝜏)) ≤ 𝑐  for all (𝑡, 𝜏)  ∈ 𝐷                                                                                       (19) 

Now for all u, v ∈C(J) we have  

𝑎ℝ[𝑆𝑢(𝑡) − 𝑆𝑣(𝑡)]  = 𝑎ℝ(𝜇)𝑎ℝ[∫ 𝑘(𝑡, 𝜏)(𝑢(𝜏) − 𝑣(𝜏))𝑑𝜏
𝑡

𝑎
] 

𝑎ℝ[𝑆𝑢(𝑡) − 𝑆𝑣(𝑡)]  ≤ 𝑎ℝ(𝜇)𝑐 𝑚(𝑢, 𝑣) ∫ 𝑑𝜏
𝑡

𝑎
= 𝑎ℝ(𝜇) 𝑐 𝑚(𝑢, 𝑣) (𝑡 − 𝑎)                          (20) 

We show by induction that  

𝑎ℝ[𝑆𝑚𝑢(𝑡), 𝑆𝑚𝑣(𝑡)] ≤ 𝑎ℝ(𝜇) 𝑚𝑐𝑚 (𝑡−𝑎)𝑚

𝑚!
𝑚(𝑢, 𝑣)                                                             (21) 

For m=1 this is (20). Assume that (21) holds for any m we obtain 

𝑎ℝ [𝑆𝑚+1𝑢(𝑡), 𝑆𝑚+1𝑣(𝑡)] = 𝑎ℝ(𝜇)𝑎ℝ[∫ 𝑘(𝑡, 𝜏)(𝑆𝑚𝑢(𝜏) − 𝑆𝑚𝑣(𝜏))𝑑𝜏
𝑡

𝑎
] 

                                        ≤ aℝ(𝜇)𝑐 ∫ aℝ(𝜇) 𝑚𝑐𝑚  
(𝑡−𝑎)𝑚

𝑚!
𝑑𝜏

𝑡

𝑎
𝑚(𝑢, 𝑣) 

                                          ≤ aℝ(𝜇) 𝑚+1𝑐𝑚+1 (𝑡−𝑎)𝑚+1

(𝑚+1)!
𝑚(𝑢, 𝑣) 

Which complete the inductive proof of (21). Using (t−a) ≤(t−b) on the right hand of (21) then taking 

the maximum over t∈J on the left we obtain from (20)  

m(𝑆𝑚u, 𝑆𝑚v) ≤ 𝑟𝑚m(u, v) where 𝑟𝑚 = aℝ(𝜇) 𝑚𝑐𝑚 (𝑡−𝑎)𝑚

𝑚!
 

For any fixed 𝜇 and sufficiently large m we have 𝑟𝑚 <1. Hence the corresponding  𝑆𝑚 is a fuzzy 

contraction on C(J). The assertion of our theorem now follows from Theorem 3.3. 

Lemma 4.6: 

Let 𝑆: 𝑈 → 𝑈 be a function where (𝑈, 𝑚,⊗) is a fuzzy complete algebra fuzzy metric spaces. Suppose 

that 𝑆𝑚 is a fuzzy contraction on U for some m∈ ℕ. Then S has a unique fixed point. 

Proof: 

By assumption 𝑆𝑚=T is a fuzzy contraction on U by Theorem 3.3 this function T has a unique fixed 

point y that is T(y)=y. Hence 𝑇𝑛(y)=y. Now Theorem 3.3 also implies that for every u∈U  𝑇𝑛(u) →y as 

n→ ∞. For the particular u=S(y) since 𝑇𝑛= 𝑆𝑛𝑚 we obtain  

𝑦 = 𝑙𝑖𝑚
𝑛→∞

𝑇𝑛𝑆𝑦  =  𝑙𝑖𝑚
𝑛→∞

𝑆𝑇𝑛𝑦  =  𝑙𝑖𝑚
𝑛→∞

𝑆𝑦 =  𝑆𝑦. 

This shows that y is a fixed point of S. Since every fixed point of S is also a fixed point of T we see that 

S cannot have more than one fixed point. 
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