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Abstract. In the present paper first we recall the definition of algebra fuzzy metric space and
some basic properties of algebra fuzzy metric space are introduced. Our goal is to prove the fixed
point theorem in fuzzy complete algebra fuzzy metric space. Finally, the application to this
theorem introduced.

1.Introduction

Kider in 2011 [1] introduced a fuzzy normed space. Also he proved this fuzzy normed space has
completion in [2]. Again Kider introduced a new fuzzy normed space in 2012 [3]. Kider and Hussain in
2014 [4] introduced a new type of fuzzy metric space called standard fuzzy metric space and they study
continuous, uniform continuous mappings on a standard fuzzy metric spaces. Again Kider in 2014 [5]
study completeness of Hausdorff standard fuzzy metric spaces.

Kider and Kadhum in 2017 [6] introduced the fuzzy norm for a fuzzy bounded operator on a fuzzy
normed space and proved its basic properties then other properties were proved by Kadhum in 2017 [7].
Ali in 2018 [8] proved the basic properties of complete fuzzy normed algebra. Kider and Ali in 2018 [9]
introduced the notion of fuzzy absolute value and study properties of finite dimensional fuzzy normed
space. Again Kider and Ali in 2019 [10] introduced a new type of fuzzy normed algebra and they study
properties of a complete fuzzy normed algebra.

The concept of general fuzzy normed space was presented by Kider and Gheeab in 2019 [11] [12]
also they proved basic properties of this space and the general fuzzy normed space GFB (V, U). Kider
and Kadhum in 2019 [13] introduce the notion of fuzzy compact linear operator and proved its basic
properties a gain Kider and Kadhum in 2019 [14] study properties of fuzzy closed linear operator. For
more information about fuzzy metric spaces also see [15, 16].

In 2020 Kider [17] introduced the notion of fuzzy soft metric space after that he investigated and
proved some basic properties of this space again Kider in 2020 [18] introduced a new type of fuzzy
metric space he called it algebra fuzzy metric space after that the basic properties of this space is proved.

In the present paper first we recall the notion of algebra fuzzy metric space which is a new type of
fuzzy metric space then we recall basic properties of this space that will be used later in this paper. After
that we introduce the main result in this paper it is the fixed point theorem with which prove to show
that the important of this theorem and application to system of linear equation, solution of the differential
equation, Fredholm integral equation and Volterra integral equation are introduced.

2. Basic Properties of Algebra fuzzy metric space

Definition 2.1: [18]
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Let ®:1 x I — I be a binary operation function then & is said to be continuous t-conorm ( or simply
t-conorm) if it satisfies the following conditions s,r,z,w € [ where I =[0,1]

M)s R@r=rQs

MNsQRQRIrRzl=[sQr] Q z

(iii) & is continuous function

iVis®0=0

WM ®r) < (z® w)ywhenevers < zandr < w.

Lemma 2.2: [18]
If ® is a continuous t-conorm on | then

(M 1=1
(HMR1=1®0=1
(iii)0 ® 0 = 0

(ivia ® a ; aforalla € [0,1].

Example 2.3: [18]
The algebra producta ® b = a + b - ab is acontinuous t-conorm forall a,b € 1.

Definition 2.4: [18]

Assume that S = @, a fuzzy set D in S is represented by D = {(s, u5(s)): s€S,0 < pus(s) < 1} where
Hy(s): S = [0,1] is a membership function.

The following definition the main definition

Definition 2.5: [18]
A triple (S5, m,Q) is said to be the algebra fuzzy metric space if S+ @, & is a continuous t- conorm and
m: S xS - [0, 1] satisfying the following conditions:

(1)0 < m(s,r) < 1;
(2) m(s,r) = Oifandonlyifs = r;
B)m(s,r) = m(r,s);

4)m(s,t) < m(s,r) @ m(r,t)

Forall s, r,t € S then the triple (S, m,®) is said to be the algebra fuzzy metric space
Example 2.6:[18]

If (S,d) isametricspaceandt @ r = t + r- tr forallt, r € [0, 1]. Put my(s,u) = 1?25(':20
all s, u € S. Then (S, m;,Q) is algebra fuzzy metric space. m, is known as the algebra fuzzy metric
comes from d.

Example 2.7: [18]
0 ifs=u

IfS+0 putmD(s,u)={1 ifs #u

Then (S, mp,Q) is algebra fuzzy metric space known as the discrete algebra fuzzy
metric space.

Definition 2.8: [18]

If (S,m,Q) is algebra fuzzy metric space then fb(s,j) = {ueS: m(s,u) <j} is known as an open
fuzzy ball with center seS and radius j €(0, 1). Similarly closed fuzzy ball is defined by

fbls,j] ={ueS:m(s,u) <j}

Definition 2.9: [18]
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If (S,m,Q) is algebra fuzzy metric space and WECS is known as fuzzy open if fb(w,j) < W for any
arbitrary weW and for some j €(0, 1).

Also D € S is known as fuzzy closed if D¢ is fuzzy open then the fuzzy closure

of D, D is defined to be the smallest fuzzy closed set contains D.

Definition 2.10: [18]
If (S,m,®) is algebra fuzzy metric space then D < S is known as fuzzy dense in S
whenever D=S.

Theorem 2.11: [18]
If fb(s,)) is open fuzzy ball in algebra fuzzy metric space (S, m,(®) then it is a fuzzy open set.

Proposition 2.12: [18]
In algebra fuzzy metric space (S,m,®) s,, — s ifand only if m(s,,,s) — 0.

Definition 2.13: [18]

In algebra fuzzy metric space (S, m,&®) a sequence (s,,) is fuzzy Cauchy if for each re(0, 1) then we
can find N such that m(s,, s,,) < r, foreachm, n < N.

Definition 2.14: [18]

An algebra fuzzy metric space (S,m,®) is known as fuzzy complete if (s,) is fuzzy Cauchy
sequence then s, - s €S.

Theorem 2.15: [18]
In algebra fuzzy metric space (S,m,®) if s, = s € S then (s,,) is fuzzy Cauchy sequence.

Definition 2.16: [18]

Anon empty set D in algebra fuzzy metric space (S, m, ®) is known as fuzzy bounded whenever we
can find s€(0, 1) with D c fb(d,s) for some d €S. Also a sequence (d,) in algebra fuzzy metric
space (S, m,®) is fuzzy bounded if we can find s€(0, 1) with {d;,d>, ...,d,, ...} S fb(d,s) for some
d es.

Lemma 2.17:[18]

In algebra fuzzy metric space (S, m,&®) If the sequence (s,) €S with s,, = s €S. Then (s,) is fuzzy
bounded.

Lemma 2.18: [18]
In algebra fuzzy metric space (S, m,Q) if (s,) € S with s, »s €S and s,, = d €S as n— oco. Then s=d.

Theorem 2.19: [18]
In algebra fuzzy metric space (S, m,®) when DcS then deD if and only if there is (d,) € D with d,— d.

Definition 2.20: [18]

If (S, ms,®) and (V, my,,®) are two algebra fuzzy metric spaces and W < S. Then a function T: S —» V is
called fuzzy continuous at weW. If for every 0 < r < 1, we can find some 0 < t < 1, with
my[T(w),T(s)] < rasseW and mg(w,s) < t.

Also f is said to be fuzzy continuous on W if it is fuzzy continuous at every point of W.

Theorem 2.21: [18]
If (S, ms,®) and (V, my,,®) are two algebra fuzzy metric spaces and W < S. Then a function T: S - V is
fuzzy continuous at weW if and only if whenever w, = w in W then T(w,) —» T(w)inV.
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Theorem 2.22: [18]
The function T: S — V is fuzzy continuous on S if and only if T~1(D) is fuzzy open in S for all fuzzy open
subset D of V where (S, ms,&Q) and (V, my,,Q) are algebra fuzzy metric spaces.

3.Fixed Point Theorem

Definition 3.1:

If (U,m,Q) is algebra fuzzy metric space then the function S: U — U is known as a fuzzy contraction
on U if we can find re(0, 1) with m[S(u),S(v)] < r m(u,v) forall u, v €U. The constant r is called
the fuzzy contraction constant.

The proof of the next result is clear and hence is omitted.

Theorem 3.2:

Suppose that (U, m,Q) is algebra fuzzy metric space. If the function S: U — U is a fuzzy contraction on
U then S is fuzzy continuous.

The following theorem is the key of all results in this section

Theorem 3.3:

Suppose that (U, m,®) is fuzzy complete algebra fuzzy metric space where U # @, a @ b =a + b —
ab for all a, bel and assume that the function S: U — U is a fuzzy contraction on U that is we can find
re(0, 1) with m[S(u), S(v)] < rm(u,v) forall u, v €U. Then S has exactly one fixed point.

Proof: The construction of the iterative sequence (uy) follows by Choosing u, €U and define
S(up) = ug, S(uy) = S?(Ug) = Uy, ..., S¥(Ug) = Uy, ... (1)
Now (uy) is a fuzzy Cauchy sequence follows from the next steps
m(un+1:un) = m[S(un):S(un—l)] < rm(un:un—l) = Tm['s(un—l)"s(un—z)]
< r? m(Up—1,Up—3) = r? m[S(up—z),S(Un_3)]
And so on we have
M(Upt1,Un) < 77 M(Uyg, Up) 2
Therefore if we take n>j >N for some N € N we have
mw, up) < mu, i) @ MUy, Ujyz) &, ., @ MUn_1,Uy)
< muy, je1) + MU, Ujs2) o, MQUp—1, Up) = [MQU, U ) MU, Wiz) o
. . . m(un—l'un)] o .
< [+ v+ L+ T I m(ug, ug) - [ T L T m(u, )

m(uj, u,) < [(r/ 1 ) - ([ =Di+ =Dy m(ug, uy) (3)

Now choose t €(0, 1) so that [(r/ 1-1r_nr Dy - =D+ =Dy m(ug ) < t.
Thus m(uj, u,) <t forall n>j >N that is (u,) is a fuzzy Cauchy sequence but U is fuzzy complete so
we can find ueU such that (u;) is fuzzy converges to u.
The proof of u is a fixed point of S follows from the following steps
mu,S(w) < mu,up) & m(uy, S(u))

< m(u,u,) + m(u,, S)) — m(u, u,) m(u,,Sw))

< m(u,u,) + rmup_q,u) — mu,uy,) rm(uy,_q,u)
By taking limit to both sides as n— oo and using u; —u getting m(u, S(u)) = 0 which implies that
S(u)=u.
Finally, to show that u is the only fixed point of S. Assume that S(u)=u and S(y) =y that is S has two
fixed points u and s. Now
m(u,y) = m(S(w),S(y)) < rm(u,y). Thusm(u,y) = 0sincer €(0, 1). Hence u=y.

1-r

Corollary 3.4:
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In Theorem 3.3 the iterative sequence (u;) where wu, is arbitrary fuzzy converges to the unique fixed
point u of S. Error estimates are the prior

J
m,w) < [7=]m(uo,uy) 4)
and the posterior estimates
mw,u) < [T=]1mw_g,w) (5)

Proof: The inequality (4) follows from inequality (3)

muj, ) < [ S5 - (DD m(ug, ug). Since 1 €(0, 1) we
have (1 — r™/) €(0, 1) hence by letting n— oo we have inequality (4)
rJ
Now we derive (5) by taking j=1 and writing y, for u, and y, for u; we have from (4)

m(y,, u) < [é] m(yo, ¥1). Putting yo,=u;_, we have y; = S(y,) = u;thus we obtain (5).

m(u;,u) < [

Theorem 3.5:

Suppose that S: U — U is a function where (U, m,Q) is algebra fuzzy metric spaceanda @ b = a +
b — ab for all a, bel. Assume that m(u,, S(ug)) < (1 — r)t and S is a fuzzy contraction on the closed
fuzzy ball fb[u,, t] that is we can find re(0, 1) withm[S(u), S(v)] < rm(u,v) forallu,v € fb[uy, t].
Then the iterative sequence (uy) fuzzy converges to u € fbluy,t], this u is fixed point of S and it is
the only fixed point of S in fb[u,, t].

Proof:
(ux) € fbluy,t] follows from the next step. In inequality (3) put j=0 and use
m(ug, S(up)) < (1 —r)t we have

m(ug, up) < [ —rm(ug, uy)

(1-7)

] m(ug,uq) — r"m(uo, uq)

_ 1

)
<t-(1-nr't <t.

Hence (u,) € fblug, t]alsou € fbluy,t] since (uy) is fuzzy converges to u and fb[u,, t] is closed.

Now from the proof of Theorem 3.3 the other assertion of the theorem follows.

Definition 3.6:

Let R be the field of real numbers and ® be a continuous t-norm. A fuzzy set ay is a function from R
to | is called algebra fuzzy absolute value on R if it satisfies the following conditions for all r, s € R;
(1) ar(r) el

(2) ag(r) = 0 ifand only if r=0

(3) ar(sr) < ag(s) - ar(r)

(4) ar(s + 1) < ar(s)®ag(r)

Then the triple (R, ag, ®) is called algebra fuzzy absolute value space.

Example 3.7:
Let U=C[a, b] and t®s=t +s —ts forall t, s €l. Define m(f, g) = maxieqp) arlf (£) - g(t)] then
(U, m, ®) is algebra fuzzy metric space.

Proof:
(2)Since ag[f(t) —g(t)] € (0,1) for all te[a, b] it is clear that m(f, g) €(0, 1)
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(2)m(f, g) = 0 if and only if max,e[q pjar[f (£) -g()] = 0ifandonly if ag[f(t) - g(t)] = 0 for
all t € [a, b] if and only if f(t) -g(t) =0 for all t € [a, b] if and only if f(t) =g(t) for all t € [a, b] if and
only if f=g.
(3)itis clear that m(f,g) = m(g,f).
(Am(f,g9) = maxiepqp) arlf(t) -h(t) + h(t) - g(t)]
< MaXee(qp) AR [f (1) - h(t)] ® maxieqp) ar[h(t) - g(t)]
< m(f,h) ® m(h, g)
For all f, g, h €U. Hence (U, m, ®) is algebra fuzzy metric space.

Theorem 3.8:
Ifa®b=a + b —abforall a, b €l define m: R? -1 by m(u,v) = ag(u — v) forall u, vé R.
Then (R, m,®) is algebra fuzzy metric space.

Proof:
(D)it is clear that m(u, v) €l for all u, ve R.
(2) m(u,v) = 0 ifand only if ag(u—v)=0 if and only if u—v=0 if and only if u=v.
()it is clear that m(u, v) = m(v,u)
@mw,z) = aglu—2)= ag(u—v + v-2)
< ar(u—v) ® ar(v —2)
< mu,v) @ m,z)
Hence (R, m,Q) is algebra fuzzy metric space

Theorem 3.9:
Ifs@r=s + r —srforalls, relthen (R,m,Q) is a fuzzy complete where m(u, v) = ag(u —v)
forall u, vé R.

Proof:
Let (r, ) be a fuzzy Cauchy sequence in R then (r, ) has a monotonic subsequence (r;,,) but (r;, ) is a
fuzzy bounded hence (rn].) is a fuzzy bounded thus (rnj) fuzzy approaches to re R that is every se(0,
1) we can find N € N with ag (1, — 1) < s. Since (r;, ) is a fuzzy Cauchy sequence in R so ag (1, —
1) <s forallm,n>=N. Thatis for k =N,
ag (T, — 7x) < s. Now for all k=N
ag (ne- 1) < ag (1= Ty, + Ty, —7)
< ag (Tk_ Ty ) Q ar (Tnk —7)
<s s
Now we can find te(0, 1) with s @ s <t that is ag (r, — r) <t. Thus (r;,) approaches to re R. Hence
(R, m, ®) is a fuzzy complete.

Example 3.10:
Ifs®t=s + t —stforalls,t €ldefine m: R" — I by m(u,v) = max; ag(a; — ;) forall u =
(ay, ag, ., ), v = (B4, B2, ..., Bn) € R™ Then (R™, m,Q) is algebra fuzzy metric space.

Proof:
(2)it is clear that m(u, v) €l for all u, ve R™.
(2) m(u,v) = 0 ifand only if max; ag(a; —B;) if and only if ag(a; —p;) for all j=1, 2, ...,n if and
only if @j —p;=0 for all j=1, 2, ...,n if and only if a; = B; for all j=1, 2, ...,n if and only if u=v.
()it is clear that m(u, v) = m(v,u)

(4) m(u,z) = max; aR(a]- —yj)

= max; agr(a; — B+ B; =)
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< max; ag(a; — B;) & max; ar(B; —v;)
< m(uv) ® m(v,z)
Where z = (y1,¥2, -, ¥n) € R™
Hence (R™, m,Q) is algebra fuzzy metric space

Example 3.11:
Ifs@t=s + t —stforalls,telthen (R",m,Q) is fuzzy complete where m: R™ —I is defined by
m(u,v) = max;j ag(a; — B;) forallu = (ay, @y, ..., an), v = (B1, B2, .., Pn) € R™

Proof:
Consider a fuzzy Cauchy sequence (uy) in R™ putting uy, = (71, ok - Tk )- Since (uy) is fuzzy Cauchy
so for any se (0, 1) we can find Ne N with
m(ug, u;) = max; ag(rig —13j) < S (6)
forall k, j =N and i=1, 2, ..., n. This implies that ag (ry — 17;) <T.
This shows that for any fixed i, 1< i <n the sequence (r;1, 7;2, ... )is a fuzzy Cauchy sequence in
(R,m,&Q). But (R,m,®) is fuzzy complete by Theorem 3.10 so it fuzzy converges that is r;, — r; as
k— co. Now we use these n limits to define u=(ry, 15, ..., ;) it is clear that ue R™. From (6) by letting
j— oo we have

m(ug,u) = m(uk,]lirglo w;) = max; ag(rye — 1) < S

Thus (uy) is fuzzy converges to u. Hence (R", m,&) is fuzzy complete.

Example 3.12:
LetU =Cla,b] andt ® s=t + s —tsforallt,s €l. then (U, m, ®) is fuzzy complete where

m(f,g) = maxeepap arlf () -g(®)]

Proof:
Let (f;) be a fuzzy Cauchy sequence in C[a, b]. Then for any s € (0, 1)we can find Ne N such that for
m, n =N we have

M(fie, fn) = MaXiepap) arlfie (1) - /()] < s ()
Hence for fixed t=t, €[a, b], ar[fi(to)- fn(to)] < s. This shows that (f; (to), fo(to), ...) is fuzzy
Cauchy sequence in (R, m,Q®). But (R, m,®) is fuzzy complete by Example 3.9 so it is fuzzy converge
to f(¢,). In this way we can associate with each t €[a, b] a unique f(t) € R. This defines a function f on
[a, b] and we show that f €C[a, b] and (f;) fuzzy converges to f. From (7) with h— oo we have
maxee(a,p)ar[fry— f ()] < s forall k=N. Hence for every te[a, b],
arlfi(®) -f ()] < s forall k=N.
This shows that (f,(t)) fuzzy converge to f(t) uniformly on [a, b]. Since all members of (f;,) are fuzzy
continuous on [a, b] and the fuzzy convergence is uniform the limit function f is fuzzy continuous on [a,
b]. Hence f € C[a, b]. Also (f;) fuzzy converges to f. Hence (C[a, b], m, ®) is fuzzy complete.

4.Application of Fixed Point Theorem
The following result is an application of Theorem 3.3 to system of linear equations

Theorem 4.1
If the system of n linear equations

u=Cu+b (€ = (cj), b given) (8)
in n unknowns a4, a,, ..., a,, (the component of u) satisfies

Yk=1aR (cjk) <1,(=1,2,..,n) 9)

It has only one solution u. This solution can be obtained as the limit of the iterative sequence (u(®,
u® @ ) where u¥) is arbitrary and
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w0+ = cu + b,(j=0,1,,,,) o
Error bounds are

mu,u) < () mi=Du) < () mu®,u)

Proof:
Letv = (B, B2, - Bn)W = (Y1, V2, -, ¥n) € R™ From Example 3.10 and Example 3.11, (R",m,Q
) is fuzzy complete algebra fuzzy metric space.

Now define S: R"™ —» R"by v= S(u)=Cu+b where C=(cjk) is a fixed nxn real matrix and be R™. First
we will show that S is a fuzzy contraction ;=}.;_; cjx @;+ g; Where b=(oy, 05, ..., g,). Putting
S(w)=z where z=(6, &5, ..., 6,). Now

m(v,z) = m(S(w),S(w)) = maxjagr(B; — 6;) = maxjam(zkzlcjk (aj —6;))

< maxjlag(a; — §;) ar(cjx)] < maxjar(e; — 6&;) maxjar(cjx)
Thus m(v,z) < rm(u,w) where r = max;ag(cji).
Now the assertion of the theorem follows from the proof of Theorem 3.3.

Definition 4.2:

Suppose that (R, ag, ®) is algebra fuzzy absolute value space. The function f: R — R is said to be
satisfying a fuzzy Lipschitz condition if ag[f(t) - f(S)] < k ag(t - s) for all t, s € R where the constant
k is called fuzzy Lipschitz constant.

The next result is an application of Theorem 3.3 to differential equations.

Theorem 4.3:

Let f be fuzzy continuous function on the rectangle D = {(t,u): |t — to| < a, |u — uy| < b}and fuzzy
bounded on D thatis ag (f (t,u)) < c forall (t, u)eD. Suppose that f satisfies a fuzzy Lipschitz condition
on D with respect to its second argument, that is there is a constant k such that for (t, u), (t, v) €D,

ar(f(t,uw) - f(t,v)) < kag(u - v). Then the initial value problem % = f(t,u), u(ty) = uy has a

unique solution. This solution exists on an interval [t, - 8,t, + B] where f <min{a, %, %}

Proof:

Let C(J) be the algebra fuzzy metric space of all real-valued continuous functions on the interval J =
[to - B,to + PB] with fuzzy metric defined by m(f, g) = max.c;ag([f (t) — g(t)]. Then by Example
3.7 and Example 3.12 (C(J), m, ®) is fuzzy complete algebra fuzzy metric space. Let C be the subspace
of C(J) consisting of all those functions u €C(J) that satisfy ag (u(t)— u,) < ¢, Itis clear that C is closed
in C(J). C is fuzzy complete.

By integration we see that %zf(t, u) can be written u=S(u) where S: ¢ — C is defined by S(u(t)) =
uy + ft';f(r,u(r))dr. S is defined for all u € C since ¢f <b so that if u € € then 7 €J and (t, u(z))€

D and the integration exists since f is fuzzy continuous on D. To see S
maps C into itself

aR[S(®) = uo] < alf; f(z,u(@)dr] < caglt - t] < ¢B,
Now we will show that S is a fuzzy contraction on €. By the fuzzy Lipschitz condition, we have
t
ag[Su(®)) — Sw®)] = arl| [f(r,u(®) - f(r,v(D)]dr
to
< ag[t — to] max,e;k ag[u(r) — v(7)]
< kfpm(u,v)
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But the last expression does not depends on t. we can take the maximum on the left and have
m[S(w),S(v)] < r m(u,v) where r=kB. Thus S is a fuzzy contraction on €. Then Theorem 3.3 implies
that S has a unique fixed point u € € that is a fuzzy continuous function u on J satisfying u = S(u). Or

u(t) = ug + ftto f(r,u(r)dr (11)
Since (t,u(r)) €D where f is fuzzy continuous (8) may be differentiated.

Hence u is even differentiable and satisfies %:f(t, u), u(te)= ug.
Conversely every solution of %:f(t, u), u(tg)= ug must satisfy (11).
The next result is an application of Theorem 3.3 to integral equations

Theorem 4.4:
Suppose k and v in the Fredholm integral equation
u(®) — 1 [ k(6 Du)de = v(0) (12)
are fuzzy continuous on JxJ where J=[a, b] respectively and assume that u satisfies
1

agr(u) < c(-a) (13)
Where c is defined in

ar(k(t,t)) < c forall (t,7) €G (14)

Then (12) has a unique solution u on J. This function u is the limit of the iterative sequence (ug, uy,
...) where u, is any fuzzy continuous function on J for n=0, 1, ...

Uns1 () = () + 1 [ k(t, Dun(0)dr (15)

Proof:

The kernel function k of (12) is a given function on the square G=JxJ and v is a given function on J.
We assume that veCla, b] and k is fuzzy continuous on G. Then k is fuzzy bounded on G by (14).
Now (12) can be written S(u)=u where

S) = v(t) + u [ k(t, Du(r)dr (16)
Formula (16) defines an operator S: C[a, b] — C[a, b]. Now
m(S(w),S(y)) = maxee; ag[Su(t) - Sy(t)]

b
= ap(W)maxeesag| f k(6 Du() — y(]dt
b
< ag(Wmaxee; f anfk(t, D[u(®) — y@l}dr
b
< ag(Wmaxee; f anlk(t, D}ap{[u(®) — y(@]}dr

b
< ap(emate aslu(@)- y(@)] [ de

< ag(w) cm(u,y)(b - a)
This can be written m(S(u), S(y)) < rm(u,y) wherer = ar(u) c(b — a)
We see that S becomes a fuzzy contraction from (13). Then Theorem 3.3 implies that S has a unique
fixed point u on J. This function u is the limit of the iterative sequence (uy, Uy, ...) where u, is any

fuzzy continuous function on J for n=0, 1, ... u,,1(t) = v(t) +u f; k(t, Duy,(t)dr.

Theorem 4.5:

Suppose that v in Volterra integral equation

u(t) - 1 [ k(t, Du(@)de = v(t) (17)
is fuzzy continuous on J and the kernel k is fuzzy continuous on the
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triangular region D in the tz-plane by a< 7 <t, a<t<b. Then equation (17) has a unique solution u on J
for every u.

Proof:
We see that equation (16) can be written u=S(u) with S: C(J) — C(J)defined by
S®) =v(t) + u [, k(t,Du(x)de (18)
since k is fuzzy continuous on R and R is fuzzy closed also k is fuzzy bounded function on D so
ar(k(t,7)) < c forall (t,7) €D (19)

Now for all u, v eC(J) we have
ag[Su(t) — Sv(8)] = ag(Wagl[[; k(t, 1) (u(r) — v(7))dr]

ag[Su(t) — Sv(t)] < ag(Wem,v) [ dr = ag(w) c m(w,v) (t — a) (20)
We show by induction that
ar[S™u(t), S™v(t)] < ar(p) ™c™ (t_m—a')mm(u, V) (21)

For m=1 this is (20). Assume that (21) holds for any m we obtain
ag [S™ 1 u(t), S™v(t)] = aR(M)aR[fatk(t, ) (S™u(r) — S™v(1))d1]
< ag(e [ ap(w) "™ E2 drm(u, v)
m+1 m+1 E—)™
< ar(w) c Wm(u, V)

Which complete the inductive proof of (21). Using (t—a) <(t—b) on the right hand of (21) then taking
the maximum over teJ on the left we obtain from (20)
m(S™u, S™v) < r,,m(u, v) where r;,, = ag(u) mcm%
For any fixed u and sufficiently large m we have r,,, <1. Hence the corresponding S™ is a fuzzy
contraction on C(J). The assertion of our theorem now follows from Theorem 3.3.

Lemma 4.6:
Let S: U — U be a function where (U, m,Q) is a fuzzy complete algebra fuzzy metric spaces. Suppose
that S™ is a fuzzy contraction on U for some me N. Then S has a unique fixed point.

Proof:
By assumption S™=T is a fuzzy contraction on U by Theorem 3.3 this function T has a unique fixed
point y that is T(y)=y. Hence T™(y)=y. Now Theorem 3.3 also implies that for every ueU T™(u) -y as
n— oo, For the particular u=S(y) since T™= S™™ we obtain

y = Jm Sy = lm STy = lim Sy = S».
This shows that y is a fixed point of S. Since every fixed point of S is also a fixed point of T we see that
S cannot have more than one fixed point.
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