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Abstract. In this paper, the global exponential stability for the neutral-type inertial bidirectional
association memory neural networks with time-varying delays is considered . In our study, the lower and
upper bounds of the activation functions are allowed to be either positive, negative or zero. By constructing
new and improved Lyapunov-Krasovskii functional and introducing free-weighting matrices, a new and
improved delay-dependent the neutral-type inertial bidirectional association memory neural networks with
time-varying delays is derived in the form of linear matrix.

1. Introduction
A class of neural networks related to bidirectional associative memory (BAM) has been introduced by
Kosko [9]. This model generalized the single-layer autoassociative Hebbian correlator to a two-layer
pattern matched heteroassociative circuit. It is important that it produces many nice properties owing to
the special structure of connection weights and its practice applications in storing paired patterns through
both directional forward and backward directions. In [20, 24, 25, 26], several sufficient condition on the
global asymptotic stability and global exponential stability of BAM neural networks with time-varying
delays have been derived.

In general, time delay is often unavoidable in the communication and response of neurons due to
the finite switching speed of amplifiers in the electronic implementation of analog neural network and
communication time, see [14, 15, 17, 23]. It is well known that time delays might cause instability,
divergence behavior and oscillations of neural networks. Therefore, several researchers have focused
on the study of stability analysis of BAM neural networks with either constant delays or time-varying
delays, see [4, 6, 18, 19].

Besides, it is usual that the time delay arises not only in system states but also in the derivatives of
system states. Systems containing the information of past state derivatives are called neutral-type delay
systems. Recently, the study of the stability analysis of neutral-type neural networks and the BAM neural
network has been widely admitted interest from several researchers, see [1, 7, 13, 16, 21].

Moreover, the inertial neural network has been first introduced by Babcock and Westervelt [2].
This network is described by second-order differential equations. It should be pointed out that inertial
neural networks are much more difficult to analyze their dynamical behaviors. Thus, the problem of
stability analysis of the inertial neural networks has been attention, see [3, 5, 8, 11, 12, 22, 27]. In
[10], the sufficient conditions are derived to ensure the global exponential stability of delayed inertial
neural networks by constructing suitable Lyapunov Krasovskii functionals with the derivative of double
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integral terms. Manivannan R et al. [13] proposed stability analysis of interval time-varying delayed
neural networks including neutral time-delay and leakage delay. By proposing a suitable Lyapunov
Krasovskii functionals with the auxiliary function-based integral inequality and reciprocally convex
approach, several sufficient conditions of interval time-varying delayed neural networks including neutral
time-delay and leakage delay is obtained.

Motivated by the above discussions, in this letter, we investigate the problem of neutral-type inertial
BAM neural networks with time-varying delays. Firstly, a variable transformation is given to simplify the
stability analysis of neutral-type inertial BAM neural networks. Finally, the global exponential stability
for the neutral-type inertial BAM neural networks with time-varying delays is ensured by using suitable
Lyapunov Krasovskii functionals candidates, free weighting matrices, and convex combination approach
within the lower and upper bounds of the activation functions are allowed to be either positive, negative
or zero and without derivative time-varying delays.

2. Model description and preliminaries
In this paper, we consider the following neutral type BAM inertial Neural Networks with time varying
delays

¨̃ui(t) = −αi ˙̃ui(t) − a(1)
i ũi(t) +

∑m
j=1 b(1)

i j f̃ j(ṽ j(t)) +
∑m

j=1 c(1)
i j f̃ j(ṽ j(t − τ(t))) +

∑m
j=1 d(1)

i j
˙̃u j(t − η(t))) + Ii

¨̃v j(t) = −β j ˙̃v j(t) − a(2)
j ṽ j(t) +

∑n
i=1 b(2)

ji g̃i(ũi(t)) +
∑n

i=1 c(2)
ji g̃i(ũi(t − σ(t))) +

∑n
i=1 d(2)

ji
˙̃vi(t − ρ(t))) + J j

(1)

for i = 1, 2, . . . , n, j = 1, 2, . . . ,m, where second derivative is called an inertial term of system (1), ũ and
ṽ denote the states variable of the ith neuron and the jth neuron at the time t, αi > 0, β j > 0, a(1)

i and a(2)
j

are constants, b(1)
i j , c

(1)
i j , d

(1)
i j , b

(2)
ji , c

(2)
ji and d(2)

ji denote the connection weights at the time t, Ii and J j are the
external inputs, f̃ j(·) and g̃i(·) denotes the activation function of the ith neuron and the jth neuron at the
time t, τ(t), σ(t) are the time-varying delays, and η(t), ρ(t) are the neutral-type time-varying delays. Let
variable transformation:

x̃i(t) = ˙̃ui(t) + ϵiũi(t)
ỹ j(t) = ˙̃v j(t) + ϵ̄ jṽ j(t),

then system (1) can be rewritten as

˙̃u(t) = −Ξ1ũ(t) + x̃(t),
˙̃x(t) = −Λ1ũ(t) − A1 x̃(t) + B1 f̃ (ṽ(t)) +C1 f̃ (ṽ(t − τ(t))) + D1 ˙̃u(t − η(t)) + I,
˙̃v(t) = −Ξ2ṽ(t) + ỹ(t),
˙̃y(t) = −Λ2ṽ(t) − A2ỹ(t) + B2g̃(ũ(t)) +C2g̃(ũ(t − σ(t))) + D2 ˙̃v(t − ρ(t)) + J

(2)

where A1 = diag(α1−ϵ1, . . . , αn−ϵn), A2 = diag(β1− ϵ̄1, . . . , βm− ϵ̄m), B1 = (b(1)
i j )n×m, B2 = (b(2)

ji )m×n,C1 =

(c(1)
i j )n×m,C2 = (c(2)

ji )m×n,D1 = (d(1)
i j )n×m,D2 = (d(2)

ji )m×n, I = (I1, . . . , In)T , J = (J1, . . . , Jm)T

Definition 2.1 The point (u∗, v∗, x∗, y∗) with u∗ = (u∗1, . . . , u
∗
n)T , v∗ = (v∗1, . . . , v

∗
m)T , x∗ =

(x∗1, . . . , x∗n)T , y∗ = (y∗1, . . . , y
∗
m)T is called an equilibrium point of system (2) if

−Ξ1u∗ + x∗ = 0,
−Λ1u∗ − A1x∗ + B1 f (v∗) +C1 f (v∗) + I = 0,
−Ξ2v∗ + y∗ = 0,
−Λ2v∗ − A2y∗ + B2g(u∗) +C2g(u∗) + J = 0.

(3)

Let (u∗, v∗, x∗, y∗) be the equilibrium point of system (2). For the purpose of simplicity, we can
shift the intended equilibrium (u∗, v∗, x∗, y∗) to be the origin by taken the following transformation:
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u(·) = ũ(·) − u∗, v(·) = ṽ(·) − v∗, x(·) = x̃(·) − x∗, y(·) = ỹ(·) − y∗, g(u(·)) = g̃(u(·) + u∗) − g̃(u∗), f (v(·)) =
f̃ (v(·) + v∗) − f̃ (v∗). Then the system (2) can be transformed to

u̇(t) = −Ξ1u(t) + x(t),
ẋ(t) = −Λ1u(t) − A1x(t) + B1 f (v(t)) +C1 f (v(t − τ(t))) + D1u̇(t − η(t)),
v̇(t) = −Ξ2v(t) + y(t),
ẏ(t) = −Λ2v(t) − A2y(t) + B2g(u(t)) +C2g(u(t − σ(t))) + D2v̇(t − ρ(t)).

(4)

We have the following assumptions.

Assumption 2.2 The delay σ(t), τ(t), η(t) and ρ(t) are bounded time-varying delays satisfying:

(i) 0 ≤ σ1 ≤ σ(t) ≤ σ2, 0 ≤ τ1 ≤ τ(t) ≤ τ2

(ii) 0 ≤ η(t) ≤ η, η̇(t) ≤ ηd,

(iii) 0 ≤ ρ(t) ≤ ρ, ρ̇(t) ≤ ρd, ∀t ≥ 0,

where σ1, σ2, τ1, τ2, η, ρ, ηd and ρd are real constants.

Assumption 2.3 The neuron activation functions f j(·) and gi(·) are continuous, bounded which satisfy
the following conditions: f j(0) = 0, gi(0) = 0 when i = 1, 2, . . . , n, j = 1, 2, . . . ,m and for any β, η ∈ R
and β , η, there exist real numbers F−j , F

+
j ,G

−
i and G+i such that

(i) F−j ≤
f j(β) − f j(η)

β − η ≤ F+j , j = 1, 2, . . . ,m,

(ii) G−i ≤
gi(β) − gi(η)

β − η ≤ G+i , i = 1, 2, . . . , n.

Denote
F1 = diag(F−1 , F

−
2 , . . . , F

−
m), F2 = diag(F+1 , F

+
2 , . . . , F

+
m),

G1 = diag(G−1 ,G
−
2 , . . . ,G

−
n ), G2 = diag(G+1 ,G

+
2 , . . . ,G

+
n ).

Moreover, we assume that the initial conditions of system (4) has the form

ui(s) = ϕ(1)
i (s), u̇i(s) = ψ(1)

i (s), xi(s) = ϵiϕ
(1)
i (s) + ψ(1)

i (s) � φ(1)
i (s),

v j(s) = ϕ(2)
j (s), v̇ j(s) = ψ(2)

j (s), y j(s) = ϵ̄ jϕ
(2)
j (s) + ψ(2)

j (s) � φ(2)
j (s), s ∈ [−γ, 0], γ = max{σ2, τ2}.

(5)

Definition 2.4 The trivial solution of system (4) is said to be globally exponentially stable if there exist
constants k > 0 and ρ ≥ 1 such that

∥u(t)∥2 + ∥x(t)∥2 + ∥v(t)∥2 + ∥y(t)∥2 ≤ ρe−2kt(∥ϕ(1)∥2 + ∥φ(1)∥2 + ∥ϕ(2)∥2 + ∥φ(2)∥2), ∀t ≥ 0,

where one denotes

∥ϕ(1)∥2 + ∥φ(1)∥2 + ∥ϕ(2)∥2 + ∥φ(2)∥2 = sup
−max{σ2,τ2}≤s≤0

∥ϕ(1)(s)∥2 + sup
−max{σ2,τ2}≤s≤0

∥φ(1)(s)∥2

+ sup
−max{σ2,τ2}≤s≤0

∥ϕ(2)(s)∥2 + sup
−max{σ2,τ2}≤s≤0

∥φ(2)(s)∥2.

Lemma 2.5 [23] For any constant matrix R ∈ Rn×n, R = RT > 0, a scalar function τ(t) with
0 < τ(t) ≤ τM and vector function ẋ : [−τM , 0] → Rn such that the integration concerned is well
defined, let ∫ t

t−τ(t)
ẋ(s)ds = Eφ(t),
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where E ∈ Rn×k and φ(t) ∈ Rk. Then the following inequality holds for matrixM ∈ Rn×k

−
∫ t

t−τ(t)
ẋT (s)Rẋ(s)ds ≤ φT (t)Υ1φ(t),

where Υ1 := −ETM−MTE + τ(t)MTR−1M.

Lemma 2.6 [13] For a given matrix G ∈ Rn×n, scalar function ρM > ρm > 0, vector function
r : [ρm, ρM]→ Rn such that the subsequent relation holds:

−(ρM − ρm)
∫ t−ρm

t−ρM

rT (α)Gr(α)dα ≤ −
(∫ t−ρm

t−ρM

r(α)dα
)T

G
(∫ t−ρm

t−ρM

r(α)dα
)
.

Lemma 2.7 [13] For a given matrix G > 0 and differentiable function {r(α) | α ∈ [a, b], the subsequent
relations hold: ∫ b

a
ṙT (α)Gṙ(α)dα ≥ 1

b − a
ℓT

11Gℓ11 +
3

b − a
ℓT

12Gℓ12 +
5

b − a
ℓT

13Gℓ13,∫ b

a

∫ β

a
ṙT (α)Gṙ(α)dαdβ ≥ 2ℓT

14Gℓ14 + 4ℓT
15Gℓ15,

where
ℓ11 = r(b) − r(a),
ℓ12 = r(b) + r(a) − 2

(b−a)

∫ b
a r(α)dα,

ℓ13 = r(b) − r(a) + 6
b−a

∫ b
a r(α)dα − 12

(b−a)2

∫ b
a

∫ b
β

r(α)dαdβ,

ℓ14 = r(b) − 1
b−a

∫ b
a r(α)dα,

ℓ15 = r(b) + 2
b−a

∫ b
a r(α)dα − 6

(b−a)2

∫ b
a

∫ b
β

r(α)dαdβ.

3. Main result
For this point on, for simplicity of notations, we assume that t0 = 0. For the sake of simplicity on matrices
representation, we let

ξ(t) = col{u(t), u(t − σ1), u(t − σ2), u(t − σ(t)), u̇(t), x(t), ẋ(t), g(u(t)), g(u(t − σ1)),

g(u(t − σ2)), g(u(t − σ(t))),
1
σ2

∫ t

t−σ2

u(s)ds,
∫ t−σ1

t−σ(t)
u(s)ds,

∫ t−σ(t)

t−σ2

u(s)ds,

1
σ2

2

∫ 0

−σ2

∫ t

t+s
u(θ)dθds, u̇(t − η(t)), v(t), v(t − τ1), v(t − τ2), v̇(t), y(t), ẏ(t),

f (v(t)), f (v(t − τ1)), f (v(t − τ2)), f (v(t − τ(t))),
1
τ2

∫ t

t−τ2

v(s)ds,
∫ t−τ1

t−τ(t)
v(s)ds,∫ t−τ(t)

t−τ2

v(s)ds,
1
τ2

2

∫ 0

−τ2

∫ t

t+s
v(θ)dθds, v̇(t − ρ(t))}

and let ei ∈ Rn×32n (i = 1, 2, . . . , 32) be defined as blocks entry matrices, for example e2 =

[0n In 0n · · · 0n︸          ︷︷          ︸
30

] where In and 0n are identity and zero matrices of dimension n × n, respectively.

Then, u(t) = e1ξ(t), u(t − σ1) = e2ξ(t), . . . , and v̇(t − ρ(t)) = e32ξ(t), respectively. In addition, the
notations of several matrices are defined as follows:

L1 = col{e1, e8}, L2 = col{e2, e9}, L3 = col{e3, e10}, L4 = col{e17, e24},
L5 = col{e18, e25}, L6 = col{e19, e26}, L7 = col{e1, e5}, L8 = col{e17, e21},
σs = σ2 − σ1, τs = τ2 − τ1.
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Theorem 3.1 For given positive constants σ1, σ2, τ1, τ2, η, ρ, ηd, and ρd, the system (4) is globally
exponentially stable with convergent rate k which satisfying the Assumptions 1.1 and Assumptions 1.2
, if there exist positive definite matrices Pi ∈ Rn×n (i = 1, . . . , 4), S i ∈ Rn×n (i = 1, . . . , 6), Qi =[

Qi1 Qi2
Qi3 Qi4

]
∈ R2n×2n (i = 1, . . . , 4) where Qi j ∈ Rn×n( j = 1, . . . , 4), U =

[
U11 U12
∗ U22

]
, V =[

V11 V12
∗ V22

]
, R =

[
R11 R12
∗ R22

]
,Z =

[
Z11 Z12
∗ Z22

]
, µ =

[
µ1 0
∗ µ2

]
, ν =

[
ν1 0
∗ ν2

]
, positive

diagonal matrices ∆i = diag(λi
1, λ

i
2, . . . , λ

i
n) (i = 1, 2),∆ j = diag(λ j

1, λ
j
2, . . . , λ

j
m) ( j = 3, 4), Ni =

diag(ni
1, n

i
2, . . . , n

i
n) (i = 1, . . . , 4), Mi = diag(mi

1,m
i
2, . . . ,m

i
m) (i = 1, . . . , 4), and any matrices

Yi(i = 1, . . . , 4), Hi (i = 1, . . . , 8) with appropriate dimensions which satisfy the following LMIs:


e−2kσsU11 e−2kσsU12 e−2kσsµ1 0
∗ e−2kσsU22 0 e−2kσsµ2
∗ ∗ e−2kσsU11 e−2kσsU12
∗ ∗ ∗ e−2kσsU22

 ≥ 0, (6)


e−2kτsZ11 e−2kτsZ12 e−2kτsν1 0
∗ e−2kτsZ22 0 e−2kτsν2
∗ ∗ e−2kτsZ11 e−2kτsZ12
∗ ∗ ∗ e−2kτsZ22

 ≥ 0, (7)

 Π e−2kσsYT
2 e−2kτsYT

4
∗ −σse−2kσsS 4 0
∗ ∗ −τse−2kτsS 6

 < 0, (8)

 Π e−2kσsYT
2 e−2kτsYT

3
∗ −σse−2kσsS 4 0
∗ ∗ −τse−2kτsS 6

 < 0, (9)

 Π e−2kσsYT
1 e−2kτsYT

4
∗ −σse−2kσsS 4 0
∗ ∗ −τse−2kτsS 6

 < 0, (10)

 Π e−2kσsYT
1 e−2kτsYT

3
∗ −σse−2kσsS 4 0
∗ ∗ −τse−2kτsS 6

 < 0, (11)

where

Π =

8∑
l=1

Πl,

Π1 = 2keT
1 P1e1 + 2eT

1 P1e5 + 2keT
6 P2e6 + 2eT

6 P2e7 + 2keT
17P3e17 + 2eT

17P3e21
+2keT

22P4e22 + 2eT
22P4e23,

Π2 = 4k(e8 −G1e1)T∆1e1 + 2(e8 −G1e1)T∆1e5 + 4k(G2e1 − e8)T∆2e1
+2(G2e1 − e8)T∆2e5 + 4k(e24 − F1e17)T∆3e17 + 2(e24 − F1e17)T∆3e21
+4k(F2e17 − e24)T∆4e17 + 2(F2e17 − e24)T∆4e21,
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Π3 = eT
5 S 1e5 − (1 − ηd)e−2kηeT

16S 1e16 + eT
21S 2e21 − (1 − ρd)e−2kρeT

32S 2e32,

Π4 = LT
1 [Q1 + Q2]L1 +LT

4 [Q3 + Q4]L4 − e−2kσ1LT
2 Q1L2 − e−2kσ2LT

3 Q2L3
−e−2kτ1LT

5 Q3L5 − e−2kτ2LT
6 Q4L6,

Π5 = LT
7 (σT

2R + σ2
sU)L7 +LT

8 (τ2
2V + τ2

sZ)L8 −e−2kσ2

[
σ2e12
e1 − e3

]T [
R11 R12
∗ R22

] [
σ2e12
e1 − e3

]

−e−2kτ2

[
τ2e28

e17 − e19

]T [
V11 V12
∗ V22

] [
τ2e28

e17 − e19

]
−e−2kσs


e13

e2 − e4
e14

e4 − e3


T [
U µ
∗ U

] 
e13

e2 − e4
e14

e4 − e3


−e−2kτs


e29

e18 − e20
e30

e20 − e19


T [
Z ν
∗ Z

] 
e29

e18 − e20
e30

e20 − e19

 ,
Π6 = eT

5 (σ2e−2kσ2S 3 + σse−2kσsS 4)e5 + eT
21(τ2e−2kτ2S 5 + τse−2kτsS 6)e21

− 1
σ2

e−2kσ2(e1 − e3)T S 3(e1 − e3) − 3
σ2

e−2kσ2(e1 + e3 − 2e12)T S 3(e1 + e3 − 2e12)
− 5
σ2

e−2kσ2(e1 − e3 + 6e12 − 12e15)T S 3(e1 − e3 + 6e12 − 12e15)
−e−2kτ2{ 1

τ2
(e17 − e19)T S 5(e17 − e19) + 3

τ2
(e17 + e19 − 2e28)T S 5(e17 + e19 − 2e28)

+ 5
τ2

(e17 − e19 + 6e28 − 12e31)T S 5(e17 − e19 + 6e28 − 12e31)}
+e−2kσs[(e4 − e2)T Y1 + YT

1 (e4 − e2) + (e3 − e4)T Y2 + YT
2 (e3 − e4)]

+e−2kτs[(e20 − e18)T Y3 + YT
3 (e20 − e18) + (e19 − e20)T Y4 + YT

4 (e19 − e20)],
Π7 = (2eT

1 H1 + 2eT
5 H2)(−Ξ1e1 + e6 − e5) + (2eT

6 H3 + 2eT
7 H4)(−Λ1e1 − A1e6

+B1e24 +C1e27 + D1e16 − e7) + (2eT
17H5 + 2eT

21H6)(−Ξ2e17 + e22 − e21)
+(2eT

17H7 + 2eT
21H8)(−Λ2e17 − A2e22 + B2e8 +C2e11 + D2e32 − e23),

Π8 = −2(e8 −G2e1)T N1(e8 −G1e1) − 2(e11 −G2e4)T N2(e11 −G1e4) − 2(e8 − e11 −G2
×(e1 − e4))T N3(e8 − e11 −G1(e1 − e8)) − 2(e11 − e10 −G2(e4 − e3))T N4(e11 − e10
−G1(e4 − e3)) − 2(e24 − F2e17)T M1(e24 − F1e17) − 2(e27 − F2e20)T M2(e27 − F1e20)
−2(e24 − e27 − F2(e17 − e20))T M3(e24 − e27 − F1(e17 − e20))
−2(e27 − e26 − F2(e20 − e19))T M4(e27 − e26 − F1(e20 − e19)).

Proof Choose the Lyapunov-Krasovskii functional candidate for the system as follow

V(t) =
6∑

l=1

Vl(t), (12)

where

V1 = uT (t)P1u(t) + xT (t)P2x(t) + vT (t)P3v(t) + yT (t)P4y(t),

V2 = 2
n∑

i=1

[
λ1ie2kt

∫ ui(t)

0
(gi(s) −G−i s)ds

]
+ 2

n∑
i=1

[
λ2ie2kt

∫ ui(t)

0
(G+i s − gi(s))ds

]
+2

n∑
j=1

[
λ3 je2kt

∫ v j(t)

0
( f j(s) − F−i s)ds

]
+ 2

m∑
j=1

[
λ4 je2kt

∫ v j(t)

0
(F+j s − f j(s))ds

]
,

V3 =

∫ t

t−η(t)
e2ksu̇T (s)S 1u̇(s)ds +

∫ t

t−ρ(t)
e2ksv̇T (s)S 2u̇(s)ds,

V4 =

∫ t

t−σ1

e2ks
[

u(s)
g(u(s))

]T

Q1

[
u(s)

g(u(s))

]
ds +

∫ t

t−σ2

e2ks
[

u(s)
g(u(s))

]T

Q2

[
u(s)

g(u(s))

]
ds

+

∫ t

t−τ1

e2ks
[

v(s)
f (v(s))

]T

Q3

[
v(s)

f (v(s))

]
ds +

∫ t

t−τ2

e2ks
[

v(s)
f (v(s))

]T

Q4

[
v(s)

f (v(s))

]
ds,
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V5 = σ2

∫ 0

−σ2

∫ t

t+s
e2kθςT (θ)Rς(θ)dθds + σs

∫ −σ1

−σ2

∫ t

t+s
e2kθςT (θ)Uς(θ)dθds

+τ2

∫ 0

−τ1

∫ t

t+s
e2kθς̄T (θ)Vς̄(θ)dθds + τs

∫ −τ1

−τ2

∫ t

t+s
e2kθς̄T (θ)Zς̄(θ)dθds,

V6 =

∫ 0

−σ2

∫ t

t+s
e2kθu̇T (θ)S 3u̇(θ)dθds +

∫ −σ1

−σ2

∫ t

t+s
e2kθu̇T (θ)S 4u̇(θ)dθds

+

∫ 0

−τ2

∫ t

t+s
e2kθv̇T (θ)S 5v̇(θ)dθds +

∫ −τ1

−τ2

∫ t

t+s
e2kθv̇T (θ)S 6v̇(θ)dθds.

The derivative of V(t) in (12) along the trajectories of the system (4) is given by

V̇1 = e2kt{2kuT (t)P1u(t) + 2uT (t)P1u̇(t) + 2kxT (t)P2x(t) + 2xT (t)P2 ẋ(t) + 2kvT (t)P3v(t)
+2vT (t)P3v̇(t) + 2kyT (t)P4y(t) + 2yT (t)P4ẏ(t)}

= e2kt xiT (t){2keT
1 P1e1 + 2eT

1 P1e5 + 2keT
6 P2e6 + 2eT

6 P2e7 + 2keT
17P3e17 + 2eT

17P3e21

+2keT
22P4e22 + 2eT

22P4e23}ξ(t), (13)

V̇2 ≤ e2kt{4k(g(u(t)) −G1u(t))T∆1u(t) + 2(g(u(t)) −G1u(t))T∆1u̇(t) + 4k(G2u(t) − g(u(t)))T∆2u(t)
+2(G2u(t) − g(u(t)))T∆2u̇(t) + 4k( f (v(t)) − F1v(t))T∆3v(t) + 2( f (v(t)) − F1v(t))T∆3v̇(t)
+4k(F2v(t) − f (v(t)))T × ∆4v(t) + 2(F2v(t) − f (v(t)))T∆4v̇(t)}

≤ e2ktξT (t){4k(e8 −G1e1)T∆1e1 + 2(e8 −G1e1)T∆1e5 + 4k(G2e1 − e8)T∆2e1 + 2(G2e1 − e8)T

×∆2e5 + 4k(e24 − F1e17)T∆3e17 + 2(e24 − F1e17)T∆3e21 + 4k(F2e17 − e24)T∆4e17

+2(F2e17 − e24)T∆4e21}ξ(t), (14)

V̇3 ≤ e2kt{u̇T (t)S 1u̇(t) − (1 − ηd)e−2kηu̇T (t − η(t))S 1u̇(t − η(t)) + v̇T (t)S 2v̇(t)
−(1 − ρd)v̇T (t − ρ(t))S 2v̇(t − ρ(t))}

≤ e2ktξT (t){eT
5 S 1e5 − (1 − ηd)e−2kηeT

16S 1e16 + eT
21S 2e21 − (1 − ρd)e−2kρeT

32S 2e32}ξ(t), (15)

V̇4 ≤ e2kt
{ [

u(t)
g(u(t))

]T

Q1

[
u(t)

g(u(t))

]
− e−2kσ1

[
u(t − σ1)

g(u(t − σ1))

]T

Q1

[
u(t − σ1)

g(u(t − σ1))

]
+

[
u(t)

g(u(t))

]T

Q2

[
u(t)

g(u(t))

]
− e−2kσ2

[
u(t − σ2)

g(u(t − σ2))

]T

Q2

[
u(t − σ2)

g(u(t − σ2))

]
+

[
v(t)

f (v(t))

]T

Q3

[
v(t)

f (v(t))

]
− e−2kτ1

[
v(t − τ1)

f (v(t − τ1))

]T

Q3

[
v(t − τ1)

f (v(t − τ1))

]
+

[
v(t)

f (v(t))

]T

Q4

[
v(t)

f (v(t))

]
− e−2kτ2

[
v(t − τ2)

f (v(t − τ2))

]T

Q4

[
v(t − τ2)

f (v(t − τ2))

] }
≤ e2ktξT (t){LT

1 [Q1 + Q2]L1 +LT
4 [Q3 + Q4]L4 − e−2kσ1LT

2 Q1L2 − e−2kσ2LT
3 Q2L3

−e−2kτ1LT
5 Q3L5 − e−2kτ2LT

6 Q4L6}ξ(t), (16)

V̇5 ≤ e2kt{ςT (t)(σ2
2R + σ2

sU)ς(t) + ς̄T (t)(τ2
2V + τ2

sZ)ς̄(t) − σ2e−2kσ2

∫ t

t−σ2

ςT (s)Rς(s)ds

−τ2e−2kτ2

∫ t

t−τ2

ς̄T (s)Vς̄(s)ds − σse−2kσs

∫ t−σ1

t−σ2

ςT (s)Uς(s)ds

−τse−2kτs

∫ t−τ1

t−τ2

ς̄T (s)Zς̄(s)ds}. (17)
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By the use of Lemma 2.5 ,we have

−σ2e−2kσ2

∫ t

t−σ2

ςT (s)Rς(s)ds ≤ −e−2kσ2

 ∫ t
t−σ2

u(s)ds
u(t) − u(t − σ2)

T [
R11 R12
∗ R22

]
×

 ∫ t
t−σ2

u(s)ds
u(t) − u(t − σ2)

 , (18)

−τ2e−2kτ2

∫ t

t−τ2

ς̄T (s)Vς̄(s)ds ≤ −e−2kτ2

 ∫ t
t−τ2

v(s)ds
v(t) − v(t − τ2)

T [
V11 V12
∗ V22

]
×

 ∫ t
t−τ2

v(s)ds
v(t) − v(t − τ2)

 . (19)

Utilizing the same idea in [15], if (6) and (7) are holds, then some integral terms can obtain

−σse−2kσs

∫ t−σ1

t−σ2

ςT (s)Uς(s)ds ≤ σse−2kσs
(
−

∫ t−σ1

t−σ(t)
ςT (s)Uς(s)ds −

∫ t−σ(t)

t−σ2

ςT (s)Uς(s)ds
)

≤ e−2kσs


∫ t−σ1

t−σ(t) ς(s)ds∫ t−σ(t)
t−σ2

ς(s)ds


T [
U µ
∗ U

] 
∫ t−σ1

t−σ(t) ς(s)ds∫ t−σ(t)
t−σ2

ς(s)ds

 , (20)

−τse−2kτs

∫ t−τ1

t−τ2

ς̄T (s)Zς̄(s)ds ≤ τse−2kτs
(
−

∫ t−τ1

t−τ(t)
ς̄T (s)Zς̄(s)ds −

∫ t−τ(t)

t−τ2

ς̄T (s)Zς̄(s)ds
)

≤ −e−2kτs


∫ t−τ1

t−τ(t) ς̄(s)ds∫ t−τ(t)
t−τ2

ς̄(s)ds


T [
Z ν
∗ Z

] 
∫ t−τ1

t−τ(t) ς̄(s)ds∫ t−τ(t)
t−τ2

ς̄(s)ds

 , (21)

V̇6 ≤ e2kt{u̇T (t)(σ2e−2kσ2S 3 + σse−2kσsS 4)u̇(t) + v̇T (t)(τ2e−2kτ2S 5 + τse−2kτsS 6)v̇(t)

−e−2kσ2

∫ t

t−σ2

u̇T (s)S 3u̇(s)ds − e−2kτ2

∫ t

t−τ2

v̇T (s)S 5v̇(s)ds

−e−2kσs

∫ t−σ1

t−σ2

u̇T (s)S 4u̇(s)ds − e−2kτ2

∫ t−τ1

t−τ2

v̇T (s)S 6v̇(s)ds}.

By the use of Lemma 2.5 and Lemma 2.7 ,we have

V̇6 ≤ e2ktξT (t){eT
5 (σ2e−2kσ2S 3 + σse−2kσsS 4)e5) + eT

21(τ2e−2kτ2S 5 + τse−2kτsS 6)e21

+e−2kσ2
(
− 1
σ2

(e1 − e3)T S 3(e1 − e3) − 3
σ2

(e1 + e3 − 2e12)T S 3(e1 + e3 − 2e12)

− 5
σ2

(e1 − e3 + 6e12 − 12e15)T S 3(e1 − e3 + 6e12 − 12e15)
)
+ e−2kτ2

(
− 1
τ2

(e17 − e19)T S 5

×(e17 − e19) − 3
τ2

(e17 + e19 − 2e28)T S 5(e17 + e19 − 2e28) − 5
τ2

(e17 − e19 + 6e28 − 12e31)T

×S 5(e17 − e19 + 6e28 − 12e31)
)
+ e−2kσs[(e4 − e2)T Y1 + YT

1 (e4 − e2)

+(σ(t) − σ1)YT
1 S −1

4 Y1 + (e3 − e4)T Y2 + YT
2 (e3 − e4) + (σ2 − σ(t))YT

2 S −1
4 Y2]

+e−2kτs[(e20 − e18)T Y3 + YT
3 (e20 − e18 + (τ(t) − τ1)YT

3 S −1
6 Y3)

+(e19 − e20)T Y4 + YT
4 (e19 − e20) + (τ2 − τ(t))YT

4 S −1
6 Y4]}ξ(t). (22)
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In order to reduce the conservatism, we add the following zero equations: for any matrices Hi(i =
1, 2, . . . , 8) with appropriate dimension[

2uT (t)H1 + 2u̇T (t)H2
]

[−Ξ1u(t) + x(t) − u̇(t)] = 0,[
2xT (t)H3 + 2ẋT (t)H4

] [−Λ1u(t) − A1x(t) + B1 f (v(t)) +C1 f (v(t − τ(t)))
+D1u̇(t − η(t)) − ẋ(t)

]
= 0,[

2xT (t)H5 + 2ẋT (t)H6
] [−Ξ2v(t) + y(t) − v̇(t)

]
= 0,[

2xT (t)H7 + 2ẋT (t)H8
] [−Λ2v(t) − A2y(t) + B2g(u(t)) +C2g(u(t − σ(t)))

+D2v̇(t − ρ(t)) − ẏ(t)
]

= 0.

(23)

By Assumption 2.3, the following inequalities hold

−2
[
g(u(t)) −G2u(t)

]T N1
[
g(u(t)) −G1u(t)

] ≥ 0,
−2

[
g(u(t − σ(t))) −G2u(t − σ(t))

]T N2
[
g(u(t − σ(t))) −G1u(t − σ(t))] ≥ 0,

−2
[
g(u(t)) − g(u(t − σ(t))) −G2(u(t) − u(t − σ(t)))

]T N3
× [

g(u(t)) − g(u(t − σ(t))) −G1(u(t) − u(t − σ(t)))
] ≥ 0,

−2
[
g(u(t − σ(t))) − g(u(t − σ2)) −G2(u(t − σ(t)) −u(t − σ2))]T N4[

g(u(t − σ(t))) − g(u(t − σ2)) −G1(u(t − σ(t)) − u(t − σ2))] ≥ 0,
−2

[
f (v(t)) − F2v(t)

]T M1
[
f (v(t)) − F1v(t)

] ≥ 0,
−2

[
f (v(t − τ(t))) − F2v(t − τ(t))

]T M2
[
f (v(t − τ(t))) −F1v(t − τ(t))] ≥ 0,

−2
[
f (v(t)) − f (v(t − τ(t))) − F2(v(t) − v(t − τ(t)))

]T M3
× [

f (v(t)) − f (v(t − τ(t))) − F1(v(t) − v(t − τ(t)))
] ≥ 0,

−2
[
f (v(t − τ(t))) − f (v(t − τ2)) − F2(v(t − τ(t)) −v(t − τ2))]T M4[

f (v(t − τ(t))) − f (v(t − τ2)) −F1(v(t − τ(t)) − v(t − τ2))] ≥ 0.

(24)

Using inequalities (13) − (25), we obtain

V̇(t) ≤ e2ktξ(t)TΠ0ξ(t),

where

Π0 = Π + (σ2 − σ(t))e−2kσsYT
2 S −1

4 Y2 + (σ(t) − σ1)e−2kσsYT
1 S −1

4 Y1

+(τ2 − τ(t))e−2kτsYT
4 S −1

6 Y4 + (τ(t) − τ1)e−2kτsYT
3 S −1

6 Y3.

Since (σ2 − σ(t))e−2kσsYT
2 S −1

4 Y2 + (σ(t) − σ1)e−2kσsYT
1 S −1

4 Y1 + (τ2 − τ(t))e−2kτsYT
4 S −1

6 Y4 + (τ(t) −
τ1)e−2kτsYT

3 S −1
6 Y3 is a convex combination of matrices YT

2 S −1
4 Y2,YT

1 S −1
4 Y1,YT

4 S −1
6 Y4 and YT

3 S −1
6 Y3 of

σ(t) and τ(t), respectively, Π0 can be handled by four corresponding boundary LMIs:

Π + (σ2 − σ1)e−2kσsYT
2 S −1

4 Y2 + (τ2 − τ1)e−2kτsYT
4 S −1

6 Y4 < 0 (25)

Π + (σ2 − σ1)e−2kσsYT
2 S −1

4 Y2 + (τ2 − τ1)e−2kτsYT
3 S −1

6 Y3 < 0 (26)

Π + (σ2 − σ1)e−2kσsYT
1 S −1

4 Y1 + (τ2 − τ1)e−2kτsYT
4 S −1

6 Y4 < 0 (27)

Π + (σ2 − σ1)e−2kσsYT
1 S −1

4 Y1 + (τ2 − τ1)e−2kτsYT
3 S −1

6 Y3 < 0. (28)

Using Schur Complement, (25)− (28) are equivalent to (8)− (11). For showing the convergence rate, we
have for all and we obtain

V(0) = χ1∥ϕ(1)∥2 + χ2∥φ(1)∥2 + χ3∥ϕ(2)∥2 + χ4∥φ(2)∥2.

On the other hand, we have

V(t) ≥ e2kt{λm(P1)∥u(t)∥2 + λm(P2)∥x(t)∥2 + λm(P3)∥v(t)∥2

+λm(P4)∥y(t)∥2}.
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Therefore,

∥u(t)∥2 + ∥x(t)∥2 + ∥v(t)∥2 + ∥y(t)∥2 ≤ γe−2kt{∥ϕ(1)∥2

+∥φ(1)∥2 + ∥ϕ(2)∥2 + ∥φ(2)∥2},

where γ = max(χ1, χ2, χ3, χ4)/min(λm(P1), λm(P2), λm(P3), λm(P4)) ≥ 1. Therefore, the system (4) is
globally exponentially stable with the convergent rate k > 0.

4. Conclusions
In this paper, we have investigated exponential stability problem for the neutral-type inertial BAM neural
networks with time-varying delays. By constructing a new and improved Lyapunov-Krasovskii function
containing some new augmented terms and using convex combination technique, a delay-dependent
exponential stability criterion for the neutral-type inertial BAM neural networks with time-varying delays
has been formulated in terms of LMIs.
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