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Abstract. Certain special forms of self-similar solutions which satisfy Khokhlov-Zabolotskaya-
Kuznetsov equations or a generalized Burgers equation in (1+2)-dimensions are reported.

1. Introduction
The Khokhlov - Zabolotskaya- Kuznetsov (KZK) equation [1, 2] is

= 0, (1)

O (0u Ou §0u) O
ar\ ot “oxr 20:2) " 8,2

describes a plethora of phenomena such as

e the quasi-one-dimensional propagation of a signal in a nonlinear, homogeneous, isentropic
medium

e the nonlinear propagation of a finite-amplitude sound beam pulse in the thermo-viscous
medium

e the long waves in ferromagnetic media

In addition, the KZK equation is used in lithotripsy in which kidney stones are broken with the
help of ultrasound waves.

The scheme of this paper is as follows: In Section 2, some special exact, analytic travelling
wave solutions of the Khokhlov - Zabolotskaya - Kuznetsov equation (1) is reported; one of these
solutions tends to a constant limit as ¢ — co.

2. A Special Travelling Waves of Khokhlov - Zabolotskaya - Kuznetsov Equation
We shall proceed to obtain a special travelling wave solutions [3] of (1). For if an ansatz

U(«’B’yat) = ’U(T’, 3)7 T($,t) =x —ct, S(.%',t) =y — ca, (2)
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where ¢ and ¢y are wave speeds, is inserted into the KZK equation (1) then the partial differential
equation (PDE) for v(r, s) may be written in the conservation form

0 ) 0
o <—clvr + vu, — 2vw> + 95 (vs — couy) = 0. (3)

We shall solve (3) by the method of equation-splitting [4]; for, we write

—Cc1vy + Vv, — gvrr = A(s), (4)
vs —cou, = Aq(r). (5)

Integrating (4) with respect to r, we get

1 J
—c1v + 51}2 — U = A(s)r + As(s), (6)
where Aj(s) is the function of integration. With A(s) = As(s) = 0, (6) simplifies to a Riccati
equation

1 )
—cv+ 51)2 —5Uur = 0. (7)
It is easily verified that
1
b= 0
7. + B(s)es

with B(s) a function of s solves (7). Now differentiating (8) with respect to r and s, and inserting
into (5), with A;(r) = 0, we have

26102

—B'(s) + 5 B(s) =0 9)
The general solution of (9) is
B(s) = ceZClTQS, (10)

where ¢ is an arbitrary constant. Substituting (10) in (8), we thus find that

1

2c
1 S (rteas)
2cq tes

(11)

v(r,s) =

Equations (2) and (11) lead to the following travelling wave solution of the KZK equation
(2):
1

L e @reay—(erte)t)
c1

u(z,y,t) = (12)

It is evident from (12) that u(x,y,t) tends to 'twice the wave speed’ 2¢; as t — oc.
The very form of the solution (12) of KHZ equation (2) suggests that we seek an ansatz in
the form
u=¢(z) z=azx+by—ct (13)
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In view of 8% as %%, equation (1) becomes

00: (0w ou o) o
dz00 \at " "or 2022 66y2

Inserting (13), equation (14) becomes

0 4]
a4z <_C¢z + a¢¢z - a2¢zz) + 6b2¢zz =0
0z 2
Integrating equation (15) once with respect to z, we get
H¢ + Bopd' + A¢" = p, H=uac—eb?, B= —a?, A=6d>/2,

where p is an integration constant.
Now we shall proceed to find some special solution of equation (16).

2.1. Case - 1: p=0
It is easy to ascertain that

¢known(z) =q— (H/B)Z,

where ¢ is a free constant, is a solution of (16) with p = 0, namely
H¢' + Bopg' + A¢p” = 0.
In order to obtain a solution which is more general than (17), we write
6(2) = q — (H/B)z + w(2).
Substitution of (19) in to (18) leads to
(¢B — Hz + Bw(2))w'(2) + Aw"(2) = 0.

An integration of (20) with respect to z yields

/ 2\/ AH Hz2_qu L12B2
w'(z) = oy 24 A TEAH
2c*\ AHe2am + B\/277Erﬁ[hf/%3]

where ¢* is an arbitrary constant. Thus (19) becomes

N 2V AH L2 L 22
9(z) =g~ (H/B)z +/ 252 VAH eI;A Sy SR dz.
2c*/ AHezam + B\/%Erﬁ[f/%]

2.2. Case - 2: H=0
In this case, equation (16) reduces to

Bé¢' + A" = p,
The general solution of (23) is

22/3(Bp27013) 22/3(sz ClB)

BpAiryBiPrime|— 342217 BpAiryAiPrime[— 3222
) B2/ o (5%
21/34(58)2/3 +etn 21/3A(58)2/3
oz) = e OF) T Ty
BAzrsz[(?i%W] + CzBAzryAz[(ZB;%W]
A A

(22)

(24)
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where C; (i = 1,2) are arbitrary constants.
2.8. Case - 3: p=H=0
Equation (16) simply becomes

-6
S o8 = 0 (25)

After integration, with [ a free constant, (25) yields a Riccati equation

o1
e (26)
with the solution
$(z) = V1 tan|[C — ﬁz]. (27)

In (27), C is an arbitrary constant.
3. Khokhlov - Zabolotskaya- Kuznetsov Equation with A Variable Coefficient

Now we consider Khokhlov - Zabolotskaya- Kuznetsov (KZK) equation with a variable
coeffient

2 2
If we seek solutions in the form
u = t 2v(r,s), r=t 2z, s=1 2y, (2)
then the PDE governing v(r, s) is
20y + TV + SUps + OVppr — 2000 — 20,2 — 260vss = 0. (3)
Again the transformation
v(r,s) = w(z), z=1r—cs, (4)
replaces (3) with
QW + 2Was + OWssy — 20W,s — 2w,° — 260w,y = 0. (5)
Equation (5) can be integrated to
w+ 2w’ + dw” — 2uww' — 26w’ = a, (6)

where « is arbitrary constant. Further integration of (6) results in a Riccati equation

/

ow = w4+ 2ectw — 2w+ az+ B, (7)
where 3 is an arbitrary constant. A solution of (7) is easily found to be

w(z) = 2 — a — 2%, (8)

provided that = —a? — 2c2ae.
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In view of (4) and (8) the corresponding solution of (5) is
v(r,s) =1 —cs — a — 2c%€. 9)
Thus, in turn, the solution of (1) is
u(z,y,t) = t_%(:n —cy) — a — 2c%¢, (10)
which is a decaying travelling wave propagating in the right direction with speed c.
4. Generalized (1+2)-dimensional Burgers Equation

Let us now investigate a generalized (142)-dimensional Burgers equation in the form
(Edwards and Broadbridge [5])

2
2
0 1
fo €y ) (1)

for its self-similar solutions. We seek solutions of (1) in the form
u(z,y,t) = t%(r,s), r(z,t) =tPz™, s(y,t) =t y". (2)

If we insert from (2), then equation (1) reduces to

0 0 0
at v+ t_lﬁrafi + t_l)\saf: + to‘vmra—:
5 5 2 2
—irm(m - 1)(;: - 27'27”227}2) + esn(n — 1)2;) + esznzgsg = 0. (3)
Two cases arise, namely, « = 0 and @ = —1. Let us consider the second case in detail. With
a = —1, equation (3) may be spilt into two equations:
v ov
(ﬁ—l—vm)rg—k)\sa—v = 0, (4)
0 0? ) 0 0?
esn ((n — 1)8—;) + Sn&;) —5rm ((m - 1)6—: + rm&g) = 0. (5)
Further transformation is
v(r,s) = V(R,S), R=logr, S=1logs, (6)
and the equation satisfied by V(R, S) is
)
en (nVss — Vs) + ™M (VR —mVggr) = 0. (7)
A solution of (7) is
-8 1
V = —S+—R 8
py i 42 (8)

and the corresponding solution of (5) is
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Inserting from (9) into (2) we thus obtain a solution of (1)

u(z,y,t) = t* ()\’fi log(t*y™) + ;log(tﬁxm)> , (10)
provided that 2nBe + moX = 0.
5. Conclusion

We report that for Khokhlov - Zabolotskaya- Kuznetsov equation (1.1) four solutions, namely,
(2.11), (2.12) with (2.21), (2.12) with (2.23), (2.12) with (2.26).

And for the for Khokhlov - Zabolotskaya- Kuznetsov equation with a variable coefficient (3.1)
we report the solution (3.10).

For the generalized Burgers equation in (1+2)-dimensions (4.1) the solution we report is
(4.10).

It is noteworthy to mention the use of a symbolic manipulation program MATHEMATICA
3.0 [6] and MathLie [7] in order to facilitate the computation of certain solutions reported in
this Paper.

Refrences

[1] Zabolotskaya E A and Khokhlov R V 1969 Sov. Phys. Acoust. 8 35

[2] Kuznetsov V P 1971 Sov. Phys. Acous. 16 467

[3] Smith J O 2010 Physical Audio Signal Processing (http://ccrma.stanford.edu/ jos/pasp/)

[4] Ames W F 1967 Nonlinear Partial Differential Equations in Engineering (New York: Academic Press)

[5] Edwards M P and Broadbridge P 1995 Z. Angew. Math. Phys. 46 595

[6] MATHEMATICA 3.0 Wolfram Research Inc. (http://www.wolfram.com)

[7] Gerd Baumann 2000 Symmetry Analysis of Differential Equations with Mathematica (New York: Springer)



