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Abstract: The graph G,, G,, G; and G4 which is defined by the direct sum of four fuzzy graphs
G PG,PG;DG,, This is also proved the effective values. The degree of the vertices is
G DG,DG;DG, is calculated with the establishment of the regular property and the
Connectedness of the Direct Sum of four Fuzzy Graphs.

Keywords: Fuzzy graph, Degree of vertices in the direct sum, Regular fuzzy graphs, connected
fuzzy graphs and Effective fuzzy graphs.

1. INTRODUCTION

The concept of fuzzy graphs was established by A. Rosenfeld in 1975 [6]. Mordeson .J.N and Peng. S
[2] were developed some operations on fuzzy graphs. Further Bhattacharya [1] discussed about the
remarks of fuzzy graphs. Also, Dr. K. Radha and Mrs. Arumugam [7] asserted the connectedness and
regular properties of direct sum of two fuzzy graphs. Similarly, the direct sum of two fuzzy graphs

was extended to three fuzzy graphs in T. Henson and N. Devi [3].

By using numerical example, can be calculated the direct sum of four fuzzy graphs with the degree

of nodes. In this whole article V is a fuzzy subset of o and u is a symmetric fuzzy relation on o

was represented. In addition, also, with the help of numerical example direct sum four fuzzy graphs of
Regularness, Connectedness and Effectiveness of four fuzzy graphs were checked in this paper below.

2. PRELIMINARIES
Let G: (o, ) be a fuzzy graph on G*: (V, E), then the following graphs arrives.

2.1. Definition

The valency of is x defined as dg(x) = X.x = y u(xy), and if each vertex with same degree K, and if

dG (x) = K for every x and y then the graph is said to be a regular fuzzy graph of degree K [4].

2.2. Definition

If every pair of vertices is connected by an edge then the graph is a connected fuzzy graph [4].

3. Direct sum

Let G;: (01, 1), G2: (02, 12), G3: (03, W3), and Gg: (04, W4) denote four fuzzy graphs with underlying
crisp graphs Gt (V1, E»), Ga': (Va, E2) [7], G3™: (V3, E3) [3] and Gy4™: (V, E4) respectively.

Let ' =V OV 20V 30UV sand
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E= E1UE2U E3UE4
Define: G G,PG:;DG, = G: (o, 1) by

oc(x)=

u(E)=

G, (x)if xeV,
Gz(Xz) if xe V2

(53(.7C3) ifXEVg,

os(xy)ifxelV,
o1(X1) U6 (X)Uos(X3)Uos(Xy)
IfxelV UV 0V 30V 4
u; (E)) <min (c,) where 6, V',
s (E,) < min (o,) where 6, V',

w3 (E3) < min (o3) where ;€ V' 5

4 (E4) < min (c4) where o, V4

doi:10.1088/1742-6596/1850/1/012055

o
Therefore G;PG,PG;PG, = G: (o, W) is the direct sum of four fuzzy graphs [3].
3.1 Example:
X 3(0.7)
0.2
X1(0.6) 0.3 X2(0.5)
Ga X 1(0.4)
G2
X5(0.5) 11(0.6) 15(0.8)
- 58 0.6 04
X10.3) \}(07) \»1(05)
Gs
Gy
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GIEB GZGB G369 G4

X2(0.5) 0.3 X1(0.6) 0.4 X5(0.8)

0.2 0.3 0.2 0.6

X4(0.3) ¥3(0.7)
Direct sum of four fuzzy graphs

Fig (1)

4. THE DIRECT SUM OF FOUR FUZZY GRAPHS IN THE VALENCY OF NODES
4.1 Theorem: -

Find the valency of nodes in the direct sum of four fuzzy graphs in term of the valency of the node in
G, Gy, G3, and Gy is given by

/
Dgi (X),ifx€ V

D 61D 2P 63D s (X) = Dg, (X),ifx€ V »

Dgs (X),ifXE V ;5

D(34 (X), ifx € V 4
Dg1 (X) + Dgz (X) + Dgs (X) + Dgs (X),

IfXEVlﬂ Vzﬂ V3ﬂ V4and

Elﬂ Ezﬂ E3ﬂ E4: (I)
Proof:

In G;PG,PG;PG,, for any vertex we have two cases,
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Case (i):-

If xev,or xev,or x e vior x € v,then the edge incident at ‘x’ lies in E;NE,NE;NE,,

15} (xy) ifx e Vi, Xy (S El
(L1 DD ;D us)(E) = W (XY)ifx e vy XY€E,
W3 (xy) if xe Vi, Xye E;

He (X)) if X € vy XYEE,

Hence,

If x € v; then D1 6@ 63D a4 (x) = Ze1 p (E1) = Dgi (%)
If x € v, then D1 6@ 63D a4 (x) = Zpa 1 (E2) = D, (%)
If x € v3 then D612 63D 64 (X) = Zes p (E3) = Dgs (x)

If x € v4 then D@D P3P 64 (X) = Zea 1 (Es) = Daga (%)

Case (ii): -

If xe viNv,NvsNv,then there is no edge incident to x on E;NE,NE;NE, but it lies in E; or E;, or
E3 or E4_

Hence,
The valency of X in GG, PG;PG, is given by
D61@62@6:Da4 (X) = Zg (1D u.DBp;DSpa) (E)
=Zpi e (E) + 2o (Ep) + Zs o (Es) + Zpa p (Ea)

= Dg1 (X) + Dgz (X) + Dg3 (X) + Dgs (X)
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4.1. Example: -
G1 S
» 2(0.7)
106 03 11(0)
* 7] o.2
X 1(O0.4)
Gs
G
v4(0.8) N
Y5(0.5) Y1(0.6)
0.6 0.4
0.2 0.3
X,(0.7) ¥1(0.5) v3(0.3)
G1D Ga2D GsD Gy
y1(0.5) 03 X(0.6) 0.3 13(0.3)
0.2
(0.7) y2 ¥ 4(0.8) X5(0.5)

I'ig @)

Figure 2 Direct sums of four fuzzy graphs with valency of nodes

The valency of the node in G;® G,P G;P G, is as follows.
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Do s®ci(x1)=03+03+02+04=1.2
D 618 620 63® G4 (x2)= 0.6
Dgio 2@ a3@aa(x3) =0.2
Daiocoadacs()V1)=0.3
Daoaeaec()2)=02
Daocoaeci()3)=03+0.2=0.5
Dsioceoceai()Vs)=0.6+04=1
Now,
G, Gy, Gs and Gy.
Daocococ(xn=D G (x1) +D Gy (x1) +DG;3(x1)+D Gy (x))
=0.3+0.2+0.3+0.4
=1.2
Dsioa@adcs(x=D Gy (x,)=0.6
Daioc@dadasx» =D Gs(x3)=0.2
Dsiocecea(yn=DG(V1)=03

Dsioaececa (V=D Gy ()2)=02
Dsioaocea (V=D G3;()V3)=02+03=0.5

Daoaeococ(Voy=DGi(V4)=06+04=1

Hence the degree of nodes is verified by the direct sum of four fuzzy graphs.

5. REGULAR FUZZY GRAPHS ON FOUR DIRECT SUMS:
5.1 Theorem: -

If Gi: (01, 1), Ga: (02, 12), Gs: (03, 13) and Gy: (04, [Le) are regular fuzzy graphs with degrees k; ko ks
and ky respectively and VN V,N V3NV, # ¢ then G G,PD G:D G, : (o, ) is regular if and only if

ki=k,=ks=k4,

Proof:

Let,
Gi: (o1, W) be a k;- regular fuzzy graph

G;: (02, U2) be a k,- regular fuzzy graph
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Gj: (o3, 13) be a ks- regular fuzzy graph
Gy: (04, [Lg) be a ky- regular fuzzy graph
Let us consider G;P G,P G;D Gy: (o, p) is regular,
We know that,
[DGI (x), if Xe v,
D@ 2D 63D 6s (X)= | Dz (%), if XE v,

Dgs (x), if X€ v,

A

D4 (x), if XE v,

Eel(x)"‘DGz(x)"‘Dm (x)+ Dga (x),
If xe viNv,N v3Nv,and
ENENENEs- ¢
Since VNV, NViNV4£ ¢
Do e aeai(x)= (dGl(x):klaifxevl
dgx (x) =ky, if xX€EV,

dgs (x) =ks, if x€V;4

de“ (x)=ky, if xEV,

Since GiPG,PG;DGy: (o, p) is regular.

So, we conclude that k; =k, =k; =k,

Converse part:

Consider k; =k, =k; = ks =k (say)

Then k- regular fuzzy graphs be G,  G,, G3, G4 such that v N v,NV;NV4#
Then the valency of node in the direct sum is given by

D 618D 2B 0 a1 () = [ dr () =k if xE W,

< dex (x)=k,if xeVv,

dc,3 (X):k, ifXEV3

\d(‘,4()C):k, ifx€V4

Therefore, the degree of direct sum, of four fuzzy graphs is k.
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Hence GG, P G;DPGy: (o, p) is regular.
5.1. Example
Consider the four regular fuzzy graphs.
G1 Regulan) G2(Regular)
X1(0.5) 0.3 X5(0.4) X5(0.7) X6(0.5)
0.3 0.3 0.3 0.3
X5(0.6) 0.3 X 4(0.7) 1 0.3) ¥ 04)
Gs (Regular) Gy (Regular)
X1(0.8) 0.3 Xa(0.7) R S iy
03 03 0.3 0.3
¥503) 03 ¥6(0.6) ¥3(0-4) L Ral03)
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GiPDG2DGCsDGa
0.3

X(0.8) =« s X2(0.7)

’0,3 Xs(0.7) (0.3) X ((),Q/ \
» ad

X7(0.7) 0.3 Xg(0.6)

Yo &y @ ® 7
A4 3(0.6) X (0.7

0.3

Figure 3 Direct Sums of Regular Fuzzy Graphs
6. DIRECT SUM OF FOUR CONNECTED FUZZY GRAPHS

6.1 Theorem: -

If Gi: (01, 1), Ga: (02, M2), Gs3. (03, 13), Ga: (04, 14) are four connected fuzzy graphs with underlying
Crisp graphs G, : (o1, 1), G,": (62, o), G3 (o3, 13), Gy (o4, a) respectively such that
EINE;NEsNEy= ¢, viNV3#, vaNv,# ¢ then their direct sum GP G, PGP Gy: (o, 1) is
Connected Fuzzy Graphs.

Proof:

Let,

G;: (o1, 1) is a connected fuzzy graph, p;” (E;) >0

Gy: (02, W) is a connected fuzzy graph, p,” (E;) >0

Gs: (o3, W3) is a connected fuzzy graph, u;” (E;) >0

Gy: (04, 14) is a connected fuzzy graph, p,”° (E4) >0

Then, viNvsi#dand voNV4£d

At least one vertex in v N V3, one vertex in v,N vy, and no edges in E,NE,NE;NE,
Two vertices exist a path GG, P G;DGy: (o, p), that is p*° G;PG.PG;PG, (E) > 0.
Which implies that G, G, P G;PG;: (o, p) is connected.

6.1. Example

If Gi: (o1, 1), Ga: (62, W2), Gs: (03, 13), and Gy. (04, 14) are four connected fuzzy graphs.
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With N (viNv3) =1 and N (v,Nvy) = 1. Then G PG, P G;PGy: (o, p) is the connected fuzzy graph.

Solution:-

Consider the direct sum of four connected fuzzy graph.

G (connected)

X1(0.5) 0.3 X2(0.4)
0.3 0.3
X3(0.6) 0.3 X4€0.7)

G (connected)

X5(0.7) X6(0.5)
0.3 0.3
¥7(0.3) Y5(0.4)

Gs (connected)

X1(0.8) 0.3 X5(0.7)

=
W
o)
W

X6(0.6)

X5(0.4) 0.3

G4 (connected)

X5(0.7) 0.3 ¥5(0.6)

0.3 // 0.3

[#%)
P
iy
~
=
(%3]
~

10
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G1DG2DBG: DG
0.3

¥10.8) ¢ » $2(0.7)

¥5(0.7) (0.3) X (0.6)

0.3 0.3

Y3(0.6) ° Y4(0.7)

Figure 4 The Direct sums of four Connected Fuzzy Graphs

7. DIRECT SUM OF FOUR FUZZY GRAPHS - EFFECTIVE FUZZY GRAPHS

7.1 Theorem
If Gy, Gy, G3, and G, are four effective fuzzy graphs with x €v;N v,N v3N v4 and there is no edge

common in E;N E,N E;N E4. Such that 6, (x) >0, (y), 62(x) >02(y), 03(x) >03(y) and
04(x)>04() ) then GPG.PG;PG, is an Effective Fuzzy Graphs.

Proof: -

Assume that X, y be an edge G;DG,PG:PG,

Ifx,y€ viuv,uv;uvy

Thenx, y € viorx, y E v,orx, y € vyorX, ¥y € v;
Now consider xy €v, thenxy € E;

Therefore

6 (x)=01(x)

6 (Y)=o1())and

b (X,9) = (X.9)

Since G, is an Effective Fuzzy Graphs

w(xy)=o (X )Aroi())

pxy)=c(HAac())

11
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Consider x, y € V, thenx y € E,
Therefore,

6 (X) =0, (X)

6 ())=0y())and
p(x,V)=m(x,y)

G, is an effective fuzzy graph.
2 (Xy) =062(X) A 62(y)

pxy)=oc(x)aoc(y)

This proof is similar to other two.

1850(2021) 012055

doi:10.1088/1742-6596/1850/1/012055

7.1. Example
(3(0.3)
106) 107
05 ¢ ¢
11(0.7)
G (Effective) Gy (Effective)

12
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X s(0.5)
X1(0.7)
0.3 /\0.5
0.4 /
Xs(0.3) X1(0.5)

X 4(0.4)

Gs (Effective) Gy Effective)

X1(0.7) 0.5 16(0.5)
05 /04 0.6 -
1305)  Xy04)  ¥x0.6) ¥ 5(0.3)

Figure 5 The Direct sums of four Effective Fuzzy Graphs.
8. CONCLUSION

We conclude that, the valency of nodes for the direct sum of four fuzzy graphs is proposed by the
formulas and the Regular, Connected and Effective Fuzzy Graphs are verified with the characteristic
of the direct sum with an example. In future this work can be taken as next stages like the direct sum

of five, six etc., and this direct sum was applicable to the traffic light signals and the roadways.

REFERENCES
[1] Bhattacharya, “Some remarks on Fuzzy graphs”, pattern Recognition Letter 6 (1987), 297 - 302.

[2] Frank Hararay, “Graph Theory”, Narosa/ Addison Wesley, Indian student Edition, 1988.

[3] T. Henson and N. Devi “On Direct sum of Three Fuzzy Graphs”, International Journal of

13




ICMMCMSE 2020 IOP Publishing
Journal of Physics: Conference Series 1850 (2021) 012055  doi:10.1088/1742-6596/1850/1/012055

Mathematics and its Applications, 2018.

[4] J.N. Mordeson and C.S. Peng, “Operations on Fuzzy Graphs”, Information Sciences 79 (1994),
159 - 170.

[5] Nagoorgani .A and Radha .K, “Conjunction of Two Fuzzy Graphs”, International Review of Fuzzy
Mathematics, 2008, vol. 3, 95 - 105.

[6] Rosenfeld. A (1975) “Fuzzy Graphs”, In Zadeh, L.A., Fu. K.S., Tanoak Shimura,

M. (eds.), Fuzzy Sets and their Application to cognitive and Decision processes, Academic press,

New York, ISBN 9780127752600, PP 77 - 95.

[7] Dr .k. Radha, Mr .S. Arumugam, “On Direct Sum of Two Fuzzy Graphs”, International Journal of

Scientific and Research Publications, Volume 3, Issue 5, May 2013.

14



