Journal of Physics: Conference

Series
PAPER « OPEN ACCESS You may also like

. . . - On resolving domination humber o
On resolving perfect dominating number of comb fiendship aaph and s operaion

f . S Kurniawati, Slamin, Dafik et al.

p rOd u Ct O S peCI al g ra p h S - On locating independent domination
number of amalgamation graphs

. X . i . Dwi Agustin Retno Wardani, Dafik, Ika

To cite this article: M O Aziza et al 2021 J. Phys.: Conf. Ser. 1832 012019 Hesti Agustin et al.

- On resolving efficient domination number
of path and comb product of special graph
| Kusumawardani, Dafik, E Y Kurniawati et

View the article online for updates and enhancements. al

@ = DISCOVER

how sustainability

The : ' : intersects with
Electrochemical ¢ ]
Society

Advancing solid state &
electrochemical science & technology

This content was downloaded from IP address 3.12.162.179 on 06/05/2024 at 16:42


https://doi.org/10.1088/1742-6596/1832/1/012019
https://iopscience.iop.org/article/10.1088/1742-6596/1465/1/012019
https://iopscience.iop.org/article/10.1088/1742-6596/1465/1/012019
https://iopscience.iop.org/article/10.1088/1742-6596/943/1/012027
https://iopscience.iop.org/article/10.1088/1742-6596/943/1/012027
https://iopscience.iop.org/article/10.1088/1742-6596/2157/1/012012
https://iopscience.iop.org/article/10.1088/1742-6596/2157/1/012012
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjssjqpKgprWa_kHndqtINrLVWrfWmJOut0QobEzoDTA4LPxuI9aQTrb6vlAR-hSWEezfvSEFKZ9huTd92xSjHrFLpsz37vS7UQ-c8DOHwaH6mGp8Ru-BDB3zdE8JzlXl0-YoA4QdX7WjiWzcou7uju8V0EmsIEbI-rWa3uofQUWC3FTOcKbueqLQQqQHTXCuPjixzYwjMPCUwObr6FYNKCk9P2UlXTU3-hwN5woXYr5aliIVQieBM5LcfU8eBBpqlbxWpJzFjfBnUiA9HKxbPAB-eoN88hZfqYYvZR9CK9wSTNnDEwhp3rgBZOLRO10jtav-AsQHhpgg8w3z0NwYABX1Z1WbGQ&sig=Cg0ArKJSzBhz9yaKQ6x4&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://iopscience.iop.org/partner/ecs%3Futm_source%3DIOP%26utm_medium%3Ddigital%26utm_campaign%3DIOP_tia%26utm_id%3DIOP%2BTIA

ICOPAMBS 2020 IOP Publishing
Journal of Physics: Conference Series 1832 (2021) 012019 doi:10.1088/1742-6596/1832/1/012019

On resolving perfect dominating number of comb
product of special graphs

M O Aziza'?, Dafik'?, A I Kristiana!?, R Alfarisi’**, D A R Wardani!

'CGANT-University of Jember, Indonesia

?Department of Mathematics Education, University of Jember, Indonesia
3Departement of Mathematics, University of Jember, Indonesia
4Departement of Primary School, University of Jember, Indonesia

E-mail: 190220101012@students.unej.ac.id

Abstract. A set of vertices D C V(G) is the dominating set of graph G if every vertex on
graph G is dominated by dominators. The dominating set of D on graph G is a perfect if every
point of a graph G is dominated by exactly one vertex on D. For each vertex v € V(G), the
k-vector r(v|W) is called the metric code or location W, where W = {w1, w2, ..., wr} C V(G).
An ordered set W C V(G) is called the resolving set of graph G if each vertex u,v € V(G) has a
different point representation with respect to the W where r(u|W) # r(v|W). The ordered set
Wrp C V(G) is called the resolving perfect dominating set on graph G if W, is the resolving
set and perfect dominating set of graph G. The minimum cardinality of the resolving perfect
dominating set is called the resolving perfect dominating number which is denoted by v,,G. In
this study, we analyzed the resolving perfect dominating number of comb product operations
between two connected graphs, such as K,, > P2, K, > Ps, Btn> P», Bt, > Ps, and Bt, > Cs.
Keywords: Perfect dominating set, Resolving perfect dominating set, Resolving perfect
dominating number

1. Introduction

All graphs used in this paper are connected, simple, and undirected. A graph G is written with
G = (V, E) where V(G) is a set of vertex on graph G can be written with V(G) = {v1,va, ..., v, }
and E(G) is a set of edge on graph G can be written with E(G) = {e1, g, ...,e,} where E(G)
is the set which can be empty of unsorted pairs (vi,v2) of the vertex (vi,v2) € V(G). See [1,2]
for a more detailed graph definition.

Haynes introduced the concept of dominating number with the symbol v(G) [3]. A dominating
set on graph G is a set of vertices D C V(G) where each vertex is dominated exactly once by
the part of (D). A dominating set of D of a graph G is perfect if each vertex of G not in D
is adjacent to exactly one vertex of D [4]. A set of D, is called the perfect dominating set of
graph G, and the perfect dominating number is denoted by vp(G). On Biggs [5] paper, early
concept of the perfect d-dominating appears with the term perfect d-code to indicate the perfect
d-dominating set.

K-vector r(v|W) = ((d(v,wl),d(v,w2),...,d(v,wk)) is a metric representation of vertex v
with respect to W, where W = w1, ws,...., W) is ordered subset of vertices on connected graph
G [6]. An ordered set W C V(G) is called the resolving set of graph G if each vertex u,v € V(G)
has a different vertex representation with respect to W where r(u|W) # r(v|W). The metric
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dimension of the graph G is the minimum cardinality of the resolving set of graph G which is
denoted by dim(G). The ordered set W;, C V(G) is called the resolving perfect dominating set
on graph G if W, is the resolving set and perfect dominating set of graph G. The minimum
cardinality of the resolving perfect dominating set is called the resolving perfect dominating
number which is denoted by ~,,(G). The definition of the resolving perfect dominating set is
illustrated as follows:

a b C d e f g
O—e—O0O—10C—0—0O0

Figure 1. b,e, f is Perfect Dominating Set with ~,(G)
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Figure 2. Metric Dimension

(1,4,5) (1,23) (3,0,1) (5,3,1)
o0—e—0O0—0C—e e O

(0,3, 4) (2,1,2) (4,1,0)

Figure 3. Resolving Perfect Dominating Set with ~,.,(G)

Perfect dominating has been widely studied by many researchers, among them are Young
Soo Kwon, and Jaeun Lee [7], studied perfect domination sets in Cayley graphs, Marilynn and
Quentin [4] studied perfect dominating set, and Italo [8] studied perfect domination in regular
grid graphs. Then, some of the results of the metric dimensions can be checked on the paper
[6], [9], [10], [11], and resolving set has been studied widely by Brigham et. al.[14] studied on
resolving dominating in graph, Hayyu, et al.[13] studied resolving domination number of helm
graph and it’s operation, and Wangguway, et.al [19] studied on resolving domination number of
special family of graphs.

In this study, the graph used is a connected graph with the comb product graph operation.
Let graphs G and H are two connected graphs, where the comb product of G and H is denoted
by G H which is obtained from taking a copy of graph G as many vertex on graph H and then
attaching the copy of graph G to the vertices of graph H. The definition of the comb product
can be seen in Suhadi, et. al. [15]. In this paper, the completion of perfect dominance numbers
is examined in the comb product operation between two connected graphs such as K, > Ps,
K, > P;, Btn> P, Btn> Ps, and Bin > Cs.

2. Results

In this section we describe the resolving perfect dominating number ,,, of a connected graph
with the result of the comb product operation, and the set resolving sets can be seen in black
vertices. The following is the theorem about the perfect dominating set in this study.

Theorem 1. Let K,, > P, be a comb product graph order n > 3 vpp(K,, > Py) =n. K, > P be a
comb product graph order n > 3.



ICOPAMBS 2020 IOP Publishing
Journal of Physics: Conference Series 1832 (2021) 012019 doi:10.1088/1742-6596/1832/1/012019

Proof. Graph K, > P, be a comb product graph order n > 3, with a set of vertex
V(Kp> Pp) = {{zij;1 < i < n,j = 1,2}} , and a set of edge E(K, > P) = {{zjz;;1 <
i<n—1,i+1<j<n}U{zi1zi2;1 <i <n}}. The vertex cardinality of the graph K, > P» is
[V(K, > P,)| = 2n, and the edge cardinality of the graph K, > P, is |E(K, > Ps)| = (n? + n).
Let D(K,,> Po) = {x;1;1 <i <n}, then |D(K, > P,)| =n. A set of D is perfect dominating set
if each vertex V (K, > P,) N D dominates each vertex x; 1, or V (K, > P») — D is dominated by
each vertex x; 2, then we get |[N(V) N D| = 1. Then, a set of D is the perfect dominating set.

We show that D is a resolving set of graph K, > P, if each vertex v € V(K, > P,) has a
different vertex representation with respect to W where r(u|W) # r(v|W) is described below.

Table 1. Representation of vertex v € V(K,, > P,) respect to W
v r(v| W) Condition

zin (2...2,1,2..2) 1<i<n,n>3
i—1 n—i
2o (3..3,0,3..3) 1<i<nn>3

1—1 n—1i

Table 1 shows that v € V(K,, > P,) has a different vertex representation with respect to D,
because having different vertex representations, it can be accomplished that D is the resolving
perfect dominating set.

Additionally, we proved that the minimum cardinality of the resolving perfect dominating is
W. For example, v,,(Ky > Py) < n, take [W| =n — 1, so that

(i) W = {x;1;1 < i < n — 1} then, there is vertex that is not dominated by W, that is
zn1 € V(K, > P,), and z, 2 dominated twice by W, so D is not the perfect dominating set
of the graph K, > Ps.

(ii) If W = {z;2;1 < i <n — 1} then, there are vertices that are not dominated by W, among
others zp, 1,2y 2 € V(K,, > P»), so D is not the perfect dominating set of the graph K, > P;.

We can conclude that the minimum cardinality of the perfect dominating set on the graph

(Kp> Py with v, (K> Ps) = nis W. As an example, resolving perfect dominating set of K, > P,
can be seen in Figure 4 and the function can see in Table 1.

Figure 4. v,,(Ks> P2) =5

Theorem 2. Let K, > P3 be a comb product graph order n > 3 ~vpp(Kp > P3) = n.
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Proof. Graph K,,>P3 be a comb product graph order n > 3, where x; 1 as the sticking point
on graph K,, with a set of vertex V (K, > P3) = {{z; ;1 <i<n,j=1,2,3}}, and a set of edge
E(K,v> P3) = {{z1x1541;1 = 1,2} U{xi jzij+1;1 < i < n,j = 1,2}}. The vertex cardinality
of the graph K, > P53 is |V(K, > P3)| = 3n, and the edge cardinality of the graph K, > P5 is
|E(Kn>Ps3)| = 4(n?+3n). Let D(K, > P3) = {z;2;1 <i < n}, then |D(K, > P3)| = n. A set of
D is perfect dominating set if each vertex V (K, > P3) N D dominates each vertex z; 1, and z; 3,
or V(K> P3) — D is dominated by each vertex z; 2, then we get |[N(V) N D| = 1. Then, a set
of D is the perfect dominating set.

We show that D is a resolving set of graph K, > Ps if each vertex v € V(K, > P;) has a
different vertex representation with respect to W where r(u|W) # r(v|W) is described below.

Table 2. Representation of vertex v € V(K,, > P3) respect to W
v r(v| W) Condition

xi1 (2..2,1,2..2) 1<i<nmn>3
i—1 n—i

zi2 (3....3,0,3..3) 1<i<n,n>3
i—1 n—i

iz (4..4,1,4..4) 1<i<nn>3

i—1 n—1i

Table 2 shows that v € V(K,, > P3) has a different vertex representation with respect to D,
because having different vertex representations, it can be accomplished that D is the resolving
perfect dominating set.

Additionally, we proved that the minimum cardinality of the resolving perfect dominating is
W. For example 7, (K, > P3) < n, take |W| =n —1, so that

(i) W = {z;1;1 <i <n— 1} then, there are vertices that are not dominated by W, among
others xy, 2, 2,3 € V(K,, > P3), and z,1 € V(K, > P3) dominated twice by W, so D is not
the perfect dominating set of the graph K, > Ps.

(ii) If W = {z;2;1 < i <n — 1} then, there are vertices that are not dominated by W, among
others =, 1,zn2,2n3 € V(K, > P3), so D is not the perfect dominating set of the graph
Kn > P3.

(iii) If W = {x;3;1 <1i <n — 1} then, there are vertices that are not dominated by W, among
others z; 1,op 1, Zn 2, Tn3 € V(K> P3), so D is not the perfect dominating set of the graph
K,> P3.

We can conclude that the minimum cardinality of the perfect dominating set on the graph

K, > P3 with v, (K, > P3) = n is W. As an example resolving perfect dominating set of K, > Ps
can be seen in Figure 5 and the function can see in Table 2.
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Figure 5. v,,(K5> P3) =5

Theorem 3. Let Bt, > Py be a comb product graph order n > 2 ’yTp(Btn >P)=n+2.

Proof. Graph Bt, > P, be a comb product graph order n > 2, with a set of vertex
V(Bt, > Py) = {{zij;i = 1,2,5 = 1,2} U{wij;1 < i < n,j = 1,2}} , and a set of edge
E(Btn I>P2) = {{x,jixi,j—i-l;i = 1,2,j = 1}U{xi,1$i+1,1§i = 1}U{xi’1yj,1;i = 1,2,1 < ] S
n} U{¥ivij+1;1 < i <n,j=1}}. The vertex cardinality of the graph Bty > P is |V (Bt, > P)|
= 2n+4, and the edge cardinality of the graph Bt, > Py is |E(Bt, > P»)| = 3n+3. Let
D(Btn DPQ) = {{xi,l;i = 1,2} U{yi,l;l <1 < n}}, then ’D(Btn I>P2)| =n+2. A set of
D is perfect dominating set if each vertex V(Bt, > P,) N D dominates each vertex z; 2, and y; 2,
or V(Bt,>P,) — D is dominated by each vertex x; 1, y;1 and then we get |N(V)ND| = 1. Then,
a set of D is the perfect dominating set.

We show that D is a resolving set of graph Bt, > P, if each vertex v € V(Bt, > P») has a
different vertex representation with respect to W where r(u|W) # r(v|W) is described below.

Table 3. Representation of vertex v € V(Bt, > P») respect to W

v r(v| W) Condition
7 (L.oL0L..0)  i=12.n>2
~—— N——
i—1 n—i
i (2,...2,1,2....2) i=2.n>2
’ —— —~
i—1 n—1t
g1 (1,1,2,..,2,0,2,...,2) 1<i<nn>2
~—— N——
i—1 n—i

vz (2,2,3,...3,1,3,...,3) 1<i<nn>2
—— =

i—1 n—i

Table 3 shows that v € V(Bt, > P») has a different vertex representation with respect to D,
because having different vertex representations, it can be accomplished that D is the resolving
perfect dominating set.

Additionally, we proved that the minimum cardinality of the resolving perfect dominating is
W. For example ~,,(Bt, > P») < n, take |W|=n+ 1, so that

(1) TW ={{xi1;i=1,2} U{yi1;1 <@ < n—1}} then, there is vertex that is not dominated
by W, that is x,, 2 € V(Bt, > P,), and z,; dominated twice by W, so D is not the perfect
dominating set of the graph Bt, > Ps.
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(i) ¥ W = {{zi2;i = 1,2} U{wi2;1 < i < n+ 1}} then, there are vertices that are not
dominated by W, among others z, 1, xn 2 € V(Bt,>P2), so D is not the perfect dominating

set of the graph Bt, > P».
We can conclude that the minimum cardinality of the perfect dominating set on the graph

(Kp > Py with 7, (Bt, > Ps) =n+2is W. As an example, resolving perfect dominating set of
K, > P, can be seen in Figure 6 and the function can see in Table 3.

(1,2,2,2,2,2)<f X1, X2 T(u,z,z,z,z)

y 11 X1 (1,0,1,1,1,1)

Ya1
(1,1,0,2,2,2)| (1,1,2,0,2,2) (1,1,2,2,0,2) | (1,1,2,2,2,0)

Y12 Yoo Y Ya,
(2,2,1,3,3,3) (221333) (2233,1,3) (2,2333,1)

Figure 6. ~,,(Btys> P) =6

Theorem 4. Let Bt, > P3 be a comb product graph order n > 2, v, (Bt, > P3) =n + 2.

Proof. Graph Bt, > P3 be a comb product graph order n > 2, where z;1, and y;1 as
the sticking point on graph Bt,, with a set of vertex V(Bt, > P3) = {{z;;;i = 1,2,j =
1,2,3} Hyij;1 <i<n,j=123}} and a set of edge E(Bt, > P3) = {{z;jz;j+1;1 = 1,2, =
1, 2} U{xi71$i+1’1;i = 1} U{xijlyjyi,i = 1, 2, 1 S j < TL} U{yi,jyi,j-l-l}}' The vertex Cardinality of
the graph Bt, > P3 is |V(Bt, > P3)| = 3n+6, and the edge cardinality of the graph Bt, > Ps
is ’E(Btn ng)‘ = 4n + 5. Let D(Bt, > P3) = {{mi’g;’i = 1,2} U{ym,l <11 < n}}, then
|D(By, > P3)] = n+2. A set of D is perfect dominating set if each vertex V(Bin > P3) N D
dominates each vertex z;1,2;3,¥i1, and y; 3, or V(Bt, > P;) — D is dominated by each vertex
zig2, and {y; 2}, then we get [N (V)N D| = 1. Then, a set of D is the perfect dominating set.

Table 4. Representation of vertex v € V(Bt, > P3) respect to W

v r(v| W) Condition
i (2.1, 2..) i=1.2.n>2
SV S
i—1 n—it2
Ti1 (..-3,0, 3....) i=1,2,n>2
’ S
i—1  n—it2
Ti2 (....4,1, 4.... ) i:1,2,n22
: SSRGS
i—1 n—it2
v (2,2,3..3,1,3...) 1<i<nn>2
<= e
i—1 n—i
vii  (3,3,4.4,0,4..4) 1<i<n,n>2
i—1 n—i
iz (4,4,5..51,5..5) 1<i<nn>?2
i—1 n—i

We show that D is a resolving set of graph Bt, > Ps if each vertex v € V(Bt, > P3) has a
different vertex representation with respect to W where r(u|W) # r(v|W) is described below.
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Table 4 shows that v € V(K,, > P3) has a different vertex representation with respect to D,
because having different vertex representations, it can be accomplished that D is the resolving
perfect dominating set. The function can see in Table 4.

Additionally, we proved that the minimum cardinality of the resolving perfect dominating is
W. For example ~,,(Bt, > P3) < n, take |IW| =n+ 1, so that

(i) BW = {{zi1;9=1,2} U{yi1,1 < i < nll}} then, there are vertices that are not dominated
by W, among others y, 2, z,3 € V(Bt, > P3), and z,1 € V(Bt, > P3) dominated twice by
W, so D is not the perfect dominating set of the graph Bt, > Ps.

(i) ¥ W = {{zi2;i = 1,2} U{wi2;1 < i < n — 1}} then, there are vertices that are not
dominated by W, among others 1,z 2,2n3 € V(Bt, > P3), so D is not the perfect
dominating set of the graph Bt, > Ps.

(iti) W = {xi3;1 <i<n—1}Hyis:1 <i<n—1}} then, there are vertices that are not
dominated by W, among others z;1,Zn1,%n2, Tn 3, Tns € V(Bt, > Ps), so D is not the
perfect dominating set of the graph Bt,, > Pj.

We can conclude that the minimum cardinality of the perfect dominating set on the graph

Bty > P3 with ,,(Bt, > P3) =n+2is W. As an example, resolving perfect dominating set of
Bt,, > P3 can be seen in Figure 7.

(1,4,4,4,4,4)? X1z Xo3 O (4,144,44)

0,333,33)@ %12 X2, @ (3,0,3,333)

(2,1,2,2,2,2)

Ya3 Ys,zé Vs
(4,4,1555) (445155)  (4,4,55,.1,5) (4,4,5,5,5,1)

Figure 7. v,,(Bt,> P3) =5

Theorem 5. Let Bt, > C3 be a comb product graph order n > 2 ~vpp(Bty, > C3) =n+ 2.

Proof. Graph Bt, > C3 be a comb product graph order n > 2, with a set of vertex
V(Bt, > C3) = {{zi;i = 1,2 U{z1¢ = 1,2 U{oost = L2 U{ys 1 < @ < npU{wiyil
i < n,j = 1,2}} and a set of edge of E(Bt, > P3) = {{z;zit1;0 = 1} U{ziy;;7 = 1,2,1
< nfUmizst = 1,2 {eoxas, i = 1,2 H{wijzijisi = 1,25 = 1 U ywig;0 < i
n,j = 1,2} U{via1vi2;1 < @ < n}}. The vertex cardinality of the graph Bt, > C3 is
|V (Bt,,>C3)| = 3n+6, and the edge cardinality of the graph Bt, > Py is |E(Bt,>C3)| = 5n+7.
Let D(Bt, > C3) = {{zi1;1 = 1,2} U{wi1, 1 < i < n}}, then |D(B,>C3)| =n+2. Aset of D is
perfect dominating set if each vertex V(B;n>C3) N D dominates each vertex x;, x; 2, y;, and y; 2,
or V(Bt, > Cs) — D is dominated by each vertex x; 1, and {y; 2}, then we get |[N(V)ND| = 1.
Then, a set of D is the perfect dominating set.

Additionally, we proved that the minimum cardinality of the resolving perfect dominating is
W. For example 7,p(Bt,, > C3) < n, take |IW|=n+ 1, so that

VANRVANIVAN
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i) TW = {{zi1;i = 1,2} U{yi1,1 < i < n — 1}} then, there are vertices that are not
dominated by W, among others yn,yn1,Ty2 € V(Bt, > C3), so D is not the perfect
dominating set of the graph Bt, > Cl.

(ii) ¥ W = {{x;;1 = 1,2} U{yi; 1 <i < n—1}} then, there are vertices that are not dominated
by W, among others yy 1,22 € V(Bt, > P3), and x,, € V(Bt, > C3) dominated twice by
W, so D is not the perfect dominating set of the graph Bt, > Cs.

(iii) W = {{zi2;i = 1,2} U{wiz2,1 <i <n—1}} there are vertices that are not dominated by
W, among others y,, yn,1,Ty2 € V(Bt,>C3), so D is not the perfect dominating set of the
graph Bt, > Cs.

We show that D is a resolving set of graph Bt, > C3 if each vertex v € V(Bt, > C3) has a
different vertex representation with respect to W where r(u|W) # r(v|W) is described below.
Table 5 shows that v € V(K, > P3) has a different vertex representation with respect to D,
because having different vertex representations, it can be accomplished that D is the resolving
perfect dominating set. The function can see in Table 5.

Table 5. Representation of vertex v € V(Bt,, > C3) respect to W

v r(v| W) Condition
5 (2L 2,)  i=L2Zn>2
i—1 n—i+2
X1 (\/_?3707 3\/) Z:1727n22
i—1 n—i+2
T2 (\E)la 3\/) /L:1327n22

yi  (2,23..3,1,3....) 1<i<nmn>2

Lo
i—1 n—i
vii  (3,3,4.4,0,4.4) 1<i<n,n>2
i—1 n—i
i < < >
Yi,2 (3,3,4‘ 4,1,4 4) 1<i1<n,n>2

1—1 n—i

We can conclude that the minimum cardinality of the perfect dominating set on the graph
Bty > C3 with v, (Bt, > C3) =n+ 2 is W. As an example, resolving perfect dominating set of
Bt,, > P3 can be seen in Figure 8, and the function can see in Table 5.

X1 Xy,

XZ,l 2,2
03,3,33,3)(1,33333) (303333)(3,13333)

12,2222 %1 X, H2,1,2,2,2,2)

Yl,l 1,2 2,1 2,2 31 YS,Z VA 1 Y4,Z
(33,0,44,4) 33,144,4)  (334044)(334144)  (334404) 334414) (334440 (334,44,1)

Figure 8. ~,,(Bty4>C3) =6

3. Conclusion
The resolving perfect dominating number was analyzed in this study, based on the research
obtained K, > P» with n > 3, K,, > P3 with n > 3, B(2,n) > P, with n > 2, B(2,n) > P;
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with n > 2, Bt, > C3 with n > 2, and Bt, > B(2,2). Base on research v,,(K, > P) = n,
Yrp(EKn > P3) = n, Ypp(Btp > Py) = n+ 2, 4pp(Bty > Py) = n+ 2, and 7, (Bt, > C3) =n + 2.

Open Problem
Find the resolving perfect dominating number for other graph operations.
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