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Abstract. A learning trajectory (LT) for teaching the least common multiple (LCM) and the
greatest common factor (GCF) using realistic mathematics education (RME) approach was
developed to improve the students’ mathematical reasoning abilities. The cycle of design
research namely preparing for the experiment, conducting the experiment, and retrospective
analysis were applied in the development processes. The subjects of the research were 26 fifth
grade students at a primary school in Padang, Indonesia. The method of data collection were
videotaping, interviews, observations, and analysing the students' worksheets. The validity and
practicality of the LT were evaluated trough expert judgements, one-to-one and small group try
out, and field test. The results show that the LT reached the criteria of validity as it fulfilled the
state of the art and characteristics of RME. The LT also worked as intended in which the students
could reinvent the concepts of the LCM and the GCF by themselves after solving a series of the
contextual problems provided in the LT. It indicated that the LT satisfied the criteria of
practicality. Finally, we discovered that the LT effective in improving the reasoning abilities of
the students.

1. Introduction

People use mathematics to solve problem in daily life [1]. For example, we used mathematics (numbers)
in trading (buying and selling), measuring land area, assigning house numbers, the license plate of cars,
or telephone numbers. In computer science there were computer programs that used basic mathematical
concepts to solve problems of daily life [2]. In contrast to this, it turned out that the pupils in Indonesia
tended to have difficulty in applying mathematics in everyday life. According to [3,4], most of the
students had difficulty applying mathematics to real life situations.

One of the topics that must be studied by elementary school students in Indonesia is the least common
multiple (LCM) and the greatest common factor (GCF). As like as mathematics in general, students had
difficulty learning LCM and GCF. LCM and GCF tended to use one method, namely the concept of
factor trees (prime factorization) and tables, while the emergence of this concept was not reviewed so
that the method for determining the LCM and GCF only followed the usual methods available in
textbooks [S]. [6] stated the completion of LCM and GCF topics was still very procedural, namely by
using a factor tree or prime factorization. Difficulties in studying the LCM and GCF were also found by
Turkish instructors. [ 7] revealed that the LCM or GCF were the topics of mathematical studies that were
difficult for students to understand in Turkey.

One of the tendencies that caused students that failed in mathematics the subjects was that students
lacked understanding and used good reasoning in solving given problems. [8] founded the mathematics
was a potential excellent vehicle to develop and improve the intellectual competence of a person in
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spatial visualization, analysis, abstract thinking, and logical reasoning. [9] stated that the learning
methods used by teachers has not varied. Meanwhile, teachers did not want to move away from
conventional methods, and students tended not to like math lessons [10].

The tendency of teachers to teach mathematics mechanically in Indonesia has caused many problems
when the students learning mathematics. First, the lack of interest and motivation of students towards
mathematics [13,15,16]. Second, TIMSS study revealed that Indonesian students are still weak in the
aspect of reasoning and problem solving [17]. The same condition was also found in the PISA studies
which conquered that Indonesia's ranking was always at the bottom part (10%), and very few of
Indonesian students that reached the two highest levels (levels 5 and 6) [13,18-20].

Observing the problems of learning mathematics as described above, schools should be the main
actors in determining solutions to learning problems. Because according to [21] school meant a place to
learn to use the mind well, think creatively facing important issues, and instill habits for thinking. The
research team argued that RME approach has the potential to overcome these problems. RME approach,
known in Indonesia as Indonesian Realistic Mathematics Education (PMRI) that aimed at changing the
way mathematics is taught in the classrooms so that the students could solve math problems, develop
mathematical knowledge and skills and enjoy learning mathematics [22]. [23] said that if we have a
purpose that the students will discover mathematics through the activities of doing mathematics, then
the teachers need to adjust to student reasoning and facilitate them to build mathematical concepts using
their own ideas. For this purpose, the teacher needs to design a learning trajectory.

Gravemeijer defined a learning trajectory as a sequence of mathematical activities or tasks that could
facilitate the growth of students' understanding of specific learning goals [24]. Learning trajectory was
very helpful to bridge the work of researchers and practitioners [25]. Learning trajectory could be a
vehicle for teachers to redesign their teaching plan. It also allowed the teachers to have a good
understanding about the general vision of the class, when preparing mathematics lessons [26-27]. The
previous studies revealed that the LT effective in helping the teachers to teach mathematics, not only in
primary and secondary education [11,15,28], but also for teaching certain mathematics topics in
universities [12,29-30]. The results of the studies indicated that LT was very useful to help the students
to build understanding on mathematics concepts. The principles of RME for instructional design;
didactic phenomenology, guided reinvention, and self-developed model [see 31-33] were used to design
the LT for teaching LCM and GCM. When implementing the LT, we referred to some RME’s
characteristics [see 34-37]. Through this research we searched for the characteristics of a valid and
practical RME-based LT for teaching LCM and GCF that effective to improve students' the reasoning
of the students.

2. Method

Design research proposed by Gravemeijer & Cobb [23] was used as the research method. This design
research aimed to develop a hypothetical learning trajectory (HLT) into the LT [38]. In this case, design
research aimed to formulate, identify, and develop learning sequences that would facilitate the students’
learning and thinking processes. The result of research was not design that works but the underlying
principles explaining how and why this design works [39]. There were three stages in designing the
HLT, namely preparing for the experiment, classroom experiment, and retrospective analysis. In the
first stage, students’ learning activities was developed in form of a HLT that was dynamic and could
adapted to students' thinking strategies that occur during the classroom experiment. To develop HLT,
various literatures related to LCM and GCF were studied. Then, the HLT was validated by three experts
in mathematics education and RME. Furthermore, in the classroom experiment stage, the HLT was
implemented by conducting one-to-one and small group try out. The focus in try out was to investigate
the strategies, the thinking process and reasoning used by students when exploring the concepts of LCM
and GCF. After small group try out, the HLT was implemented in a field test to the students at grade V
in a primary school in Padang, Indonesia. Finally, collected data ware analyzed descriptively and the
results were used as the basis for reflection and improvement conducted in the retrospective analysis
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stage. Several data collection techniques were applied during three stages of design research, such as
observations, interviews, videotaping, and analyzing the students’ works.

3. Results and Discussions

Based on the literature reviews, we designed the HLT for teaching LCM and GCF. The HLT consisted
of a series of activities that would give the experiences to the students to do mathematics from the
informal stage to the formal stage. HLT implemented in class that used lesson plan and student work
sheet. Three experts in RME and mathematics education validated the HLT, lesson plan, and student’s
worksheet. The things that validated include the aspect of content and the aspects of language,
appearance, and graphics. After being revised in accordance with the validator's suggestion, then the
product gave back to the validator to be assessed until all the products developed in valid category. The
results of expert validation for the lesson plan revealed that the HLT reached the criteria of validity, as
can be seen in Table 1.

Table 1. The Validity of HLT

No. Aspect Mean of Validity Category

1. Content 97,50 Valid

2. Language 90,00 Valid
All aspect 93,75 Valid

Table 2 below presents the general description of the validation results for students’ worksheets.

Table 2. The Validity of STS

No. Aspect Mean of Validity Category
1. Didactical 90,00 Valid
2. Content 80,00 Valid
3. Language 93,33 Valid
4, Graphical 95,00 Valid
All aspect 89,58 Valid

In the HLT, the concept of LCM was reinvented by using the context of “swimming together”. Using
this contextual problems, the students could reinvent the concept of LCM (see Figure 1)
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Figure 1a. The Students Explored the Concept of LCM
as a first common multiple number in series
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Figure 1b. The Students’ strategy in Figure 1c. The Students explored the
reinventing the concept of LCM using tree LCM using common prime factor in table
factors.

Figure 1a showed the students reinvent the concept of LCM that explored the multiple number.
Student founded LCM as a first common multiple number in series. Figure 1b showed that students
could reinvent to observe the results above, it turned out to determine the LCM of two numbers done by
multiplying all the different factors. If there are the same factors, then the highest rank is taken. And the
figure 1c students explored the LCM with the division table, students founded the LCM by multiplying
all the factors that could divided the three numbers.

The concept of GCF using the context “How do fair share of drink? The students’ strategy in
reinventing the concept of GCF can be seen in Figure 2.
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Figure 2a. The Students Explored the Figure 2b. The Students reinvent concept
Concept GCF using tree factor of GCF with table

From Figure 2a students found the concept of GCF using the alliance factor if a factor tree was the
number contained in both of them and the number that is taken is the smallest rank. In figure 2b Students
could found that GCF was a number that could divided the three numbers.

Some examples of the students’ works presented before indicated that the LT for teaching LCM and
GCF worked as intended. The students could reinvent the concepts by themselves. They also used their
own ideas (students’ free production) in reinventing mathematical concepts. These findings strengthen
the results from previous researches which showed that RME and the LT help the students to learn
mathematics in a meaningful way [see 40,41]. Based on the analysis of the students’ works (on the
worksheets and final test) we also found the improvement of the students’ reasoning. This finding is in
line with the results from [8, 42-44] which mentioned that RME and the LT could stimulate the students’
ability in reasoning.
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4. Conclusion

The results showed that the LT developed in this research satisfied the criteria of validity, with the
characteristics: 1) it reflect the state of the art, design principles, and characteristics of RME, 2) the
activities of solving contextual problems in the LT were well sequenced and could stimulate to reinvent
the concepts in LCM and GCF; the activities were well sequenced, 3) the components in the LT are
consistent between one and another. The LT reached the criteria of practicality as it worked as intended
during the implementation. Finally, the RME-based learning trajectory gives positive impact on the
students’ mathematical reasoning ability.

Note: this research was funded by DRPM, the Ministry of Research, Technology and Higher Education,
Republic of Indonesia in year 2019
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