
Journal of Physics: Conference
Series

     

PAPER • OPEN ACCESS

Mathematical modelling of the process of internal
technological stress fields development in
cylindrical solids being layer-by-layer made of
ageing viscoelastic materials
To cite this article: D A Parshin 2020 J. Phys.: Conf. Ser. 1479 012145

 

View the article online for updates and enhancements.

You may also like
A simple model of additive process
mechanics for controlling the evolution of
stresses in filament-wound cylindrical
composites during the manufacturing
process
D A Parshin

-

Influence of in-situ process parameters,
post heat treatment effects on
microstructure and defects of additively
manufactured maraging steel by laser
powder bed fusion—A comprehensive
review
Raghuraman V and Sampath Kumar T

-

Fracture and adhesion of soft materials: a
review
Costantino Creton and Matteo Ciccotti

-

This content was downloaded from IP address 18.116.8.110 on 05/05/2024 at 14:14

https://doi.org/10.1088/1742-6596/1479/1/012145
https://iopscience.iop.org/article/10.1088/1757-899X/1129/1/012009
https://iopscience.iop.org/article/10.1088/1757-899X/1129/1/012009
https://iopscience.iop.org/article/10.1088/1757-899X/1129/1/012009
https://iopscience.iop.org/article/10.1088/1757-899X/1129/1/012009
https://iopscience.iop.org/article/10.1088/1757-899X/1129/1/012009
https://iopscience.iop.org/article/10.1088/1402-4896/ad3681
https://iopscience.iop.org/article/10.1088/1402-4896/ad3681
https://iopscience.iop.org/article/10.1088/1402-4896/ad3681
https://iopscience.iop.org/article/10.1088/1402-4896/ad3681
https://iopscience.iop.org/article/10.1088/1402-4896/ad3681
https://iopscience.iop.org/article/10.1088/1402-4896/ad3681
https://iopscience.iop.org/article/10.1088/0034-4885/79/4/046601
https://iopscience.iop.org/article/10.1088/0034-4885/79/4/046601
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjssYVXvR99jBHh6DdOFfwlQtz6k_cd4-5K9ukIe6ktCoKMsCdfxqVS_DKj5gQdcAeYIXmjBOrUt5P_pJKVxeGYFaqkDHOkMthHdgt7L1EhRDtv__RwiLIL2iHNGormGR4PLXMo-xM_wjsfZXvH-L0JnCfNlr2cLToIGvUZcvhTrkMIy8iU-yayIrytQ3DLOV_Ekdn6LwxLTjHATaBSSdtsRFiDttJiXtwlW7UUqNhyvZJ_GN82jZIH39U-136UsuF6ljaAxTVpMJ9FcJU6_mtER_anzXKrb0O1Gy-EUHW9NeIEU7IfpJeF4mEroiYyb3eX2uBotPyJjSzBENlXD3yQfojGLr9w&sig=Cg0ArKJSzI6J_2dg5xwH&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://iopscience.iop.org/partner/ecs%3Futm_source%3DIOP%26utm_medium%3Ddigital%26utm_campaign%3DIOP_tia%26utm_id%3DIOP%2BTIA


Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.

Published under licence by IOP Publishing Ltd

Applied Mathematics, Computational Science and Mechanics: Current Problems

IOP Conf. Series: Journal of Physics: Conf. Series 1479 (2020) 012145

IOP Publishing

doi:10.1088/1742-6596/1479/1/012145

1

 

 

 

 

 

 

Mathematical modelling of the process 

of internal technological stress fields development 

in cylindrical solids being layer-by-layer made of 

ageing viscoelastic materials 

D A Parshin
1,2

 

1 
Laboratory of Modelling in Solid Mechanics, Ishlinsky Institute for Problems in 

Mechanics of the Russian Academy of Sciences (IPMech RAS), Vernadskogo Ave. 

101 Bldg 1, Moscow 119526, Russia 
2 
Department of Applied Mathematics, Bauman Moscow State Technical University 

(BMSTU), 2
nd

 Baumanskaya Str. 5 Bldg 1, Moscow 105005, Russia 

 

E-mail: parshin@ipmnet.ru 

Abstract. With the help of current approaches in mechanics of additively manufactured 

deformable solids, a non-classical mathematical model is developed to predict the stress-strain 

state of layers being gradually formed on a rotating substrate in an arbitrary number of 

continuous stages of ageing viscoelastic material application. On the basis of numerous 

calculations performed, the qualitative and quantitative features of the internal technological 

stresses distributions in the finished cylindrical product for different variants of its release from 

the mechanical loading and the kinematic bonds acting during the manufacturing process are 

analyzed in detail. Previously unknown mechanical effects are found. The appropriate 

recommendations of a practical nature are given. 

1.  Introduction 

Additive manufacturing processes accompanied with increase of solids in size by means of adding 

new material layers to their surface are characterized by the fact that the solids do not exist in their 

final configurations before the start of deforming, versus classical solid mechanics, as all additively 

manufactured solids keep being formed in course of the deformation. External mechanical loads arise 

due to specific features of an additive process. One can observe, inter alia, that bulk forces often act as 

mechanical loads in different additive processes. In particular, those include the forces of inertia of the 

motion of the being formed solid as a rigid whole. Thus, the centrifugal forces of inertia can not be 

ignored in the analysis of centrifugal material application technologies used for manufacturing or 

strengthening various axisymmetric products, as well as for applying layers of coatings onto such 

products. The presented research is devoted to the modeling of such technologies from the point of 

view of mechanics of deformable solids. It is clear that the loads acting on any additive manufactured 

solid will cause appearance and further development of stress fields throughout this solid. The 

corresponding technological stresses can, on the one hand, cause significant geometry distortions of 

the formed product or even its destruction (perhaps, already in the manufacturing process!) and, on the 

other hand, compensate the influence of various negative influences on the product during its further 
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expluatation. So, knowledge of the correct stress distributions in the mentioned products is essential 

for investigation of problems on assessing strength, stiffness, stability, bearing capacity and durability 

of these products in different conditions of their loading and contact interaction [1–7]. A detailed 

understanding of the mechanisms of these distributions formation in a particular technological process 

can be, evidently, achieved only by mathematical modelling the additive manufacture processes in 

question from the standpoint of mechanics. Moreover, merely mathematical modeling provides an 

opportunity not only to predict these distributions, but also to effectively control them by suitable 

varying certain technological parameters in the course the process. 

The present work is devoted to the study of mechanical problems associated with the gradual 

centrifugal application on the inner surface of the axisymmetric cylindrical substrate of a layer of 

ageing viscoelastic material uniform in thickness. The angular velocity ω  of rotation of the substrate 

around its axis in the simulated additive process can change arbitrarily over the time t . It is however 

considered that the derivative of the given function )(tω  has not too high values, that is 

 )(
)( 2 t

dt

td
ω<<

ω
. (1) 

This corresponds to a fairly slow variation in the speed of rotation of the substrate during the 

application of the material onto it. Specified condition (1) on the angular velocity rate imposed in the 

considered problem allows to neglect tangential forces of inertia of rotation of the formed layer of 

material together with a substrate in comparison with the corresponding centrifugal forces. It is also 

assumed that the instantaneous interaction of the applied additional material with the surface of the 

already formed layer is carried out in such a way that the potentially possible dynamic effects of this 

interaction are not significant. Therefore, it is possible to neglect the forces of inertia of the 

deformation of the formed layer in comparison with the centrifugal forces of inertia of its rotation 

together with the substrate and to consider the corresponding problem of mechanics in a quasi-static 

formulation. 

In the considered process of multilayer applying the additional material onto a rotating substrate, 

the thickness of each additional elementary layer formed on the surface of a growing axisymmetric 

solid in one revolution around its axis is considered to be very small compared to the radius of this 

layer. This, firstly, means that the rate of inflow of additional material to the formed solid in the 

circumferential direction is much higher than the rate of its inflow in the radial direction, which makes 

it possible to simulate the process of centrifugal application of the material by axisymmetric additive 

process of replenishment of the formed solid with a new material simultaneously over the whole inner 

side surface. Secondly, this assumption makes it possible to simulate this process as a continuous one, 

in which an infinitely thin layer of additional material is attached to the formed solid each infinitesimal 

period of time. Thus, the variable inner radius )(ta  of the formed layer will be a continuous function 

of time t . The outer radius 0a  of the formed layer throughout the process coincides with the radius of 

the working surface of the substrate used. Neglecting the flexibility of the latter in comparison with 

the flexibility of the layer formed on it, we consider the outer radius of the layer unchanged in time, 

i.e. const0 =a . 

It should be noted that the assumption of constancy of the formed layer outer radius is not essential 

in the model proposed in this paper. On the one hand, this assumption is adopted to simplify the 

analysis of all the relations obtained. On the other hand, the absence, in the used model, of the 

deformation response of the substrate to the pressure exerted on it by the applied material seeking to 

expand under the action of centrifugal forces allows us to give a refined demonstration of the 

mechanical effects that occur when the layer-by-layer formation of the solid with the simultaneous 

action of the field of bulk forces on it (in our problem, this is the forces of inertia of the rotational 

motion) regardless of the influence of deformation processes occurring in that part of the solid in 

question which existed before the organization of the influx of additional material to it. This must be 

considered as a very significant special case of deforming an additively manufactured solid, because 
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of the fact that if a layer of additional material is attached to the surface of any solid that is already in 

the process of deformation under the influence of any external impacts, then the joined layer will be 

inevitably also involved in the deformation process. 

The objectives of the present study are: 

– to build a mechanical model of the above described additive process of manufacturing a layer 

on a cylindrical substrate by centrifugal method, under the assumption of complex rheological 

properties of the material used; 

– to predict the evolution of the stress-strain state of the being formed layer under the action of 

centrifugal forces of inertia of its rotational motion together with the substrate; 

– to identify quantitative and qualitative characteristics of this evolution and to explain the 

mechanical effects observed in the simulated process; 

– to formulate practical recommendations that should be taken into account in the design and 

organization of additive processes of centrifugal material application. 

2.  Material and methods 

As it is known (see, e.g., [8–11]), various enineering materials (for instance, polymers, concretes) 

exhibit pronounced rheological properties. The deformation response of such materials to loads 

applied to them has an deformation aftereffect. In addition, the mechanical characteristics of such 

materials, as a rule, change significantly with the material age, regardless of actual stresses. The last 

effect, called ageing, is manifested in a decrease in the material compliance with time, that is, in the 

weakening of its deformation response, both instantaneous and developing over time. 

This paper uses a model of the mechanical behavior of an ageing viscoelastic material described in 

the framework of the linear hereditary theory of viscoelasticity of ageing isotropic media [9]. The 

relationship between the stress tensor T  and the small strain tensor E  for such a medium has the 

following form: 

 ][2 10
E1ET IQ φ+=τ  (2) 

where 1  is the rank 2 unit tensor, 1I  is the linear invariant of a tensor of the rank 2, 

 1)21( 1 −ν−=φ −  

is the material constant related with the Poisson’s ratio ν  which corresponds both to instantaneous 

elastic strain and to creep strain developing with time. Relationship (2) contains the following Volterra 

integral operator over time: 

 ∫
τ

τ ττ
τ
τϕ

−
ϕ

=ϕ
t

dtK
GtG

t
tQ

0

0
),(

)(

)(

)(

)(
)(  (3) 

where )(tG  is the elastic shear modulus of the material at the age t , and ),( τtK  is the creep kernel. 

The latter can be expressed through various characteristics of the material which describe its behavior 

in different elementary stress state. For example, using the characteristics for pure shear we have 

 
τ∂

τ∆∂
τ=τ

),(
)(),( shear t

GtK  

where the function ),(shear τ∆ t  is usually referred to as the function of specific strain in pure shear. It is 

given by the expression 

 ),(
)(

1
),( shearshear τ+

τ
=τ∆ tc

G
t  (4) 

and describes the development over time t  of the shear strain caused by the stress state of the pure 
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shear applied to a specimen at a time moment τ  and remaining not changed further, divided by the 

acting shear stress magnitude. The function ),(shear τtс  is called the creep measure in pure shear. For 

this function it is valid the identity 

 0),(shear ≡ττс . 

Note that the time t  is counted in (3) from the instant of origination of the material as a solid structure. 

The time parameter 0τ  of operator (3) has a sense of the time of occurrence of the non-trivial stress 

state in the neighbourhood of the given point of the solid. 

The structure and the characteristic features of a creep curve described with expression (4) is 

shown schematically in figure 1. One can find typical experimental creep curves representing the 

development over time of specific strain of specimens made of materials with the above mentioned 

deformation properties, for different ages at which the shearing load was applied to them, in figure 2. 

 

 

Figure 1. Structure and characteristic features of considered creep curves. 

 

 

Figure 2. Typical experimental creep curves of the used material for different material ages. 
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The mechanical analysis of additive processes has to take into account external loads actual in the 

simulated technological process, including those acting on the additional material, simultaneously with 

mechanical peculiarities of gradual attaching the material to the solid surface. Such account cannot be 

correctly carried out within the framework of classical solid mechanics, even if the traditional 

equations and boundary conditions are formulated for a time variable spatial domain. This is due to 

absence of any unstressed configuration for the entire additive-manufactured solid. 

Thus, the problems on mechanical modeling for additive-manufactured solids constitute a special 

class of problems in solid mechanics and possess a number of non-classical features. Approaches to 

statement and solution of such problems are being successfully developed nowadays by Russian 

scientific school in mechanics of additive processes founded by Professor A.V. Manzhirov (see, e.g., 

works [12–18]). According to these approaches, statements of initial boundary value mechanical 

problems at all stages of continuous application of the additional material, in the pauses between these 

stages and after the final termination of the additive process are non-classical in solid mechanics. They 

are formulated in the present study in terms of the rates of change of the stress-strain state 

characteristics of the being formed solid in the variable in time region occupied by this solid at the 

current time instant. The set initial and boundary conditions take into account the kinematic and force 

specifics of the interaction of the additionally attached material with the already formed part of the 

solid over the entire instantaneous surface of its growth. 

A significant mathematical difficulty in solving the initial boundary value problems stated is the 

dependence of the moment of the beginning of stresses development in the material on the point of the 

formed solid due to the non-simultaneous inclusion of various material elements in the process of 

deformation. The mathematical apparatus developed in the framework of the established by Professor 

A.V. Manzhirov Russian scientific school allows to overcome the announced difficulty. According to 

this apparatus, the procedure of solving the stated non-classical problems can be reduced to solving a 

series of boundary problems having a mathematical form of classical problems of solid mechanics, 

followed by the treatment of certain integral equations in time for each point of the finally formed 

solid. In the presented work, the solutions of the corresponding classical problems are constructed 

analytically in a closed form containing quadratures depending in a complex way on different 

parameters of the simulated additive process and on rheological properties of the material used for 

manufacturing. Calculation of these quadratures and further inversion of integral equations are carried 

out by numerical methods. 

Let us discuss the basic mechanical features of the in the present study considered additive process. 

Since in the simulated processes the deformable solid does not exist in its final composition before 

the application of loads but is replenished with new material elements already in the course of 

deformation caused by their action, the moment 0τ  of appearance of stresses at the points of such a 

solid will change from point to point, so will not be a constant. 

Thus, the lower limit of integration in (3) in the simulated processes should be set by some function 

)(00 rτ=τ  of the radius-vector r  of the solid points. The specific type of this function will be 

determined by the program of solid formation implemented in the concrete additive process. In our 

case, due to the axial symmetry of the additive process, it is obvious that )()( 00 ρτ=τ r  where ρ  is the 

distance from the given point r  of the material layer being manufactured on the substrate to the axis 

of symmetry being simultaneously its rotation axis. So, the function )(0 ρτ  for 0fin aa <ρ< , where 

fina  is the final (achieved by the end of the manufacturing process) value of the layer inner radius, 

should be determined from the condition ρ≡ρτ ))(( 0a  which means that non-zero stresses in the 

neighbourhood of the considered point of the formed material layer arise directly at the time of 

inclusion of this point in its composition. If the simulated additive process starts at a time instant 

00 >= tt  than we have 00 )( t>ρτ  for all 0)( ata <ρ< , and 00 )( t→ρτ  as 00 −→ρ a . 
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Elements of additional material attached to the solid in question in the process of its gradual 

formation may by virtue of certain mechanical, physical or chemical features of this process acquire at 

the time of joining some non-trivial stress state. Taking into account the initial stresses in the elements 

of any solid formed in the additive process should be part and parcel of the formulation of correct 

boundary conditions on that part of its surface to which the new material flows. This part of the 

boundary surface of an additively formed solid is usually called the surface of its growth. In this paper 

we consider the case when by applying additional material onto the surface of the growth of the 

produced layer, i.e. its inner surface )(ta=ρ , this surface does not experience the action of any 

external loads. In other words, the initial stresses at the points of the formed layer, set at these points at 

the time when the growth surface passes through them, are consistent with the zero load on this 

surface: 

 0Te =⋅
ρτ=ρ )(0t

 

where )(ree ρρ =  is the unit vector that specifies the radial direction in the cross-sectional plane of the 

cylindrical layer being produced. One can explicitly define the vector field ρe  as 

 
ρ∂
∂

ρ∂
∂

=ρ
rr

e . 

The problem of deformation of the produced cylindrical layer is solved in the presented study in the 

approximation of plane strain state. The case of small strain is considered. In view of the latter 

circumstance, it does not make sense to take into account the deformation component in the time-

dependence of the formed layer internal radius a  which is decreasing in time due to the influx of 

additional material to the layer. So this dependence can be considered as given by virtue of the 

implemented program of material application. Thus, the function )(ta  is a known function, strictly 

decreasing at those time intervals in which the application of the material is carried out, and constant 

at those time intervals, in which the inflow of additional material to the formed layer is temporarily or 

permanently terminated, that is, in pauses between the individual stages of continuous application of 

the material and after the final completion of the layer additive formation. 

In the context of the problem under study in this paper, it is necessary to pay attention to the 

following circumstances. If we were talking about the additive formation of a purely elastic solid, the 

rate of change of its stress-strain state at each point would be determined only by the instantaneous 

characteristics of the processes of its loading and replenishment with new material, and after the 

termination of the formation, fixation or removal of loads and kinematic bonds, the state of the solid 

would no longer change. The situation is different in the case of using the material which is 

viscoelastic and ageing in their mechanical properties. Here, the nature of the development of the 

stress-strain state of the whole formed solid at each time instant depends on the full history of the 

formation and loading of the solid, that is, on the duration of staying of the various material elements 

in its composition, on the age of their entry into this composition, and on the laws of change of the 

loads applied to the solid in all previous moments of time. Along with this, in the pauses between the 

stages of continuous inflow of new material to the solid, as well as after the completion of the solid 

manufacturing, its stress-strain state will continue to change over time, striving for some final 

characteristics. 

3.  Results and discussion 

Additive processes in which solids are formed from materials exhibiting pronounced rheological 

properties (strain aftereffect, ageing) are very difficult to model. This is explained by the continuous 

interaction of the deformation reaction of the formed solid to the loads acting on it, on the one hand, 

with the arising redistribution of stresses throughout the solid due to its replenishment with new 

material elements, on the other hand. Despite this, the study of such additive processes is very 
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important for a variety of technological applications. The present research deals with materials of right 

the mentioned kind. 

On the basis of current approaches in mechenics of additive processes, the non-classical initial 

boudary value problem describing the simulated process is stated. It has the form: 

 

).(as)(

;as);(as)(

);(],[2

;,)(as),(

00,

0

transp
2

1
1

00

ρτ=ρσ=

=ρ==ρ=⋅

∇+∇=φ+=

><ρ<=ρ+⋅∇

ϕϕϕ

ρρ

ρ

t

atatg

I

ttatatf

eeT

0veSe

vvDD1DS

0eS

 (5) 

Problem (5) is formulated in terms of the following variable stress-strain state characteristics: 

 
t

Q

∂

∂
= ρτ T

S
)(0  

is the so called operator stress rate tensor, D  is the classical strain rate tensor, v  is the vector field of 

the solid deformation displacements velocities. The known scalar functions ),( tf ρ  and )(tg  are given 

by the following expressions: 

 













τ

∂

τ∂

τ

τω
τω+

ωω
+

∂

ρτ∂ρτω
µρ=ρ ∫

ρτ

t

d
t

tc

d

d

dt

td

tG

t

t

tc
tf

)(

shear0shear
2

0

0

),()(
)(
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)())(,(

2

))((
2),( , 

 







ωµ−

σ
−= ϕ

)()(
)(

))(()(

)(

1
)( 20,

tat
ta

ta

dt

tda

tG
tg . 

Here µ  is the used material mass density and )(0, ρσϕ  is the circumferential component of the initial 

stress tensor 
)(0 ρτ=t

T . We assume that this component is the only non-zero component of this tensor 

and arbitrarily depends on the radius of the attached elementary material layer. As one can see, the 

functions ),( tf ρ  and )(tg  are identified by: 

– the entire history of the material attachment, 

– the entire substrate rotation history, 

– the material mass density, 

– the creeping and aging properties of the material, and 

– the material elastic shear modulus. 

The closed-form analytical solution of problem (5) is constructed. This solution is quit cumbersome 

and therefore is omitted here. After the time evolution of the operator stress rate tensor ),( tρS  is 

calculated by means of this solution, we can reconstruct the evolution of the operator stress tensor 

),(),(
~

)(0
tQt ρ=ρ ρτ TT  via integrating procedure: 

 ∫
ρτ

ττρ+
ρτ
ρτρ

=ρ
t

d
G

t

)(0

0

0

),(
))((

))(,(
),(

~
S

T
T . 

The evolution of the true stress tensor ),( tρT  at each point of the solid is to be further determined by 

solving the following integral equation: 

 ),(
~

),(
)(

),(

)(

),(

)(0

tdtK
GtG

t
t

ρ=ττ
τ
τρ

−
ρ

∫
ρτ

T
TT

. 
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The numerical procedure of solving this equation is implemented in the present study with the help of 

trapezoid quadrature formula. 

Numerous numerical calculations were performed using the developed mathematical model. In the 

calculations, a variant of centrifugal application of the material is considered, in which the features of 

its entry into the composition of the formed solid do not lead to the appearance in the latter of initial 

stresses other than zero near the surface of its growth. 

We take in the computations the following approximating expressions for the creep measure and 

the elastic shear modulus [9]: 

 ]1[)(),( )(
shear

τ−γ−−τ=τ teCtc ,     
teGGtG α−

∞ ∆−=)(  

where γ , α , ∞G  and G∆  are the positive constants fitting experimental data, and the function 

 ),()( shear τ+∞=τ cC , 

called the function of ageing, or the creep resource, is taken in the form [9]: 

 βτ−
∞ ∆+=τ eCCC )(  

where β , ∞C  and C∆  are the experimentally chosen positive constants. We use the following values 

for the material constants [9]: 

 2/ =γα ,   60/31/ =γβ ,   5.0/ =∆ ∞GG ,   4=∆∞ CG ,   5522.0=∞∞CG ,   2.0=ν . 

We conduct all the analysis of mechanical behaviour of the being additively formed material layer in 

terms of the dimensionless stress values T  evolving over the dimensionless time variable t . These 

quantities are introduced as 

 ∞= G/TT ,   tt γ= . 

The stress distributions in a material layer additively formed on a substrate are compared with the 
corresponding classical distributions in a similar layer coupled with the same substrate and rotating 
with it around its axis but completely made in advance without any residual stresses before the start of 

rotation. The latter distributions are found from the solution of the corresponding classical solid 
mechanics problem which does not take into account the process of solid formation and assumes the 
application of all loads to it already in its final composition. The principal qualitative and quantitative 

differences of the above distributions are demonstrated: they differ in the character of monotony, 
positions and values of extreme values, have different intervals of sign-constancy. It is extremely 
important to point out that the revealed differences are due not to the rheological manifestations in the 

deformation response of the material used, but to the mechanical features of the additive process itself 
of layer-by-layer formation of a solid at the same time with the loads acting on it. It can be shown (see, 
for example, [12]) that in the absence of rheological manifestations (in the case of using a purely 

elastic material) the demonstrated differences would be even more pronounced, whereas the creep 
process in the solid during its gradual formation affords slurring over these differences. 

The evolution of the technological stress state of the formed material layer during its manufacture 

is analyzed. It is shown that the intensity of shear stresses, which is an important stress characteristic 
of the product in terms of assessing its strength, reaches a maximum in the immediate vicinity of the 
substrate. This fact can not be found on the basis of the solution of the classical mechanical problem 

on deformation under the action of centrifugal forces of a material layer coupled with the rotating 
substrate, not taking into account the mechanical features of the manufacturing process of this layer. 
Indeed, from such solution it would follow that the maximum of the intensity of shear stresses should 

be achieved at the free surface of the layer, the most distant from the substrate, which directly 
contradicts the results obtained taking into account the specifics of the additive technological process. 
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In the presented work it is demonstrated that the technological stresses in the material layer arising 
in the process of its manufacture depend in a decisive way on the speed and nature of the whole 

process. Thus, the presence of pauses in the process of applying the material leads to a qualitative and 
very significant quantitative change in the pattern of the technological stress state of the finished layer 
compared to that obtained in a continuous process. 

The very specificity of the simulated technological processes dictates the appearance of residual 
technological stresses in the resulting products. The final distributions of residual stresses, which are 
eventually settled in the finally formed material layer, are found in the present study in two various 

situations: after the rotation stops at the completion of the layer formation, as well as after the rotation 
stops and the finished layer is detached from the substrate (if the latter is provided by the simulated 
technological process). It could be expected that the stresses arising under the action of centrifugal 

forces in the layer during its fabrication, together with the stop of rotation and therefore the 
disappearance of these forces should essentially reduce their values. However, as the calculations 
show, this does not happen: for example, the maximum values of compressive circumferential stress 

and the intensity of shear stresses may even increase significantly after the termination of the 
rotational motion. The reduction of all residual stresses is observed only after the finished layer is 
detached from the substrate, but the corresponding stresses can still not be neglected compared to 

those that have acted during the centrifugal application of the material. 
If the finished layer remains bonded to the substrate after the termination of the centrifugal 

application of the material, then, despite the absence of inertial effects on the non-rotating material 
layer, the normal contact stresses at the interface of this layer and the substrate will remain 

compressive indefinitely. This circumstance, obviously, prevents spontaneous detachment of the 
finished layer from the substrate, which is especially important in cases where it is supposed to be 
further used as an entity together with the substrate on which it was manufactured. If the substrate was 

used in the simulated process only as a tooling and is disconnected from the finished layer after the 
material application process, then the corresponding residual radial stresses will be compressive 
throughout the thickness of the layer, and the residual circumferential stresses will be stretching in the 

finished layer part that was adjacent to the substrate and they will be compressing in another part. 

4.  Conclusion 

In the present study, the additive technological processes of layer-by-layer manufacturing ageing 

viscoelastic pieces on the inner surface of a rotating cylindrical substrate are investigated. The material 
behavior is described in the study in the framework of the linear hereditary theory of viscoelasticity of 
ageing media. The following fundamental scientific and practical results are obtained: 

1) A non-classical mechanical model of the processes in question is proposed. The model is based 
on considerations and approaches of the current theory of additively formed deformable solids. 
The corresponding initial boundary value problem for description of the deformation process of 

the being formed material pieces under the simultaneous action of centrifugal forces is stated in 
terms of these pieces stress-strain state rate characterictics. 

2) The numerical-analytical solution of the problem is obtained. On the basis of this solution 

numerous calculations are performed. The evolvement of the stress-strain state of a cylindrical 
material layer during and after its manufacturing is described. 

3) It is demonstrated that the distributions of technological stresses in the produced material layer 

depend in a decisive way on the realized manufacturing regime and essentially differ from the 
classical stress distributions in a similar rotating material layer that has not undergone any 
deforming impacts during the process of its manufacturing. 

4) The mentioned difference can be explained by basic mechanical features of the additive process 
itself and causes the inevitable occurrence of residual stresses in the finished product after 
stopping the substrate rotation and, if it is necessary, after detaching the produced piece from 

the substrate. The distributions of these residual stresses are found and analyzed in detail. 
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5) The practically significant mechanical effects related with additive manufacture processes with 
the use of viscoelastic materials are detected. 
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