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Abstract The paper considers the plane strain of a compressed elastic strip made from incom-
pressible material. The deviation of the cross-section contour from the rectangle, as well as the
intensity of the force applied to the upper and the lower edge of the section are known up to
small parameters. The authors have carried out a study of the problem solution analyticity with
respect to small near zero parameters. With the help of the perturbation method, they have
found a solution for a particular case of the function describing the deviations up to the second
order of smallness. It has been shown that if an experimental research is carried out and the ap-
plied force meets the condition described, the average stress and displacement values will dif-
fer from those typical for homogeneous state only by a second order infinitesimal.

1. Introduction

The researchers studying the properties of elastic bodies often consider the displacement and defor-
mation to be small. Given these assumptions, such an approach provides the results suitable for vari-
ous purposes [1-3]. Strip and plate distortion by various types of external force for different bearing
types has been considered in [4-6].

It has been shown in [7] that when due regard is given to boundary surface deformation, the prob-
lems associated with elastic bodies stability can be solved by the methods of mathematical elasticity
theory. The example of elastic strip compression with p force shows that the results obtained through
the methods applied in the studies of materials strength are the limiting results for the critical loads
determined by the mathematical elasticity theory. This approach was used in [8]. Here, the rotation
components were considered not only under boundary conditions, but also in equilibrium equations.

The properties of materials, the factors of production associated with technology, as well as the
external factors are stochastic. Analytical methods of solving stochastic boundary problems for struc-
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turally heterogeneous materials are well developed for linear elastic media [9, 10]. The development
of analytical methods for solving stochastic problems is associated with certain obstacles, the most
important of which are physical and statistical nonlinearity of the defining equations. One of the
methods frequently used for analytical solution of stochastic boundary problems is perturbation
method. The use of the small parameter method in the study of stress-strain behavior of elastoplastic
bodies is described in the monograph by D.D. Ivlev and L.V. Yershov [12]. However, this approach
is associated with computation difficulties, and for this reason the solutions of specific stochastic
problems are normally restricted to the first approximation. This is justified for weakly inhomogene-
ous media [11-15].

The use of the small parameter method for the study of creep processes in various stochastically in-
homogeneous media has been shown in [16, 17]. In [16] stochasticity was introduced into the defining
relation of the creep, in compliance with the nonlinear theory of viscous flow. The authors applied the
small parameter expansion method, where allowance is made for both, linear and quadratic terms.

In [17] an analytical solution to a nonlinear boundary problem of steady-state creep for
nonhomogenous endless strip is provided. The problem can be solved approximately by perturba-
tion method in relation to stress tensor components. The solution was used for statistical analysis al-
lowing us to determine the basic edge effect singularities.

The ways of solving stochastic boundary problems with a higher order of expansion terms for mul-
tidimensional problems, as well as the problems of solution convergence, are to be further explored.

In [21] the author describes the conditions under which (for several spaces of solutions and given
data [18-20]) the solution will be analytical in small parameters close to zero. The main condition for
that is the continuous dependence of the solution on small parameters.

2. Problem description
The present paper looks at the stress-strain behavior of a compressed elastic strip made from incom-
pressible material.
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Figure 1. Cross-Section of the Strip.

It is assumed that the functions characterizing the upper and the lower edge of the section in unde-
formed state, as well as the intensity of the force applied, are accurate up to small parameters. They
are represented by random variables.

fOX) =(-D'(h+hP(X); P, =—p, +£,0(X) (i=1,2) (1)

Given [8], let us consider the following problem as a mathematical model describing the state of a
strip made from incompressible material.



Applied Mathematics, Computational Science and Mechanics: Current Problems IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1479 (2020) 012117  doi:10.1088/1742-6596/1479/1/012117

a(Gx _(DT)+ a(r_mo_y) 8(1:+0)(5x)+ 8(0)’ +0)T)_O

OX oy OX oy

a v Lo o -

oX oy 2\ oy oOx

GX—Gy=4Ga—u; =G 8_u+@

OX oy OX
| =0 o| =P 3)

y=0i y=0i

Oxlycss — P V|x:ﬂ’ - agy “)

Functions g,(x) and g,(x) describe the upper and the lower edge of the deformed strip.

If we ignore the imperfections, i.e. h")(x)=0, q(x)=0, then the problem (2)—(4) can be solved
as [4, 8]:

0 . 0 . 0
zecx:_pm Gy:Gyz_pyl T=1 =O (5)
v=vP=gly, u=u’=glx;, w=0"=0

X

where constants s‘; , 82 are derived from (5) in accordance with the following relation:

px -p
T (6)
The solution to this problem should be obtained by the perturbation method and expressed as a
power series, while (5) will be used as a zero approximation:

U= Y geu(x,y);  v= eevi(xy)

k,1=0 K.1=0

o, = > &g, (X Yy) o, = > &0, (X ); U]
k,1=0

k,1=0

T= nge'zrk' (X, y)

k,1=0

In compliance with [21], it is important to study the continuous dependence of the solution on the
small parameters close to zero, so that the series (7) could converge.

3. Continuous dependence of the solution describing the stress-strain behavior of the strip on the
initial data

In accordance with the results obtained in [7, 8], [18] describes various mathematical models of the
strain boundary conditions. The analysis shows that while studying continuous dependence of the so-
lution on the initial data (functions, parameters of the mathematical model), the statistical boundary
conditions should be formulated on the boundary of a real body in the strained state. In [21] special
cases of differential operators used in the solutions of solids’ quasistatic deformation problems are de-
scribed. The conditions for continuous dependence of the solution on the initial data have been ob-
tained for several Banach spaces with certain norms, which are normally used for solving the problems
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of continuum mechanics (Hélder spaces, Hilbert space, C([a,b],R™), C“([a, b],R™) etc.), where

Fréchet derivative of mapping is an isomorphism [18-20].
As it follows from [21], in order to study the problem of continuous dependence, we need to have a
look at an auxiliary homogeneous problem for the functions ¢;, which was formulated on the basis of

(1), (4), ) (o, = GE(O) +G; O, = G(yo) +Cy5 V= v +C;). Let us change the variable in compli-

ance with [7] y, = y+(1+ s‘;)h:

%,5,0 0 (5 &)

ox 0y, 20y \0y, X
B 0y P 0065 K |_j
ox oy, 2 0x{ox oy,
0Cy + % =0: (8)
ox 0y,
ac
—C, =4G 24
Ci—C, x
Gy = [%—f- agSj
oy, OX
o %GO o |, 9Gs(xy) o
C3 X — CS X ™
OX =0 OX 1=2(1+s?, )h (9)
CZ(X’ yjylzo - CZ(X’ yjy1:2(l+s(;)h - 0’
CS X=t/ - C”z X=t/ - O (10)
In compliance with [12], we will assume that
oD od
C4 &, Cs o (11)
Given the expressions (11), we can create an equation for finding the function CD(X, yl)
4 4 4
- aq4)+ 2Py Py 8CI)2+(1_ Py 6?20 (12)
2G ) oy, 2G  2G )ox’oy, 2G ) ox
The equation (12) will be solved as:
(D(X, yl) = (P(yl )COS}VX (13)

The conditions (10), where A = n%, will be met. Let us use (13) in (12), and we will get an equa-

tion for determining the function (p(yl)
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The equation (14) can be easily integrated. After the function d)(x, yl) has been determined, let us

find £, and C,, while the relations (8) allow us to find the other functions. Now we will need the fol-
lowing expressions:

L, = MCshiy, +C,chiy, + Cshiy,y, +C,chiy,y, )sin Ax
¢, =—Ga? [Z(Clshkyl +C,chhy, )+ (y22 +1XC3shkyzyl + C4chky2y1)1sinkx

(14)
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2 Y2
2 2 _
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1+y, 2G-p,

Y2

The simultaneous equations (8) have a nontrivial solution, when:

(B2, + v))ch(ﬁwfyy —@w y)] -1
2 - =
sh(B(2—v, + v))sh[ﬁ, | yy __11 (2=v.+ Y)J (15)
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Py . Py T,

where y = —%*: =—X A=n=: B=Ah.
"6 "o ;P

If v =0, then we can get the condition mentioned in [8] up to the designations.

. . i h
In Figure 2a we can see a curve corresponding to (15) in case 7 =0,05, where n=1. Here the

h . . . N
value of y is virtually the same as in [7]. For — = 0.5 the line corresponding to (15) is shown in Figure

2b (n =1). The results are the same as those obtained in [8].
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Figure 2. The boundaries of the series convergence region (7).

Therefore, with parameters y, and » determining the location of the point within the region lim-

ited by the curve (15), the solution to the problem (2)-(4) will be analytical around the point € =0,
and the series (7) will be convergent. It must be noted that if the point is beyond the region determined
by the function curve (15), the solution (5) cannot be used as an approximate solution to the problem
(2)-(4), even if the parameter ¢ is indefinitely small. In this case, if € =0, we need to find a different
solution to the problem (2)-(4), i.e. the one that does not refer to homogeneous stress-strain state.

4. Perturbation method application
Normally the conduction of research is fairly complicated. Thus, we will consider a typical case where

Ep << 1. In compliance with (9), the strain will also be small.

) <<l &) <<l

If we use (7), (5) in (2)-(4), we will get the following problems for the first approximation:
o o p, o [au10 av“’j

+ +——

O R
ot oy p, a[av“’ au“’J

oxX oy, § 2 6);0 ox oy, (16)
ou +av _0o:
ox oy,

10 10 10
0_%(0 _G:;O — 4G a; , Tlo _ G(@U " a\/ j
X
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where y, =0; 2h
Gio(x’ Y1) =0;

10 ovio of W a7
o+ =—
T Py ox Py o
o (E0,y,)=vO(x4,y,)=0 (18)

As the equations (16) and (8) are in agreement up to the designations, we should find a general so-
lution to the problem (16)-(18) in the form similar to (11). As a result, we will get:

d(X,y) = (Dl shay, + D,chay, + D,shay,y, + D4chay2yl)cosax (19)

As it follows from (19), the boundary conditions will be fulfilled if a = nIE.

It can be derived from (17) that

o)’ =-a’G[2D, chay, + 2D,shay, + [YI+Y_2\/Y1_1—4\/Y_1 Jx

-1 y-1 v, -1
/ Pey—m /vl—l
x (D,cha L x
( yl yl 2G v, -1\ y-1
y-1 y-1 ;
x (D,cha /—yl +D,sha /—yl))sm ax
v, -1 v, -1
2 |y,

o’ =a’G(2D, chay, + 2D,shay, + LE

-1
! B Y1
px y Yl Y1
D,cha + D,sha sin ax
t956 lew, ( 1/ y1 1/ yl )
Y- y-1
T (D,sha /—y
Y1 _1] : v, -1 ' Y
10 — a[D, chay, + D,shay, + /Y—_l(D3cha /y—_lyl +D,sha /Y—_lyl)]cos ax
v, -1 v, -1 7. -1
10 = a(D, shay, + D,chay, | -1 y, + D,cha /y—_lyl)sin ax
Y. —1 7.1 (20)
o' = —a( y_1](D3sha /y—_lyl
v, -1 v, -1

(i) _ . . . . .
If h" (x) = CoS Ax, we will get a system of algebraic equations for arbitrary constants D, :

y-1
+
1_lyl)

' = a’G[2D, shay, + 2D, chay, + (1+ Y _11y1)]cosax

-1 y,) COS ax
-1

iaiij =d, (i=1..4) (21)
j=1
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where

o,, =chah; a,, =shah; a,, =—-a,; =hchah; a,, =a,, =hshah; a,, =—a,, = (1+7y)shah;
., =@+y)chah; o, =0, = échah +h(L+ y)shah;

by =0Olyy =£shah+h(1+y)chah; d,=d, =0; d,=d, =—p,
a

In case of an approximation (01), the form of the defining equations and boundary conditions for
the side edges of the section is analogous, while in case Yy, = 0; 2h, the boundary conditions will be
the following:

s1(%,y)=q(x);

01

%4 p =0 (22)
*ox

If q(x)=cosAx, the system of algebraic equations for arbitrary constants D’ will be as follows

4
>a;Dj=d/  (i=1..4) (23)
j=1
where d, =d, =1, d,=d, =0.

In second order approximation problems the rheological relationships, incompressibility condition
and expressions for the angles of rotation are the same as in the original problem. The equilibrium
equations will be as follows:

ooy ot Py 0 [6u2° 6v2°]_ G

Yy = _(mlorlo) ((010 10)

ox O 200 X ) o
L M N T AN

ox oy, 2 0x\ ox 0oy, OX oy,

11 11 11 11
00, +8L+&i(au__av_j 0 (0)101:01+(n Tl°)+£(w10601+w0161y0);
X ayl 2 ayl ayl OX ayl oX

15 11 11 11
R (AN
ox oy, 20X X

10 Ol 01 10
)-

(0)10 01 Ol 10)
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The boundary conditions at the side edges are homogeneous, while at the other two edges
(y, =0; 2h) are as follows:
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For the components (02) the equilibrium equations and boundary conditions are analogous to (25), (26).
Here, according to [12], given
Vij _ _aq)(ll) |

oy, X

we will get the equations for determining the function CD(X, yl)

;oW
uI — .

4 (i) 43 (i) 45 (i) .
863)4 +2§X?;y2 +88(D4 =\P(IJ)(X! yl)’
X
1 1

where the function W™ (x, y,) depends on the first order approximation components and is known.

Functions (20)-(23) helped us to find the expressions for the second-order approximation stress and
displacement components.

o) =0y (2a,h,7,7,,y)sin2ax, o) =o}(2a,h,v,7,,y)sin2ax,
© =1"(2a,h,y,y,, y) cos 2ax
u' =u'(2a,h,y,y,, y)cos2xx, v'=v(2a,h,y,y,,y)sin2ax

The functions are not given here because of their length.
Hence, the functions

2 2
G, =Co+60 +£,00 +&, G- +&, GO +EE,5 s,
_ 0 10 01 2,20 2,02 11
V=V +gV +&V +& VT +g,V +gE,V
describe the stress-strain behavior of a strip up to the second order of smallness.
As random variables ¢, and ¢, are independent,



Applied Mathematics, Computational Science and Mechanics: Current Problems IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1479 (2020) 012117  doi:10.1088/1742-6596/1479/1/012117

............. 7)

5. Conclusion

We have found the analyticity condition for the solution in small parameters for a pipe with cross-
section close to a rectangle and external force close to a constant. If, according to the given data, the
point is located within the region limited by the curve (15), the proximity of the section shape is re-
tained under strain. If this condition is not met, the stress-strain state will no longer be homogeneous
and corresponding to (5). In such a case we need either to find a different solution to the nonlinear
problem or to alter the mathematical model.

We have found a solution describing stress-strain behavior of a strip up to the second order of
smallness, which can be applied to a particular case of the section shape deviation from a rectangle
and external force deviation from its constant value. It can be deduced from (27) that, in case of an
experimental research carried out, the average stress and displacement values will differ from those

typical for homogeneous state (5) by a second order infinitesimal ¢, and €,, on condition that the
external influence parameters fall within the region limited by (15).
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