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on cascade decomposition method
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Abstract. The problem of simplifying solution of linear dynamic systems with preset
conditions at the edges and internal points of the segment is considered. In this regard a
modification technique of the existing cascade decomposition method based on obtaining a
general formula for the system state and control functions is described. Coefficients of this
formula are identified in a recursive way. The formula is presented to obtain the cascade
decomposition method and kernel functions of the intermediate step matrices being important
for the last step function. Illustratively, a practice-oriented example proves the method
advantages in convenience and speed comparing with the conventional method of cascade
decomposition.

1. Introduction
The fully controlled dynamic system

#(t) = A z(t) + B u(t), (1)

(see [1-7]) is considered. Here, vector function x(¢) is called a system state and u(t) is system
control. The present paper examines a solution for system (1) when the state and control
function of the system meets the following boundary and intermediate conditions:

x(t;) =290 (2)
dlu(t)
dte

whent;: i=0,0, Tp=tyg<t; <..<t =T.

A system with conditions (2) is used, for example, in solving the task of movement of a
material point moving in reactive force over a challenging terrain from position x(Ty) = zo
to point x(7T}) = x1 and getting through checkpoints x(¢;) = x; : i = 0,1 . The task having
(3)-type conditions is set up and solved in case of seamless matching of various technological
modes. Analytical solutions given in [1] are known, which have some complexity due to matrix
exponentials.

[8-10] provide a technique for solving the stated tasks, i.e. the method of system cascade
decomposition basing on sequential transfers from (1)—(3) to systems having matrices of smaller
size and higher number of imposed conditions of (2), (3) type. Transfer performed untill
controllability matrix B, becomes surjective on the p-th step. A vector-function of state

|t¢ :ugoa q= ap2> Z:Wa (3)

=)
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xP(t) is then being sought in a selected class of basis functions by the method of indefined
coeflicients. After that a state and control function of the task stated is determined by recurrent
formulae. Here one can apply different classes as classes of linearly independent functions, such
as polynomial, exponential, linear fractional and others. One of the drawbacks of the described
above method is that when changing the applied functions class, as well as the imposed system
conditions of types (2), (3), all steps of the cascade decomposition method should be performed
again, thus providing computational time delays if the task is solved with systems of high
dimension, or tasks where multiple solution is required using the cascade decomposition method
of the same system (1) with different conditions (2), (3) [11, 12]. The present paper proposes a
method for developing a universal formula for state and control functions, thus accelerating and
facilitating solution of such tasks as constructing a constant-bounded continuous control and
finding a feedback matrix.

2. Forward Path of Cascade Decomposition Method

The study is based on the concepts of a kernel, a co-kernel, kernel projector P(B), co-kernel
projector Q(B), half-inverse operator B~ of [9]. Below is a brief description of cascade
decomposition method [9] for further study. Conditions imposed on higher derivatives of function
x(t) are pre-calculated

j+10  dTla(t)

. _ 7z (t) ' du(t)
’ (dt)i+1

@y P

= A = Azl +Bul® j=0,p2,i=0,1. (4)

If matrix B of (1) is non- surjective, variables are replaced

z'(t) = Q(B) - x(t), y'(t) = (E — Q(B)) - z(t),
A1 =Q(B)-A-Q(B), BL=Q(B)-A-(E—-Q(B)).

From this point on E denotes a single matrix with the size equals the size of matrix A of (1).
Conditions for new state and control functions z'(¢) and y!(t) are re-calculated by

i1 1 0 i1 i 0
xl =Q(B)-xl", yl = (E—-Q(B)) -l (6)
PP = A By = 0,p2 41, i =0, 1.

)

A new system of equations of lesser dimensions is obtained as, in the classical solution of the
problem by the cascade decomposition method, only linear independent components are kept in
21 (t) number of which is equal to matrix Q(B) rank.

dzt(t)
dt

The procedure of variables replacement goes on and the following equation is obtained on
the p-th step

=A;- xl(t) + B - yl(t).

dxP(t)
dt

Having surjective matrix B, and conditions

= Ap-a2P(t) + By - y"(1)
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djfﬁp(t) dp2+p+1$p(t) p2+p+1p djyp(t)‘

R PR i ) [ =P i =02 i —0.1
(dt)-] |tz xz ) (dt)p2+p+1 tz 7 b (dt)j tz yz ] O7p +p7 4 O) bl (7)

Then, zP(t) is found by uncertainty coefficient method and y”(¢) is determined by y?(t) =

By (2P(t) — ApzP(t)) 4 2P(t). Functions of the previous steps are distorted by

2" = () +y" (1), YN = By (71 — Apeaa™ () + 27N, m=T,p. (8)

Here 2™ (t) : m = 0,p functions of matrix By, kernels meeting conditions B,,z™(t) = 0 and
= (I — B By)y! ™ with j = 0,p2+m, i = 0,1. Therefore, functions (t) and u(t) are
determined by formula (8). Now, to accomplish the task, we change the order of the actions
performed comparing with the conventional cascade decomposition method algorithm. That is,
first we get a general formula to express functions x(¢) and u(t) by xP(t) and kernel elements
2™(t) : m = 0,p. Then, we obtain a formula to express conditions imposed on xP(t) and
2™(t) : m = 0,p through (2), (3). To obtain a general formula, matrix dimensions are not
changed in the course of forward path of the cascade decomposition method. Let ¢ = 0,p be
any number. Hence,

TPU(E) = WP (£) @ + Wy (aP(£) 7 + .+ Wi 2P (1) +

FQ1 ()T o+ QL (P (1)) + Q1 2<zp-1<t>>(q Dot Q1 oD, (9)
g = Vi (@ () 4+ Vi (0) W+ VL @ () + o V(1) +
FRY(2P(1) @ 4 4 REG(2P(8) + Ry 1 (221 0) Y + o+ RL 0229 ().

Here W/ : i = 0,q, V! i = 0,g+1, Qf; :i=p—q+Lp, j=0,q-1, R, :i=
p—q,p, j = 0,q are any constant matrices independent on the selection of edge conditions
and basic function and dependent on ¢(t) and dependent on system matrices A and B. The
matrices are calculated by the recurrent formula. Hence, we get the following formula from this
equation and (8)

W =E, V' =B,, V) =-B,yA;, R\g=E, Q,o=E, Wii =V,

p “ip s q

+1 — +1 — —

Vv = B (i) Varn Vi = B ooy Wi + Vi) = B, (1) Ap—(a+) Vs
Vit = =B, oy A ey (WE + Ve, Wi =V + Wi =0,
+1 — - .

V:L'q = Bpf(qul) (W 1 + V ) (q+1)A —(g+1) (W + Vq) = 7Q7

qg+1 __ - q+1 e me
Riy =-B, (q+1)A g+ Bplgino=1-i=p—q-1p, j=0,q+1

1
ng—p—i—q-‘rl R;]z —p+q°
otherwise with
j#i-p+aq, QT =QL+R!: i=p—qp, j=0,q,
q+1 q
RH —p+(g+1) — B (q+1)R“ —p+q
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q+1 - q q - q
Riipiq = (Bpf(qﬂ)(Qi i—pt+q—1 T L iprrq*l) o B (q+1)Ap (qul)Rz i P+q)

otherwise with j #i—p+ (¢+1), j#i—p+gq
q+1 __ - q q
R = (Bp—(q+1)(QU 1 —|—R” 1) - B, ¢+ Ap—a+1) (ng +R};))-

This formula can be proved by induction.

The required functions z(t) and u(t) are obviously obtained by formula of type (9) when
pP=gq.

Now a recurrent formula is obtained to express conditions imposed on zP(t) through (2), (3).

xjs:()?j,s)x?OqLZ(Uk YWk s=0,p, j=0,s+p2+1, i=0,l1.

uisz()A(j,s)x?O—i—Z(ﬁk’ )ufO,S:O,p =0,5+p2, i

"
o~
—
—
=
~—

2% = (Xjs)2) 0+ Z(ijs)ufo, s=0,p, 7=0,s+p2,i=0,1.

Here X, Xj s, Yj, s: Uj k , U Jks, U ¢ are some constant matrices depending on system matrices

A and B in the same way (9) The following recurrent formula is obtained from (5)

Xoo=E, Ufy=0; X;0=0,Ul,=E, Ufy=0,if j#k k=0p2, j=0p2

X‘LO - Xj—LO + )?j-LO, (750 - fj]k_l’o + U]k_1707 k == 07p2, ] - 1,p27

)?j,8+1 = Q(B )XJ S5 U Jys+1 — Q( )U]ksv A] s+1 = (E_Q( ))X] S5 U s+1 — (E Q( )) 7,80

Xs+p2+2,s+1 = A8X8+p2+1,s + BsXs—i—pQ—l—l,s; Us+p2+2,s+1 = A5U5+p2+1,s + BsUs+p2+1757

s=0,p—1,5j=0,s+p2+1

- N Tk
Xjs={—B;Bs)Xjs, Uijs ={I-B,B )U

7,87 S:W) ]:078+p2

It is evident that conditions imposed on zP(t) can be obtained by (10) with s = p

3. Backward Path of Cascade Decompositioon Method

Let p1(t), @a(t), ..., ©r(t) be linearly independent functions applied to determine function zP(t)
by the uncertainty coefficients method. A number of conditions imposed on 2P (t) is denoted by
r . Matrix F' is a matrix of the following form

¢1(to) @2 (to) ©r(to)
o1(t1) ©a(t1) or(t1)
F= . 11
G () QPP R g (11)
2 2 2 2 2 2
I A I
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The limitation is a need of matrix F' nonsingularity. Let matrix val be

(") (572w (@0")n
() P) () P)a . () P)n
val = (xg2+p+2 p)l (x82+p+2 p)2 (x82+p+2 p)n (12)
(2VFHPHID) (B2, (ab2HP+2p)

a matrix of imposed conditions of (7). Here, n is matrix dimension A of (1). Function zP(¢) is
determined by the uncertainty coefficients method in the following form.

(1) = (o) - )", (13)
with the use of its conditions (7). Here ¢;(t) : i = 1,r means some linear independent pre-set

functions, a is basis decomposition coefficient matrix zP(t) from ;(¢) : i = 1,7 . Matrix a can
be determined by a = F~! - val. Hence,

2P(t) = ((t) - F~1 - val)T. (14)

Arguments for finding kernel functions 2™(t) : m = 0,p with the uncertainty coefficient
method are the same. F,_, valzy,, ., (t):m = 0,p denote their respect matrices and functions.
Hence, the formula below is obtained for the kernel function.

2™(t) = (s, (t) - F;ﬂ} -valzm)T. (15)
Subsequently, determined zP(t) and 2™ (t) : m = 0,p are placed into (9).

4. Example of System Solution For Boeing-747 movement

Bellow is an illustration of application of the desclosed method using an example of [13] which
shows the transition process for Boeing 747 heavy aircraft lateral motion model in a landing
configuration. Its shown that, having performed the cascade decomposition method once and
obtained necessary formulas, in the future when the edge conditions are changed, the new
solution will be completed much faster than when the cascade decomposition method is re-
solved. The linearized model of aircraft movement in the configuration used during landing
without an automatic stability improvement system has the following form [13]:

2 ~0.089 —2.19 0328 0319 0 0 2
2 0.076 —0217 —0.166 0 0 0 2
g5 | | —0.602 0327 —0975 0 0 0 s
i | = 0 0.15 1 0 00 ey |
2 0 1 0 0 00 s
2 1 0 0 0 00 6
0  —00327 0 0 0 0 u
00264 0151 0 0 0 0 s
0227 —0.0636 0 0 0 0 us (16)
0 0 000 0 sy
0 0 000 0 us
0 0 000 0 ug

Here, the following symbols for phase variables are applied:
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x1 — rate of sideslip;

To — yawing rate;

x3 — rolling rate;

x4 — lateral attitude;

T5 — yawing angle;

xe — lateral error.

The system controls are:

u1; — angle of aileron deflection;

uo — angle of rudder deflection.

Here us, u4, us, ug are imaginery control components to make the control matrix square.

The equations are written with the use of dimensionless values. 0.01 rad unit is accepted as
a unit for angles and 0.305 mps for rates.

To maintain the experimental integrity, conditions of types (2), (3) are not pre-imposed. The
general solution is obtained

(£) + Wi
(£)) + Q3 1(22

x(t) = Wi(a3() + Wi(a®
(1) + Q3P (1) + Q3 (2

(1))

+Q3 (2 (£) + Q3 o(22(1) + Q3o (=1(1)),

mw=@m%ﬁ”~@ﬁw>+m<@»+%<<»
+R§4ﬁ@»“ﬁ4ﬁ2@%wV+R§aﬁu»HJ%o@<>> RS ,(22(t) +R3 (2

Ri1(21(8) + Rio(2' (1)) + Rgo(2°(1)).
Matrices of (9) have the following form. Below is a part of these matrices.

2(1)) +R3 o (22(1))+

245 —-148 445 —-0.3 0.0 0.0
-097 18 031 025 0.0 0.0
V3 _ 0.0 0.0 0.0 0.0 0.0 0.0
0 0.0 0.0 0.0 0.0 00 0.0 |°
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
1.01 -0.21 0.02 -0.03 0.0 0.0
-0.03 1.0 -0.0 0.14 0.0 0.0
W3 — 0.0 -0.0 1.0 -0.02 0.0 0.0
0o 0.0 0.0 -0.0 1.0 0.0 0.0
0.0 0.09 -0.01 00 1.0 0.0
0.0 -0.02 0.0 0.0 0.0 1.0
1.01 0.0 -0.0 —-0.03 0.0 0.0
-0.03 099 0.0 0.14 0.0 0.0
3 0.0 0.0 1.0 -=0.02 0.0 0.0
@20 = 0.0 0.0 0.0 1.0 0.0 0.0
0.0 0.0 0.0 0.0 1.0 0.0
0.0 0.0 0.0 0.0 0.0 1.0
239 -0.99 439 00 0.0 0.0
-092 161 033 0.0 00 0.0
R 0.0 0.0 0.0 0.0 0.0 0.0
1o 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
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Number p2 of (3) equals 0. Conditions imposed on function x3(t) and functions 2™ (t) : m =
0, 3 are expressed by the formula below.

Jj3 _ ¥ 00 , 770 .00 . _ .
z; " = Xjsr; " +Ujsu; -, j=0,4, 1

o~

0,

)

2 ¢ :Yj,sx§°+U’1‘ W9 s=0,3,j=0,s i=0,1L

% 7,8

There is an example of some matrices:

0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0
Ko — 0.0 0.0 0.0 0.0 0.0 0.0
, 0.0 0.0 0.0 0.0 0.0 0.0 |’
0.44 0.09 -0.01 —-0.14 1.0 0.0
—0.09 —0.02 0.0 001 0.0 1.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
o 0.0 0.0 0.0 0.0 0.0 0.0
1,3 = 0.0 0.0 0.0 0.0 0.0 0.0 |’
—0.03 —0.01 0.0 014 0.0 0.0
1.01 021 —0.02 —0.03 0.0 0.0
0.0 0.0 00 0.0 0.0 0.0
0.0 0.0 00 0.0 0.0 0.0
Ky — 0.0 0.0 00 0.0 0.0 0.0
: 0.0 0.0 00 0.0 0.0 00 |’
0.0 008 0.13 —0.01 0.0 0.0
—0.06 —2.26 0.29 0.32 0.0 0.0
0.0 00 00 00 00 0.0
0.0 00 00 00 00 0.0
~0 0.0 00 00 00 00 0.0
U3,3:

0.0 0.0 0.0 0.0 0.0 0.0
0.03 00 00 0.0 0.0 0.0
0.01 -0.36 0.0 0.0 0.0 0.0

Here basic functions ¢(t) of (14) and ¢, (t), ¢z, (t), ¥z, (t) of (15) have the following form

) = sin(0.1t) sin(0.2t) cos(0.2t) cos(0.1¢) cos(0.3t) cos(0.3t) sin(0.4¢) cos(0.4t)
90( ) - ( (t—60)2 > (t—60)% > (t—60)3 (t—60) > (t—60)° (t—60)6 (t—60)8 (t—60)7 ) ’

o cos(0.1t) sin (0.1t o sin (0.2t cos(0.2t cos(0.1t sin (0.1t
Pz (t) —< (t—(60.0) (t—éO.O))Q )» Pz (1) _( (t—éo.o))4 (t—((so.O))3 (t—(G0.0; (t—éo.o))2 )?

£ = cos(0.1t)  sin(0.2t) cos(0.2t) sin(0.1¢) cos(0.3t) sin(0.3t)
9022”‘( (t—60.0) (—60.00F (t—60.00> (t—60.0)2 (t—60.0)5 (1%60.0)6)

Matrix F' of (14) and F,,, Fs,, F,, of (15) are of the following form
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3-100*  —-19-107% 33.10°6 —0.01 00 00
0.0005 1.5-10713 107° 0.01 00 0O
35-10° —-1-107* 16-10°6 0.001 00 0O
[ 24-107  21-10714 -1.6-1076 0002 0 00 0
— | -83-1077 0.0 5.7-1078 1073 00 00
—-6.1-1076 —2.1-107% —68-1077 23-10° 0 0 0 0
-39-1007  2.100%  —59.10® —6.8-100° 0 0 0 O
—-6.7-1077 —-1.3-100% —41-10®% —2.1-10° 0 0 0 O
0000 15-1007 84-10713 3-1079 9.10"12
0000 —-3-1007 88-100 —-93.1072 —7.107!1
0000 —17-107° —27-1071 5.10710 —2.1071
0000 —81-100% 26-10712 —2.107% 6-10"11
Tl o000 —67-1009 —22.10°13 —2.10-10 _5.10-12 |°
0000 —21-10° 7-10713 4.6-10710  3.10711
0000 —107° —-17-100% —9.107% 5.10713
0000 31-100° —-2-10018 3.10719 2.10712
—0.010806 1.45-10"7 0.000337 3-10F
P _<—0.010806 0.000337) F | 0010404 —2.95-10"7 0.000568 1-107°
2 7\ 0.010404 0.000568 )’ “* — | 0.001467 —1.67-107° 3.5-107° 2.1076 |
0.002533 —8.06-10% 2.1076 —2.10°F
0.000 3.33-1076 —0.01 1.45-1077  3.17-107Y 9.10"12
0.0005 1.02-107° 0.01 —2.96-1077 —9.38-107% —6.8-10"1!
o 3.51-107°  1.65-107° 0.001  —1.67-107? 4.52-107'% —1.8-1071!
z2 24-1006 —-159.1076 0.002 —8.06-1078 —1.99-107? 6-10"U
—-8.29-10"7 5.73-10°% 0.0001 —6.78-1072 —2.2-10710 —5.2.10712
—6.152-107% —6.86-10"7 2.26-10"° —2.08-107% 4.63-10710 25.10"1!

It is required to solve the task to find a minimum limit for control function norm wu(t) if the
system is imposed with the following conditions at two points ¢ty = 10, ¢; = 20 [11]:

21(10) = 13.0, 22(10) = 11.0, 23(10) = 8.0, 24(10) = 10.0, z5(10) = 12.0, z4(10) = 7.0,

.7}1(20) = .%'2(20) = x3(20) =..= .1‘6(20) = 0.0.u1(10) = UQ(lo) = U3(10) =..= u6(10) = 0.0.,
U1(20) = U2(20) = U3(20) = ...= u6(20) =0.0.

Then val, valy,, val,,, val,, are recalculated with the use of (14) and (15). One can get

0.0 0.0 0.0 0.0 17.2336648  5.6606009
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 1.0108233  14.8664882
val — 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 1.8606289 —20.0979801 |
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 —1.9104164 6.9242199
0.0 0.0 0.0 0.0 0.0 0.0
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0.0 0.0 0.0 0.0 0.0 0.0

val :(0.0 0.0 0.0 0.0 0.0 0.0) val. — 0.0 0.0 0.0 0.0 0.0 0.0
= 0.0 0.0 0.0 0.0 0.0 00 /)2 7= 0.0 00 0.0 00 0.0 0.0 |

0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 00 0.0 0.0
0.0 0.0 0.0 00 0.0 0.0
0.0 0.0 0.0 0.0 107% 0.0

vl =1 00 00 0.0 0.0 00 00
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
From (14) x3(t) is determined and kernel functions z™(t) : m = 0,3 are determined

using formula (15). Further, according to formula (9), prior state and control functions are
found. Then, using the cascade decomposition method, twelve new solutions of system (16) are
determined that satisfy zero boundary conditions of type (2), (3) when p2 = 1. These functions
will not be identical zeros since conditions are imposed on the second derivative of each of the
control functions, while one of these conditions is equal to 1 and the others are zeros. After that
a solution to problem (16) is found that satisfies the above conditions with a minimum norm of
control function [9]. A great time gain is obtained because only matrices val, val,, val,,, vals,
are required to be re-calculated. The total time to find the described functions using a Python
program and the conventional cascade decomposition method is 62 seconds and 7.8 s with the
use of the disclosed method. Time to find the minimum control function norm is 58 s.

5. Conclusion

Thus, the use of the disclosed methods allows to simplify and accelerate the search of the
desired functions z(t) and u(t) because when changing conditions (2)—(3), it is sufficient to use
them in formula (10) and after calculating the conditions imposed on zP(t) and kernel functions
2"™(t) : m = 0,p, find 2P(t) by (14) and 2"™(t) : m = 0,p by (15) with further applying them in
(9). This leads to a high time gain in comparison with the conventional cascade decomposition
method. For example, when searching the minimum limit for the norm of a control function,
which is a solution to system (16), the gain is double with the use of the Python program.
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