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Abstract. The motion of a mechanical system consisting of a carrier and a load is considered.
The carrier, located all the time in a horizontal plane, can move translationally along a rectilinear
trajectory. The carrier has a rectilinear channel through which the load can move. The load
is considered further on as a material point. The load can move in the channel according to a
predetermined motion law. The channel axis is located in a vertical plane passing through the
trajectory of the carrier. The Coulomb dry friction model is applied for simulation the forces of
resistance to the motion of the carrier from the side of the underlying plane. In the conditions
of the carrier motion along horizontal plane without detachment, the carrier motion differential
equations are a system of three linear second-order differential equations. The influence of the
system parameters on the motion of the carrier from the rest state is studied in the point of
view of determining functions. An important property of the determining expressions is proved:
the existence of a single intersection point of the curves given by the determining equations,
which corresponds to the zero angle of setting of the channel along which the load moves.

1. Introduction

The vibration-driven systems whose motion is carried out by periodic motion of internal
masses are a new type of movable dynamical systems. These systems application in disaster
rescue, pipeline inspection and cardiovascular surgery is preferable in comparison with the usual
robots (with legs or with wheels) because of their simplicity, controllability and miniaturization
potential.

Such systems have been studied from many points of view. The load motion laws, providing
the required carrier motion, have been found in [1-5]. The inverse problem of finding the carrier
motion for the initial conditions x(ty) = 0 and Z(tg) = 0 at tyg = 0 for a preassigned law of load
motion ¢ - sin(wt), where ¢ = Const, w = Const, when the carrier moves along the horizontal
plane, has been posed and solved in [6—8]. The problem of definition of load motion influence
on carrier dynamics has been considered in [9] for the other load motion law.

An important property of the determining equations I (¢,3) = 0, Is(¢,8) = 0 and
I3 (¢, ) = 0 is proved in this article: the existence of a single intersection point corresponding
to the setting angle equal to zero.
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2. Carrier motion differential equations

The motion of a mechanical system (figure 1) consisting of a carrier and a load is considered [6—
8,10—14]. The carrier, located all the time on a horizontal plane, moves translationally along a
rectilinear trajectory. The carrier has a rectilinear channel through which the load can move.
The channel axis is located in a vertical plane passing through the trajectory of the carrier.

Figure 1. The carrier with the mobile load

Here (in figure 1)

Ozxyz is the fixed coordinates;

O1x1y121 is the moving carried-fixed coordinates;

Oox91ys 29 is the moving channel-fixed coordinates;

Cc is the carrier center of mass;

CL, is the load center of mass (further on the load is considered as material point);

]3(; is the carrier weight;

P, is the load weight.

Let the law of motion of the load in the channel be given in the form zo(t) = ¢ - sin(wt),
where £ = const, w = const, and the forces of resistance of the medium to the motion of the
carrier are modeled by forces of the Coulomb friction type, then the carrier motion differential
equations (CMDE), according to [6,7], are

Z=p-(cosp+ f-singp)-sin(wt) — v for z>0; (1)
Z=p-(cosp— f-sinep)-sin(wt) + v for z<0; (2)
220 for  @=0, (3)
where
x is the carrier coordinate; ¢ is channel setting angle;
B = E . w2 . m N = g . f'
m+ M, v 3

M is mass of the carrier; m is mass of load;
g is the acceleration of gravity; f is coefficient of sliding friction in motion (equal to the
coefficient of sliding friction at rest) for a pair of materials “carrier—underlying horizontal plane”.
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Let the channel setting angle be

T T
——<p< 4
5 <P <5 (4)

It is assumed that the inequality [10]
B-lsing| <g (5)

is satisfied. Inequality (5) guarantees the motion of the carrier without detachment from the
horizontal plane. If 5 > g, then the restriction on the channel setting angle

— arcsin <Z) < p < arcsin <;) (6)

follows from (5) instead of (4).

3. Conditions for bilateral motions of a carrier from a state of rest
A necessary and sufficient condition for CMDE (1) to take place in the real dynamics of the
carrier is the inequality

B-(cosp+ f-singp) >~y
or

ﬁ > Y+ (90) ) (7)

where

7+(90>: i )
cosp + f-sing

and for the realization of CMDE (2) in real dynamics there is an inequality

B (cosp— f-sinp) >y

or
B>v-(¢), (8)
where
V- (p) = ! :
cosp — f-singp
1
The function 74 (¢) has a minimum equal to \/177]02 at ¢ = arctg 7 and the graph of the
_l’_
1
function vy (¢) has a vertical asymptote ¢ = — arctg 7 i.e., function 74 (¢) is defined for
1 us
—arctg— < p < <. 9
arctg 7 P <3 9)

¥ 1
—————— at ¢ = — arctg — and the graph of the
V14 f? i /

1
function v_ (¢) has a vertical asymptote ¢ = arctg 7 i.e., function v_ () is defined for

The function v_ (¢) has the same minimum

1
—g<g0<arctg?. (10)
It was found in [10] that if
B> ——— ()

P
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and @ € 5) (8) = (?1; 32), where

] (B) = 2arctg 8- VPAT =

B+ )
?2(&) :2arctgﬁ'f+\/g2_(:’:_f2)_fy27

then the carrier can move from a state of rest in the positive direction of the axis Ox, i.e., CMDE
(1) takes place in the real dynamics of the carrier.

If (11) is satisfied, and ¢ 6% (B)=(1; 03), where o1 = — &, 2= — &1, then the carrier
can move from the state of rest in the negative direction of the axis Oz, i.e., CMDE (2) takes
place in the real dynamics of the carrier.

According [10], if

B> (12)

takes place, and the channel setting angle is such that ¢ Gg (8)= (?1; 5,?2), then the carrier
can move from the state of rest both in the positive and negative directions of the axis Oz, i.e.,
CMDE (1) and (2) can be realized.

Applying conditions (7) and (8) and taking into account (6) some subdomains can be selected
in the plane of parameters (¢;3). In figures 2 and 3 the following subdomains are presented:
the carrier state of rest domain Sy ; the carrier one-way motion domains Sf and S; (in positive
and negative directions of the axis Oz, respectively); the carrier bilateral motions from the state
of rest domain S5 .

20 g=—gIsin(g) B=g/sin(¢) |
Bl B,
12
Bs
8 S1 Sl
Bl e — BZ
4 s 1
v V.
07 i I I i i i
-1 0 1 (0]

Figure 2. The domains of possible carrier motions (case f = 0.6)

In figure 2 for f = 0.6 and 83 = g ~ 9.8100 the values of the others 3 are
b= 9 F ~5.0472; PBa=g-f~b58860; Bs=g-1+4-f?=~153237.

VAP

Here (3, is the root of equation

A VA LU s = arcsin (g> .
4

2 arctg
Ba+
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Figure 3. The domains of possible carrier motions (case f = v/2/2)
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Figure 4. The diapasons of angle of channel setting (case f = 0.8)

The specific points

/ _ f 0 _ T
B [arctg f;9- ——|; By | —arctg f;9- ———— | ; B+<*;); B (—*;);
0( gfig T 0 gfig T 5 (579 s |\~ 339

1 .
2 . f Y g
of boundary of these domains are presented in figure 3.
In figure 3 for f = v/2/2 and g ~ 9.8100 the specific points are

1
By (0;9- f); BZ(arctg 1+4-f2>; B4<—arctg;g~ 1+4-f2)

2-f

Bg (0.6155;5.6638); B; (— 0.6155;5.6638); Bj (1.5708;9.8100); Bj ( — 1.5708;9.8100);
B, (0;6.9367); B} (0.6155;16.9914); B; ( — 0.6155;16.9914) .
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The diapasons of angle of channel setting &, &, &, & and ¢ corresponding to subdomains
S, ST and Sy are presented in figure 4 taking into account restrictions (6), where (according

= —
8,10,14]) @ (8) = (max{%s; F1}; P2) and & (8) = (&1; min {P2; P1}).

So, bilateral motions of a carrier from the state of rest are possible for the systems “carrier—
load” with the parameters (¢; ) € Sa, i.e., when

v €(F1(8):%2(8)) at  fo< B < fu; (13.1)

pE (— arcsin (g) ; arcsin (g)) at B4 <8, (13.2)
where B2 =g- f; Ba=g-V/1+4- f2

Let’s consider the carrier bilateral motions for ¢ > 0 only. Then the bilateral motions of a
carrier from the state of rest are possible if

v €10;%2(8)) at B2 < B < Pu; (14.1)
p € [0; arcsin (g)) at Bs<B. (14.2)

Conditions (14) select the part S5~ from the domain Ss.

4. Proof of the property of the determining equations
Let the channel setting angle be such that the conditions (14) are satisfied. According [13] the
determining expressions are introduced

LI (p;8) = \/52 - ’YJQF + \/ﬁ2 -2 =y [w + arcsin <’Y’5> — arcsin (’}gﬂ ; (15)
I (903 5) _ \/52 _ 742r 4 \/ﬂ2 _ ’Y% — - [w+ arcsin </Y[;L> — arcsin (75_)} ;
I3 (p; B) = \/52—7— Cz:@ + [ - cos [arcsin <7ﬁ+> +7m-f-tg go] ) (17)

Using (15), (16) and (17) the determining equations can be written

—~

16)

I (¢;8) = 0; (18)
Iy (p; B) = 0; (19)
I3 (¢;8) = 0. (20)

4.1. Case (I (; 8) = 0,13 (p; B) = 0)
Let’s consider determining equations (18) and (19).
If o =0, then
YH=7-=7=9"1,
Lh=h=1=2/p~-y*-v-7,

equations (18) and (19) turn into
I1=0,

which can be satisfied at 5 = 5y, where

(21)
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That is, in the domain S5 the curves given by equations (18) and (19) have a common point

Mo (0; Bo).
Now let ¢ # 0. Let’s show, that there is no point

M (055 B) # Mo (05 Bo)

in the domain S;, where I (¢«; B«) = 0 and I (¢«; By) = 0.
Suppose that such point exists, i.e., the system of determining equations (18) and (19) is

compatible for ¢ # 0.
Let’s replace the system of equations (18) and (19) by system

(22)

At} (23)

Equation (22) is obtained by subtracting (19) from (18). Equation (23) is obtained by

substituting (22) in (18) or in (19).
Let’s extend the domain S;r by adding its lower boundary to it, i.e., we will assume that

B>y

Let 8 = ~_, then equation (22) takes the form

T . IL—f-tge
Z — L OF ) g ftgop.
5 arcsin <1 te > w-f-tge

Note that if the considered mechanical system is characterized by the parameter f-tgp = =,

then equation (22) is satisfied (this is verified by substitution).

Let’s consider the function
Y+

W () = arcsin (E) — arcsin <b’>

and obtain
AW VB2 =2 =y /B2
i \/BZ—ﬁ'\/ﬁz—'ﬁ
d
As v, < ~_ and \/62 -2 < \/52 — 12, then dvg < 0 is satisfied for 8 > ~v_. So, W (B) fis a

1
decreasing function. Hence, if f -tg > =, then equation (22) has no solutions. Therefore, the

curves given by determining equations (18) and (19) have only one intersection point M.
Thus, it is shown that equation (22) can have a solution only for

|

1
O<f'tg80§§-

Assuming that (24) is satisfied, we transform (22). Let’s denote

p = arcsin (TB_), q = arcsin (’EF), r=mw-f-tgp.
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Then the expression sin(p — ¢) = sinr takes the form

7_,\/52_7_7+.\/52—7:ﬂ2~sinr (25)

and cos(p — q) = cosr takes the form

VB =22 B2 =22ty s = 87 cosr (26)
Using (25) and (26), we can show that

o _ 2+ —2y- s cos(n- f-tgy)
sin? (7 - f - tg o)

Thus, being a solution to equation (22), relation (27) determines the explicit expression of the

parameter 3 in terms of the parameters ¢ and f. For ¢ # 0, expression (27) gives

Y4 - [71' + arcsin <7_) — arcsin (w_)} =r_- [77 + arcsin <’Y+> — arcsin (PL)] .
B B B B

That is, the values of the determining expressions are equal, in other words, I; = I5.
Substituting (27) in equation (23) and taking into account that cos¢ # 0, we obtain

B

. (27)

2
COZSD‘[C’C%(ZZ)'l_zZz—W}:O, where z=f-tgp for ze€ (0;1/3].

If the curves given by equations (22) and (23) have an intersection for ¢ # 0, then

(%) T2
\o) 12T

since v = g - f # 0. Let’s consider the function

F (z) = ctg (E> 2 for z € (0;1/3]

2/ 1-22
and obtain
cos (Z2 2 2 4
lim F(z) = lim — (2)- 22:1im_7zz—%1.2732.
20+ a=0+sin (%) 1—22  =0sin (%)

dF
It can be shown that T 0 for z € (0;1/3]. Hence, the increasing function F'(z) reaches its
2

maximum value
F(2)|,_1 ~1.2990 # 7
3

on the right boundary of the set (0;1/3]. That is, equation (23) is not satisfied when substituting
expression (27) into it. This proves the fact that the intersection points of the curves defined by
determining equations (18) and (19) do not exist for ¢ # 0.

Conclusion

The proved property of the curves defined by the determining equations Iy = 0 and I, = 0
guarantees the partition of S;r into five subdomains, each of which will have its own combination
of signatures of the determining expressions:

either Sil (11 <0, Ih < 0),
or S;Z (I1 =0, 1, < 0),
or 5;3 (Il >0, L < 0),
or 524 (Il > 0, IQZO),
or S;E) (Il >0, I > 0).
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4.2. Case (I (¢; 8) = 0,13 (¢; B) = 0)

The determining expression I3 (¢; ) is used to determine the type of carrier motion when

I (p; 8) > 0.
Let’s consider determining equations (19) and (20).

If o =0, then
Y+=1-=7=9"f,
Ly=I3=1=2\/p—~y*—~-m,

equations (19) and (20) turn into
=0,

which can be satisfied at 3 = 8y, where By is determined by (21). That is, in the domain S5
the curves given by equations (19) and (20) have a common point Mg (0; Bo).
Now let ¢ #£ 0. Let’s show, that there is no point

M (@x; Bx) 7 Mo (0; Bo)

in the domain Sy, where Iy (p«; 8x) = 0 and I3 (ps; 8:) = 0.

Suppose that such point exists, i.e., the system of determining equations (19) and (20) is
compatible for ¢ # 0.

The values of the mismatching terms of equations (19) and (20) at the intersection points of
the curves I (p; 5) = 0 and I3 (¢; 8) = 0 should be equal, i.e.,

B2 —~2 — - [7? + arcsin <75+) — arcsin (VB)] =

= f3-cos [arcsin <75+> +7-f-tg 90] S (28)

cosp

Equation (28) is satisfied for

. T+ . -
arcsin | — | + 7 - f - tg = arcsin <> ,
(%) :

which is verified by substitution, i.e., equation (28) is replaced by (22). Substituting (22) in
(19) or in (20), we arrive to equation (23). In paragraph 4.1, it was shown that (22) and (23)
are incompatible. This proves the fact that the intersection points of the curves defined by
determining equations (19) and (20) do not exist for ¢ # 0.
Conclusion
The proved property of the curves defined by the determining equations Io = 0 and Is = 0
guarantees the partition of S5 (I; > 0, Iy > 0) into three subdomains, each of which will have
its own combination of signat{lres of the determining expressions:
either 5;5’1 (I1 >0, I, >0, I3 <0),
or 5;572 (Il >0,1>0,Is= 0),
or 8;573 (Il >0,1>0, 13> O).

4.8. Conclusion
The proved property of the curves defined by the determining equations Iy = 0, Is = 0 and
I3 = 0 guarantees the partition of S; into seven subdomains, each of which will have its own
combination of signatures of the determining expressions:

either S;:l (Il <0, <0, I3< O),

or S3o (I, =0, I, <0, I3 <0),
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or 5;3 (Il >0,1,<0,1I3< 0),
or 5;4 (11 >0,1ob=0,1I3 <0),
or 5;5’1 (I1 >0,1b>0, I3< 0),
or 5;572 (Il >0,1>0,Is= 0),
or 5;53 (Il>0, I, >0, I3>O).

The found partition of domain S2+ is used in an algorithm that determines the type of carrier

motion [13].
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