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Abstract. We describe some operators for solving model elliptic pseudo-differential equations
in special canonical domains. It helps us to write a general solution of corresponding pseudo-
differential equation in an explicit form. Moreover, knowing a general solution we can choose
additional (possibly boundary) conditions to determine uniquely the solution. All considerations
we give in Sobolev—Slobodetskii spaces.

1. Introduction
For studying pseudo-differential equations on manifolds the main difficulty is to obtain
invertibility conditions for a model pseudo-differential equation in a so-called canonical domain.
Since a pseudo-differential operator is defined by its symbol which depends on two variables x and
£, we say “model operator” if its symbol does not depend on x. Further, canonical domains are
distinct in dependance on a type of manifold under consideration. So, for example, if we consider
a compact smooth manifold without a boundary then we deal with only one canonical domain,
i.e. R™. The first singularity appears if the manifold has a smooth boundary then we need
to add one more canonical domain, it is a half-space R' = {z € R : x = (2/, ), xp, > 0},
because our manifold is a half-space in a neighborhood of a boundary point. The last situation
was studied in details in the book [2]. But if our manifold has at least one conical point at a
boundary this method of rectification of a boundary does not work, and we have next type of a
singularity and next canonical domain, i.e. a cone.

This report is devoted to some studies of this case (see also [11-16]). Some other approaches
one can find, for example, in [7, §].

2. Elliptic symbols and wave factorization
We will consider the operators in the Sobolev — Slobodetskii space H*(R™) with norm

lull? = [ Ja©(1 +1¢l)>de,
Rm

“ ”

where the sign “~” over a function denotes its Fourier transform, 4 = Fu, and introduce the
following class of symbols non-depending on spatial variable x: Jei, co > 0, such that

a <A+ [E) < e, £ €R™ (1)

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY

of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.
Published under licence by IOP Publishing Ltd 1



Applied Mathematics, Computational Science and Mechanics: Current Problems IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1479 (2020) 012009  doi:10.1088/1742-6596/1479/1/012009

The number o € R we call the order of pseudo-differential operator A.

It is well-known that pseudo-differential operator with symbol A(¢) satisfying (1) is a linear
bounded operator acting from H*(R™) into H*~%(R"™) [2].

We are interested in studying invertibility of the operators in corresponding Sobolev —
Slobodetskii spaces. Let S(R™) be the Schwartz space of infinitely differentiable rapidly
decreasing at infinity functions, C' be a sharp convex cone non-including a whole straight line.
By definition, H*(C) consists of distributions from H*(R™) with support in C. The norm in
the space H*(C) is induced by the norm H*(R™). We consider the equation

(Au)(z) = f(z), = € C, (2)

where right-hand side f is chosen from the space H; *(C).

If S/(R™) is the space of distributions over the S(R™) then S'(C) denotes the space of
distributions from S’(R™) with support in C, and H(C) is the space of distributions S'(C),
which admit continuation onto H*(R™). The norm in H{(C) is defined by

1fIIS = inf [|Lf]ls,

where infimum is chosen for all possible continuations [f.
Below we will consider the symbols A() satisfying the condition (1).

*
Let us denote by (' the conjugate cone

5:{$€Rm:x~y>0, Yy € C}.

Definition Wave factorization of symbol A(§) with respect to the cone C is called its
representation in the form

A(§) = Az(§)A=(9),
where the factors A4 (&), A=(§) satisfy the following conditions:
1) AL(§),A=(&) are defined everywhere, may be except the points {{ € R™ : £ € 8(5’ U(— C

2) Ax(€), A=(§) admit an analytical continuation into radial tube domains

TC),T(— 5’) respectively, which satisfy the estimates

[AZH (€ +im)| < ex(L+ (€] + 7)™,

[AZ' (€ - im)| < ex(1+ [¢] + [, vreC.
The number = is called the index of wave factorization.
3. Transmutation operators and solvability

Let the boundary surface of the cone C be a function x,, = ¢(z'), where ¢ € C*°(R™ 1\ {0})
is a homogeneous function of order 1. We will introduce the following change of variables

t1 = x1
to = a9
(3)
tm—1 = Tm—1
tm = Tm— ()

and denote this operator by T, : R™ — R"™.
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Theorem The following relation holds
FT,u=V,Fu,

where V,, is the following operator

) = i(t=0)€ gie(t)em
V&) = (o /Ré eIt (y ) dydt.

Proof. Indeed,

and after change of variables (3)

(FTaue) = [ € etoneitntru(tyar,

Rm
and taking into account
1 77] o~
ut) = Gy [ i),
Rm
we can write 1
(Vou) (&) = Gy / / ez‘(t—y)'Eew(t')fmﬂ(y)dydt
7r
R™ R™

A

Remark. This is very similar to a definition of Fourier integral operators [4,9, 10].

For concrete cones it is possible to calculate such operators, but before we will give the main
theorem.

To formulate this theorem we will introduce a special integral operator [11]

(Guu)(w) = lim [ Bz —y+ir)uly)dy, 7 eC,
Rm

where B(z) is the Bochner kernel [1,17]

B(z) :/ei”‘"zdx, z =&+, TEC*’.
C

Theorem Let 2 — s =n+ 0§ withn € N and |6| < 1/2. A general solution of the equation
(2) in Fourier image is given by the formula

i(§) = AZNO)QE)GmQ M A IF &)+

n

+AZN OV (Z ck<m’>6<’f‘”(xm>> :
k=1

where ci(z") € H*(R™1) are arbitrary functions, s, = s—e+k—1/2, k=1,2,...n, Lf is an

arbitrary continuation of f onto H*~“(R™),Q(&) is an arbitrary polynomial satisfying (1) for

a=n.



Applied Mathematics, Computational Science and Mechanics: Current Problems IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1479 (2020) 012009  doi:10.1088/1742-6596/1479/1/012009

The a priori estimate holds

llulls < CUIFI-a + lexls),

where [-]s, denotes H*(R™1)-norm.
Remark. It is easily verified that

-1
Vl=FT.,

(see, for example, [15]).

4. Examples
We will give some calculations for the operator V,, for two concrete cones.

4.1. A flat case
Let us consider the case m = 2 in details. This case admits only single sharp convex cone of the
following type

Ct ={z € R*: x = (x1,72),22 > alz1],a > 0}.

So we have
—+o0

(FT0(0) = [ emieen®ian, el =

— 00

o0
- /X+(3/1)€my1§2€iylglﬁ(y1752)653/1+ / X—(y1)e” e eMEig (yy, &) dyy =

—0oQ0 —00

= / X (y1)e @280 Gy &) dyy + / X—(y1)e W1 @278y &) dyy,

—0o0 —0o0

where 4(y1,£2) denotes one-dimensional Fourier transform on the last variable.
The last two summands are the Fourier transforms of functions

X+ )iy, §2),  x+(y1)a(yr, §2)

with respect to the first variable y; respectively. So we can use the following properties [2] (these
are Sokhotskii formulas [3, 6])

—+00

‘ u(n)d
/ X+<w>e”fu<:c>dx—§a<5>+v ;_ ug(n_)nn,
+oo oo

. 1 . - d
/ Y- (@) S ua)de = Sa(€) - v.p. o ué(n_)nn.

Taking into account these properties we have

(&1 + aa, §2) + u(ér — a€2,§2)+

(FT,u)(€) = ]
i T, &)y _a(n, &)dn
5 G2 3 G2 ~
ey | e / - aga - = 0O
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4.2. A spatial case

There are a lot of sharp convex cones in a space, and we consider here m = 3 and the following
cone

= {z e R?: 2z = (21,29, 23), 23 > a1|z1| + as|z2|, a1, a2 > 0}
For calculating the operator V,, we evaluate

/ (arlyrlFazly2)&s gt &aitvale) gy gy €3)dydys =

R2

+00 400
= /el(a1|y1\53+y151)(/ Hazlyal€stv282) g (41 o €3)dyady, =
—00 —00

_ / gilarlyrlgatvér) ("@(yh& axés, &) + uy1, & + asés, &3)
2
—00

J 2( 3)
i a(y1,n, &3)d
o, Yi,m,83)an

/ i(y1,1, €3) dn)d
mJ §2+ a3 —n Por | €

1
2 —axé3 —1n ’

where 4 denotes the Fourier transform with respect to the two last variables
Let us denote

+oo
1 N
v1(§) = 3 / @l e gy, ¢ — asts, &)dy,
1
vy (€) = 3 / i(a1ly1|€3+y1€1) Gy, & + axés, &) dy,
+oo
wy(§) = / el @rlvil€st ) (Sod) (y1, & + azés, &) dy,
+oo
wo(§) = / e alnlestu180) (Sod) (y1, €2 — aoks, &) dy,
—0o0
where
(Sou)(&1,62,83) = UP* / 62277_53
Further, taking into account the fact 13 = @ and the relation
T M
(Slu) (617 627 53 =v pi / ng_fi )
we obtain

/ i(arlyr|+azly2))€s pi(y1€1+y282) 5, Ay, ya, &3)dyrdys =
RQ
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_a(& — a183, & — axé3, §3) + u(61 + arés, &2 — a2§3,§3)+
4

+%(S1ﬂ)(§1 +a183, & — a283,&3) — %(Slﬂ)(gl — 163,62 — a2é3,&3)+

+ﬂ(§1 —a183, 82 + a283,§3) + U(§1 + a163, §2 + a2ds, &3) n
4

4%(51@)(51 + 183,62 + 283, &3) — %(5171)(51 — 183, & + a263,83)+

n (S21) (€1 — a1€s, &2 + 283, §3) + (S20) (61 + @183, &2 + a2és, &3) .
2

+(51521) (&1 + @163, §2 + a283,§3) — (S1.520) (&1 — @163, §2 + @283, &3)—
(S2@) (&1 — 183, &2 — @283, E3) + (Sow) (&1 + a163, &2 — 0283, &3)

2
—(S1921) (&1 + a183, &2 — a283,&3) + (S1.921) (&1 — a18s, &2 — @283, &3).

Thus, we see that the operator V,, is composed from operators Si,S2 and certain change of
variables.
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