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Abstract. In their recent works, Ablowitz and Musslimani proposed a new type of integrable
nonlinear equations — nonlocal analogues of the nonlinear Schrodinger equation, the modified
Korteweg-de Vries equation, and other nonlinear differential equations. In subsequent works,
numerous researchers constructed the simplest soliton and rational solutions of these equations.
In this paper, we construct the simplest oscillating solutions of some of the integrable nonlocal
nonlinear differential equations associated to the nonlinear Schrédinger equation.

1. Introduction

Research in this area began with the work of Ablowitz and Musslimani [2], where the authors modified
the Lax pair for the nonlinear Schrédinger equation. The authors also found [2] a one-soliton solution
of the nonlocal nonlinear Schrodinger equation by the inverse scattering problem. Then they continued
their research on this topic in works [1, 3-5, 10], the intermediate results of which are published in [5],
where 16 types of integrable nonlinear nonlocal differential equations are considered and analyzed.
Research on this topic has attracted other researchers who have published at least 15 papers (see, for
example, [6-8, 11-13, 16-20, 22, 23, 25]) on the subject in 2018 alone. In these works, as a rule, the
authors construct soliton or rational solutions by methods of Darboux, Hirota transformation or self-
similar substitution. Also, a large number of papers on this subject have been published in previous
years, since each of the authors applied his method to several nonlocal equations proposed in [5] (note
that the paper [5] was previously published in 2016 as a preprint arXiv:1610.02594). There is no doubt
that research on this subject will continue (see, for example, [9, 21, 24]).

We remind that the equations of the AKNS hierarchy have the form

Puc= ~i"Hiea(p,0), Gue= —Gira(p,@) OF puc+ iHicea(p,@) = 0, Guc+ (i) Hiera(p,0) = O, (1)
where the functions Hy and G satisfy the following equations [14, 15]

H1(p,@) = — Px, G1(P,q) = —0x, (Fx(p,a))x = —PGk(p,q) — qHk(p,d), Hk+1(p,q) = 2pFw(p,q) + )
(H(p,a))xs Gi+1(p,a) = —29F«(p,q) — (Gk(p,q))x-

In particular,

F1(p,a) = pq, H2(p,q) = 2p°q — P,
Ga(p,g) = ~207p + G, F2(p,0) = 0l — PO, 3)
Ha(p,q) = 6papx — Pxex: Ga(p,d) = 6PAUx — Cxx,
F3(p,0) = POxx + Pxx — Px0x — 3p°0°,
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Ha(p,q) = —6p%g” + 60p:* + 4ppxQx + 8PAPxx + 2P%Clxx — Prxexs
Ga(p,q) = 6p°q® — 6pax® — 40Px0x — 8P — 20Pxx — Chxixxs
Fa(p,q) = — 6pa’px + 6p°00x — QePx + PxGx + AProxx — PChxx.

It is easy to show that the functions Fk(p,q), Hk(p,q) and Gk(p,q) have the following properties

F“(‘i’pé: —1)Fu(p,a), Fe(-p, —q) = Fx(p,q), Grna(P, ) = (-1)*Hie1(q,P), Hisa(—p,—0) = —Hiea(p,0)
n

P (Ply_y s ) = D MR ma]
G (Ply_y -ty ) =D G (pa)] | 4)
Hie (Pl ol ) = (D" H (o), -

Since properties (3), (4) of equations (1) depend on the equation number, then reductions of

equations of the AKNS hierarchy depend on the equation number as well. In particular, equations (1)
except for general reductions

q(X,tn) = op*(X,tn),
q(X,tn) = Gp*(_x’ —tn),

where ¢ = =1, the following reductions are allowed

q(X,t2n-1) = op(X, —tzn-1), (5a)
q(X,tzn) = op(X, tan), (5b)
q(X.tan1) = OP*(-X, tan 1), (5¢)
q(X,tzn) = op™(—X, —tan). (5d)

Naturally, the mixed equations [15] also allow reductions (5).
Equations of the form

2k-1
pt+k§ll 7kHok (P.a) =0
allow reductions (5a), (5c), and equations
+ 3% Hop 1 (pg) =0
P+ &' 7kMaka (P

allow reductions (5b), (5d).

In this paper, we consider a class of relatively simple solutions of odd equations of the AKNS
hierarchy. The solutions considered by us can be used to obtain more complex solutions using the
Darboux transformation.

The work was supported by RFBR (grant 19-01-00734).

2. Modulated plane wave
Recall that the algebraic-geometric solution of equations of the AKNS hierarchy for all values of {;
satisfies the stationary mixed equation (see, for example, [15])
g-1
Hg(p,q)+kélcng_k(p,q):Cgp,

where g is the genus of the corresponding spectral curve, Cj are some constants. Using the method
described in [15], one can find the equation of the spectral curve corresponding to a given particular
stationary solution.

Suggested g = 2n — 1 and

p(x,0) = f(x) and q(x,0) = of(x)
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or
p(x,0) = f(x) and q(x,0) = of*(-X)
from equation (6) we find the function f(x). Then adding the dependence on t by formulas

2 b4 (6)

bty 1
Pty q) = f(x)e HA(X o q) =of(x)e

or
ibt —ibt
p(xty )= f(0e 2" L qxty, )=of (-xe 2N 7

we obtain the solution of the mixed equation of the AKNS hierarchy with a reduction (5a) or (5c¢).

Further, applying the Darboux transformation to the found solutions, it is possible to obtain more
complex solutions of the considered mixed equations of the AKNS hierarchy. Naturally, each of the
reductions corresponds to its Darboux transformation. Therefore, from the same solution satisfying both
reductions, it is possible to obtain further different solutions that will satisfy only one reduction.

For example, making in the coupled nonlinear Schrédinger equation:

. 2

|pt1+pxx—2p q=0, (8)
. 2

—|qt1 + Qyx -2q p=0,

replacing (8), we obtain

fix = 20f° + bf. 9)
Multiplying equation (9) by 2f, and integrating, we obtain
(f\)? = of* + bf? + c, (10)

where c is the integration constant. In general, equation (10) is the equation of an elliptic function.
Depending on which elliptic Jacobi function is used, one of three solutions of equations (8) with
reduction (5a) is obtained. If the solution of the equation (10) satisfies the condition

f*(—x) = f(x),
then the functions (6) are the solution of equations (8) with reduction (5c).

3. Elliptic solution 1
If f(x) = Asn[a(x — Xo);k?] then

4 2

ak ak
A=—— b=-a%k¥+l), c=—

Jo o

and
akefiaz(kzﬂ)t 5
p= 7\/> snfa(x —xq ) k"1,
lon
ia2 (k2+1)t 2
g= \/;ake snfa(x — xo); k™1 (11)

Figure 1 shows the real part of the function p(x,t) (11) wheno=1,a=3,k=0,8
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Figure 1. The real part of the function
p(x,t) (12) whenco=1,a=3,k=0,8.

For a€eR,0<k<1, X =0, c=-1the condition is satisfied
f*(—x) = f(x).
Therefore, for given parameter values, solution (11) satisfies equations (8) with reduction (5c).

4. Elliptic solution 11
If f(x) = Acn[a(x — Xo);k?] then

iak b = a2(2k? — 42,2
A= b=a%(2k -1), a"k“«“-1
Jo! .
and
iakeia2(2k2—1)t )
P=fcn[a(x—xo);k 1,
o
22 (912
q = ivoake & @D enrate— x ik, (12)

Figure 2 shows the real part of the function p(x,t) (12) whenc=1,a=3,k=0,8

Figure 2. The real part of the function p(x,t)
(12) wheno=1,a=3,k=0,8.
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Solution (12) forae R, 0 <k <1, Xo =0, 6 =—1 also satisfies equations (8) with reduction (5c), since
in this case the condition is also satisfied

*(—x) = f(x).

5. Elliptic solution 111
If f(x) = Adn[a(x — Xo);k?] then

i b=a2 k), oo ata-K%
- —
and
iaeia2(2—k2)t )
pzi\/; dn[a(x —xg); k"],
in2 2
q= ifoae '@ (2=kA)t dn[a(x — xO);kz]. (13)

Figure 3 shows the real part of the function p(x,t) (13) wheno=1,a=3,k=0,8

Solution (13) forae R, 0<k <1, Xo=0, o =—1 also satisfies equations (8) with reduction (5c), since
in this case the condition is also satisfied

*(—x) = f(x).

Figure 3. The real part of the function
p(x,t) (13) wheno=1,a=3,k=0,8.

6. Solutions in elementary functions
However, there are two special cases where equation (11) has a solution in elementary functions.

In the first of them the constant ¢ = 0 and equation (11) is reduced to the simplest differential equation
of the first order

I bsotl

dx
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Dividing the variables and integrating, we have
df

x:jm.

Calculating the integral standing on the right side and expressing the function f, we obtain, depending
on the sign of b, three different cases.
1. Ifb=0,then

f(x) =

1
(x-xpWe
and

S (14)
Taee o)

2. Ifb=-a%2<0,then

a

f(x)= ——
) \/;sin[a(x— xo)]
and

. 2 )
. ao 1t i J;ae|a2t (15)
Vo sinfa(x - )1’ 1= Ginfacc— xl

3. Ifb=a%>0, then
f (X) = L
- \/;cosh[a(x =Xyl
and

. ialt
iae

_ i\/o-ae_iazt (16)
p= \/— =
o cosh[a(x — xg)] cosh[a(x — xg)]

Figure 4 shows the real part of the function p(x,t) (16) wheno=1,a=3

Figure 4. The real part of the function
p(x,t) (16) whencs=1,a=3.
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It is easy to see that for a € R, xo = 0, o = —1, the solution (16) also satisfies equations (8) with
reduction (5¢).
In the second special case

2
c=b—¢0
4o

and equation (10) is also reduced to the first order differential equation

o —.2 b o dEer) 2 p
&—‘\/;f +T 7=(\/;f) +—.

o dx 2

By introducing a new variable f= \/E f, separating the variables and integrating, we have

df

X=[——<
(f2+bj
2

Calculating the integral standing on the right side and expressing the function h, we obtain, depending
on the sign of b two different cases
1. Ifb=2a%>0, then

F(0) - %ctg[a(x— Xl
o

and
ac2ia?t _ Joe 28t 17

p= N ctgla(x—xy)l, 4 = Voae ctgla(x - xg)1-

2. Ifb=-2a?>0,then
f(x) = Va-tanh[a(x —Xg)l
e
and
e—2ia2t 2iat
p= - tanhfa(x - x,)], 4 = Joae tanh[a(x - xg)]- (18)
o

Figure 5 shows the real part of the function p(x,t) (18) wheno=1,a=3

Figure 5. The real part of the function
p(x,t) (18) whencs=1,a=3.
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It is easy to check that when a € R, xo =0, 6 = —1, the solution (18) also satisfies equations (8) with
reduction (5c).

7. Conclusion

In conclusion, we note that the solutions found above satisfy the subsequent odd equations of the AKNS
hierarchy, but with a different coefficient before the variable t. In particular, substituting (6) into
equation

ip, +H,(p.9)=0
and simplifying, we obtain (for b = bs).
—bsf — 60%° + 106ff? + 1064 — foox = 0. (19)
Suppose that the function f (x) satisfies equations (9) and (10).
Then
fu = 662, + bf,
and
froox = 120ff® + 66Ff,« + by
or
fyox = 24625 + 20002 + 120cf + b?f. (20)
Substituting (20), (9) and (10) into (19) and simplifying, we obtain
bs = —b? —2ccC.

Naturally, the Darboux transformations of the solutions found will also satisfy all odd equations of
the AKNS hierarchy with corresponding reductions and their mixed forms.
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