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Abstract. We consider nonhomogeneous pseudorandom sequences of nonmaximal length
formed by a shift register with linear feedback (Fibonacci generators), and with internal half-
adders (Galois generators). As a basis, we consider characteristic polynomial raised to the power
of n of a form @(x) = @g' (X)@1(x), where ¢ (x) and ¢,(x) are primitive polynomials
respectively raised to the power of m; and m;, m, - m+ m; = n. We discovered periodic
polynomial structures. Examples demonstrate a diversity of generated practical sequences, which
are organized and ordered from elements of direct and inverse M-sequences. We investigated
probabilistic properties of the formed sequences.

1. Introduction
It is necessary to generate pseudo-random sequences (PRS) with a variety of properties to solve
problems by the method of statistical modeling [1]. Most of the time, PRSs are generated by PRS
generators (pseudo-random number generator, PRNG) based on an n-bit shift register with linear
feedbacks (Fibonacci generator) and with half-adders (Galois generator) [2, 3].

We propose underinvestigated methods based on a reducible characteristical polynomial raised to
the power of n to produce nonhomogeneous PRSs with nonmaximal length.

e(X) = @5 (X1 (x), (1)
Where @ (x) and ¢, (x) are primitive polynomial respectively raised to the power of mo and my, m, -
m + my = n. Coefficient o = 1 parameterizes nonhomogeneous property as an inversion operator in

the feedback circuit.
We proved that a problem of finding a periodic structure (PS) of the polynomial @' (x)is reducible

to a problem of sequential finding a PS
0o (), 95 (XD, -, @3 (X)), ., 9 ()
The set of periods of the polynomial cpé(x) consists of elements of the set of periods of the
polynomial (pé_l(x) and  periods of length Lop*i, where Lo is the period length of the polynomial
@o(x), Kjis the smallest integer for which p*/ > j, and pjis determined by the expression

p™oU-D(pMo—_1)

=08 @)

We reach the similar PS of the polynomial @g'(x) at o = 1 [5].
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A complexly organized form straight M- and inverse M- sequences (MS and MS) is the basis of the
manifold of the PRS in which monocycles 0 and 1 are forbidden, respectively [6].

2. Pseudo-random sequences generated by the Fibonacci generator
The Fibonacci generator forms identical sequences on all outputs up to the initial phase within its period.
Example 1. Let m = mp = 2. Polynomial based PRNG

0, () =2 Dx D1 (3)
forms MS 01 1ata=0and MS00 1 at a=1 with PS {1 (1), 1 (3)}.
For polynomial

pp) =x" D’ D1 “

PSis {1(1),1(3),2 (6)}. We obtained the following PRS by simulating the operation of the Fibonacci
generator based on a polynomial (4), for a = 1 (table 1).

Table 1. Generated polynomial sequences (4).

g1 q2 q3 44 g1 q2 43 44 q1 42 43 G4 g1 {42 g3 {4
1 1.1 1 0 O 1T O O O O O O 1 0 1
1 11 1 1 O O 1 1 O O O 1 O 1 O
o 1 o0 o 1 1 O O 1 1 o0 1

o 0 1. 0 0 1 1 O 1 1 1 O

o o0 1 1 0 1 1 1

O 0 0 1 1 0 1 1

o 0 0 o0 o0 1 0 1

The polynomial ¢, (x)raised to the power of (n —4) > 2has PS {1(1), 1(2"* — 1)}.The interaction
of both PS provides the polynomialp(x) with the following PS:
{1(1), 1(3),2(6),1(2"* - 1),1(3- (2" * - 1)),2(6 - 2" * - 1))}. (5)

The sequences with PS {1 (1), 1 (3), 2 (6)} form non-working (forbidden) cycles and participate in the
formation of working PRS with PS {1(2"™* — 1),1(3(2"* - 1),2(6(2"* - 1))}.
Consider the case when ¢, (x) = x3 @ x @ 1, then for PRNG in the form of (1)

PN = DxONE*DX*DD)=x"Dx* D’ DxD 1. (6)

We define PS working sequences (WS) from (5) as {1(7),1(21),2(42)} = {1(7),1(3:7),2(6 - 7)}.
Define the forbidden state (FS) of the shift register in tables for WS with a period of 21 (table 2a) and
with periods of 42 (table 2b and table 2c).

Table 2. FS of shift register for Fibonacci generator.

(a) (b) ()
g1 02 03 Q4 Qs Qs Q7 J1 02 03 Q4 Qs Qs Q7 J: 92 03 04 Os Qs Q7
0010010 000012110 0101110
1 001001 1000011 1010111
0100100 1100001 1101011
0010010 0110000 1110101

0011000 0111010
0001100 1011101
0000110 0101110
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The WS with period 21 (table 2a) is organized and ordered from the elements of two MS and one
MS (note organization of the FS of the form 001). Similarly, a RP with a period of 42 combines four MS
and two MS (table 2b), MS, MS, MS and four MS (table 2c), which corresponds to WS 00011 and 01011,
The characteristic polynomial ¢, (x) = x3 @ x @ 1 generates complex ordered MS and MS in the form
(1.

Table 3 shows the sequences generated by the nonhomogeneous Fibonacci generator with the
polynomial *(x) = (x> D x @ 1) form = 1, 4.

Table 3. The Fibonacci generator produces the polynomial @J'(x) = (x* @ x @ 1)™form =

1, 4anda = 1.
Power of PS Sequences
the
polynomial
1 {1(1),1(3)} 1, 1)001
2 {1(1),1(3), 2(6)} 1, 001,
1)000011, 2)010111

3 {1(2),1(3), 2(6),4(12)} 1, 001, 000011, 010111,
1)000000101101, 2)000100011111,
3)001010100111, 4)001101111011

4 {1(1),1(3), 1, 001, 000011, 010111,

2(6),4(12),16(12)} 000000101101, 000100011111,
001010100111, 001101111011,

1)000000001111, 2)000010100101,
3)001110110111, 4)011101111111,
5)000110010111, 6)000100111101,
15)000111010011, 16)
000010100101,

The resulting sequence at the output of the PRNG is generated by a polynomial (1) and corresponds
to the half-adder MS for the polynomialg, () and the sequence generated by o7 (x).

Bold shows equiprobable sequences.

3. Pseudo-random sequences produced by a Galois generator

Nonhomogeneous Galois generators may produce different sequences as the outputs. Internal generators
MS with half-adder, and MS with different shifts forms MS, but the sum of two MS forms MS [2].
Nonhomogeneous Galois PRNG based on the polynomial (4) and different generated sequences are
presented in table 4.

Table 4. Galois PRNG generated polynomial sequences (4).
q1 4> g3 g4 q1 42 43 44 g1 42 {43 44 41 42
o 0 1.10 1 0 0 0 0 0 0 o0 o
0 0 1 1

~
Py
~
N

1 0 1 O
1 1 0 1
01 0 o0

SO = = = =
S|=—_—_—_o
SIS — = O O
SQ— = O O O
SO — O = O
Sm O = O O
S|=—_—o —
—t == O = O -
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Let define the PRNG Galois FS for WS with a period of 21 (table 5a) and with periods of 42 for two
sequences (table 5b and table 5c).

Table 5. FS of shift register for Galois generator.

(a) (b) (©
g1 02 0s Q4 Os Os Q7 01 02 03 Q4 05 Os (7 g1 g2 s 04 05 QOs Q7
0000100 0110000 0111101
1 000010 1011000 0101010
1100001 1101100 1 010101
0000100 1110110 0011110

1111011 1001111
0001001 0010011
0110000 0111101

WS with period 21 (table 4) at the output of register g: corresponds to FS 011, at output g7 is the
inverse state 001, at outputs gz and g4 is 000, at outputs 0, s and gsis 001 with various shifts. Similarly,
WS with a period of 42 (table 5) has at outputs q: equals 001111, at outputs (s, Js and g7 are inverse to
this state 000011, at output g2is 010111, at outputs gz and gs are 011011. Difficultly ordered MS and
MS correspond to the polynomial ¢,(x) = POxD1.

The analysis of the PRS for illustrative purposes is considered on small-sized examples. Similarly,
pseudo-random sequences can be investigated for other values of mo, m and mj.

4. Probability and correlation properties of pseudo-random sequences.

The probabilistic properties of pseudo-random sequences at the outputs of generators depend on the
number of MS and MScontained in them, which are defined by FS, which are generated by a polynomial
@1 (x)raised in power of my. Then FS is 00...0 the probability is determined by the MS, and by the
probability of MSin case of 11... 1. If the FS contains an equal number of 0 and 1, then the output
sequences are equally probable.

The correlation properties of the generated sequences are also varied. In table 10 shows small-sized
examples of PRS with a maximum period of 12 from table 5 with the values of the normalized periodic
autocorrelation functions r(t) presented at half the period along the axis of the argumentt. The second
half of the functions repeats the first half symmetrically in the middle of the period T = 6, corresponding
to the gray column of the table 6. The rows of the table are indicated by the combination of the minimum
degree m of the polynomial ¢ (x)and the sequence number in the table 3.

Table 6. Normalized periodic autocorrelation functions.

Sequences with a Arguments of autocorrelation functions

m# period of 12 =1 T=2 T=3 T=4 T=5 T=6 Probability
1.1 001(001001001) -0,5 -0,5 1 -0,5 -0,5 1 0,33
2.1 000011(000011) 0,25 -0,5 -0,5 -0,5 -0,5 1 0,33
2.2 010111(010111) -0,5 0,25 -0,5 0,25 -0,5 1 0,67
3.1 000000101101 -0,125 0,25 0,25 -0,5 -0,125 -0,5 0,33
3.3 001010100111 -0,33 0 -0,33 0 0,33 -0,33 0,5
4.1 000000001111 0,625 0,25 -0,125 -0,5 -0,5 -0,5 0,33
4.2 000010100101 -0,5 0,25 -0,125 -0,5 0,625 -0,5 0,33
4.3 001110110111 -0,125 -0,5 -0,125 0,25 0,25 -0,5 0,67
4.4 011101111111 -0,2 -0,2 -0,2 0,4 -0,2 -0,2 0,83
45 000110010111 0 -0,33 -0,33 0 0 0,33 0,5

4.6 000100111101 0 0 0 0 -0,33 -0,33 0,5
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5. Conclusion

Pseudo-random sequences of nonmaximal length, formed by nonhomogeneous Fibonacci and Galois
generators based on the characteristic polynomial of type ¢(x) = ¢y (x) @,(x) in power of n, where
¢,(x) ande, (x) are primitive polynomials of degree my and m;, respectively, are investigated, mom +
m; = n. Periodic polynomial structures are defined. Sequence analysis was performed on small-sized
examples. A variety of correlation and probabilistic properties promotes the use of the considered
sequences in simulation modeling. The material of the article is staged. Further elaboration of the topic
is planned in the direction of searching for methods of identifying sequences at the outputs of the Galois
generator and methods for initializing the required modes of binary sequences. Also relevant are the
methods for specifying the required statistical properties of the memory bandwidth that simulate the
external effects of the real environment for machine models.
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