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analytic function in a complex Banach space

Zainab Esa Abdulnaby® and Ahmed E Abdul-Nabi?

'Department of Mathematics, College of Science, Mustansiriyah University
“Colleg of Education for pure Science/lbn Al-Haitham, University of Baghdad

Email: esazainab78@gmail.com

Abstract.In this effort, we define a new class of fractional analytic functions containing
functional parametersin the open unit disk. By employing this class, we introduce two types
of fractional operators, differential and integral. The fractional differential operator is
considered to be in the sense of Ruscheweyh differential operator, while the fractional
integral operator is in the sense of Noor integral. The boundedness and compactness in a
complex Banach space are discussed. Other studies areillustrated in the sequel.

Keywords. Analytic functions, Hadamard product, Fox- Wright function, norm Banach
space.

1. Introduction

Fractional calculus is a mgjor branch of anaysis (rea and complex) that deals with the possibility of
captivating real number powers or complex number powers of operators (differential and integral). It
has increased substantial admiration and significance throughout the past four decades, in line for
mainly to its established requests and applications in various apparently different and extensive fields
and areas of science, medicine and engineering. It does certainly deliver several possibly advantageous
apparatuses for explaining and solving differential, integral and differ-integral equations, and numerous
other difficulties and problems connecting special functions of mathematical physics as well as their
generadizations, modification and extensions in one and more variables (real and complex) (see [2],
[13]). The utensils employed contain numerous standard and contemporary nonlinear analysis methods
in real and complex, such as fixed point theory, boundedness and compactness techniques. It is
beneficial to investigators and researchers, in pure and applied mathematics. The classical integral and
derivative are understanding and employing with normal, ordinary and simulated methods. Fractional
Calculusisafield of mathematical studies that produces out of the classical definitions of the calculus
integral and derivative operators in considerable the similar technique fractional advocates is an
extension of advocates with integer value. The theory of geometric function concerns with a specia
class of analytic functions, which are defined in the open unit disk; such as see[10], the Koebe function
of first order

N FA
&=

and of second order

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOIL.
Published under licence by IOP Publishing Ltd 1



2nd International Science Conference IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1294 (2019) 032008  doi:10.1088/1742-6596/1294/3/032008

F4
f()—(1 D

The fractional type of analytic functionsis suggested and studied in [12] asfollows:
f(&) = a-2"

P n,meN, where @ = 1, inthecase n = 1.

with & =

In this effort, we define a new class of fractional analytic functions ¥ in the unit disk ILl: =
{z € C: |2| < 1}, with two functional parametric power asfollows:

» _ @n oy
K@) = g zp)ﬁ = Z o el

. () n-1 it

_‘H—Z(n—l)!ﬁ (1)

=4
where 0 < & < 1 and u = 1, note that the latter takes it value from the following relation;
+
H= nrd neEN,

o
if u=1inthecase n =0 and @ = 1, which leads to return to Koebe's function of the first order.
Hence, we obtain the formal of fractional analyticfuncti onaswell as

F(:.-.:)=.;:+Z (@)n- L

(n—1)!
fI=4£
Let A, betheclassof al analytic functions ¥ |nthe unit disk Il and take the form
F(z):=z2+ Z ity " 2
=4
(@)n—1
(lan] < ; 0<a<1; neN\{0,1}).

(-1

For 0 < fi<1,let G €A, beafunctiongive by

G(z) =2+ Z.Suz“

then the convolution (or Hadamard product) ¥ * ¢ defined by

FrxD)@) =2+ Z Gy f?
and n=:

FrG) (@) =F@=*6'(®), (z<D

where I given by (1). Let 5, denoted the class of al univaent functions I given by (2).

Next, we proceed to define a new operator ‘L:-“'“:c.ﬁtJLl - 1, by the convolution product of two
functions

" -.||:|! o Z“ .
e F(ﬁ) —T)ﬁ_l*f‘(ﬁ)
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Note that
1:L,J.l;.'(z) =Fz), (el

We expected that the operator ‘## s closer to similarities than the Ruscheweyh differential operator
(see[11]).

Next, by using the product of two univalent functions, we aim to define anew integral operator denote
by Ty u: e, — oA, Let define the functional

. zH
E'ﬁ=m; elUu=1p21) (4)
such that

LH

by (2) * by () = g

Consequently, we receive the integral operator Jy , defined by

ﬂﬁpl'(z) = F'ﬁ (..-.:) * F(%)
-1
[W] *F ()
(m—-1)!
**Z@thﬁ

Clearly, we can note that

©)

Tout(z) =F), |z2/<L
For @ > 1 and p > 1, thentheintegral operator J, , isclosed tothe Noor integral (see[6]) of the n-th
order of function ¥ € «A,,. Corresponding to equation in (5), we have the following conclusion:

!
2y V' (8) =2+ Z F+Ds :‘_(IBH_I et (6)
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Sincewe are dealing with the anal ytic and univalent functionsin the open unit disk, so we are concerned
to study remarkable geometrical and topological properties under the norm of the complex planeasin
the following sections.

2. Geometric propertiesof ¥,

In this section, we study the geometrical properties of the integral operator Jy , of anaytic functions ¥
intheclass «A,. First of al, we need the following lemma, stated by Duren.

Lemma 1. (Duren[1]) Letthefunction f(z) <A beastarlike, then |a,| <n foral n = 2. Andif the
function f(x) <A isconvex,then |a,| <1 foral n= 2.

Theorem 1. If @ =1 and u = 1 achieving the inequality

a(a+1)...(a+n—2)<nl
then ¥ Sp,and
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gl G <T@+ Dt WD G50

fordl r < 1.

Proof. Directly by the assumption of the theorem, we obtain |a;,| < n consequently, in view of Lemma
1, thisimpliesthat ¥ is starlike, where

a(a+1) _a(@+1).. . (a+n—2)
T e T (n—1)!

ty, =1, a, =&, ay =

We proceed to show that the integral operator Jy ,, isbounded by a specia function.

- (- 1)
It @1 = L+ Y. 2ot |

= I(n+ 3)(n + 1) rH
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whe W, isthewdl known Fox-Wright function.
Similarly, we have the following result:
Theorem 2. If @ =1 and u = 1 achieving the inequality

a(a+1)...(a+n—-2)<(n—1)!

then ¥ ¢&,, and

»
gt <T@+ Dk 910050
fordl r < 1.

Proof. By the hypotheses of the theorem, we obtain
|| < 1

consequently, in view of Lemma 1, this yields ¥ is convex. We proceed to show that the integral
operator Jy ,, isbounded by aspecial function.

— |
Tt ()] = '“Z(,g(ﬂ)) -y |
i '(n+2)I'(n+1)r"
Sr(ﬁ"'l)ir'“z FF+n+2) '
n=L
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3. Applications

In this section, we introduce some applications dealing with a complex norm of localy univalent
functions of finite order, where the order of a function f(&) =z + a,z+ a,z“+.... is known as
[13-14]
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Flle = sug(l —lzl*)|1;]| < oo, (lz] < 1).
z U

where T, = f"/f" denotes by the pre-Schwarzian derivative of function . From Becker’s theorem,
werecall that, if f isananalytic function then ||f|]; < 1 impales f isaunivalent function.

In the following theorem, we consider  the class of positive linear operator Jg ,, of analytic and
univalent functions defined on the unit disk |z| < 1, endowed with the supremum norm Il .

Theorem 3. (Univalence Boundedness) Let ¥ <A, if

s o F 1 < 1]
then Jy . 5,.
Proof. Supposing ¥ A, we get
2Jp " (2)
T o F (2 —Su 1- _—
9. @I, = sup(L = 12 |5 505
Fol(z) 2" (z
_ sup(1— ﬁ__f’ )
z U (z) F(2)
"(ﬁ)
ssup(l-—
SupC T
then, we have
2Ty, K" () zF" ()
sup(1— |=|* — < |— . 8
A ey el e ©

By setting the supremum for the last assertion over the unit disk 1L, the boundedness of the operator
I uFa(z) issatisfied.

Theorem 4. (Compactness) For ¥ Ay, thentheintegra operator Jy . iscompact in complex norm
space.

proof: If Jy & aiscompact, thenthefunction ¥ isbounded and by Theorem 3, itisfollowthat ¥ B
the integral operator Jy . is compact. Let suppose that Jy ,# § , that k,,,m n isasequencein
Banach space, and ¥,,, — O uniformly on IJ as m — oo. For every £ > 0, thereis & (0,1) such
that

1

a9

where § < || < 1, since & arbitrary, then

”:I,ﬁ,pp;n ”J = SUP(]- I‘:l )
z U
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EFFH "
=sup(l—|z]*) [
z Fn
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Sincefor ¥, - oo lon U weget WK, Il - 0 ,andthat £ isaarbitrary number, by
setting m - oo in (9), we have that
”Zﬁuﬁn ”T =0

Therefore, Jg . I, 1S compact.

4, Conclusion

We generalized aclass of analytic functions (Koebetype), by utilizing the concept of fractional calculus.
This class involves the well known geometric functions in the open unit disk. Moreover, by employing
the above class, we defined two types of fractional operators, differential and integral. The fractiona
differential operator is supposed to be in the sense of Ruscheweyh differentia operator, while the
fractional integral operator is assumed to be in the sense of Noor integral. Some geometrical properties
areillustrated for theintegral operator such asthe starlikeness and convexity. Topological propertiesare
investigated in a complex Banach space, such as the boundedness and compactness.
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