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Abstract. In the present note we consider a class of second order parabolic equations with
position dependent coefficients; such equations describe a diffusion of (quasi) particles with a
variable mass. We represent a solution of Cauchy—Dirichlet problem for such class of equations
in a bounded domain in the form of a limit of finite dimensional integrals of elementary functions.
Such kind of a representation is usually called Feynman formula and can be used for calculations.
Finite dimensional integrals in our Feynman formula give approximations for a functional
integral over a probability measure on a set of trajectories in the domain where the solution of
the considered problem is investigated; this measure is generated by a diffusion process with
variable diffusion coefficient and absorption on the boundary, hence, to get Feynman formula
also means to get a representation of the solution of the considered problem with the help of a
functional integral (such kind of a representation is usually called Feynman—-Kac formula).

1. Introduction

In the present note we consider a class of second order parabolic equations with position
dependent coefficients; such equations describe a diffusion of (quasi) particles with a
variable mass. Quantum analogues of these (quasi) particles appear in models, describing
semiconductors, liquid crystals etc.

We represent a solution of Cauchy—Dirichlet problem for such class of equations in a bounded
domain in the form of a limit of finite dimensional integrals. Such kind of representations is
usually called Feynman formulas. Following Feynman approach, limits in Feynman formulas
can be interpreted as functional (path) integrals over suitable measures or pseudomeasures on
the set of trajectories in configuration space. Functional integrals, representing solutions of
evolutionary equations, are usually called Feynman—Kac formulas. It is Feynman—Kac formulas
that allow to investigate properties of evolutionary equations by methods of stochastic analysis.

Hence, to get Feynman formulas is just another way to get Feynman—Kac formulas. On the
other hand, Feynman formulas have their own advantages, since in most cases it is possible
to represent solutions of evolutionary equations by Feynman formulas, containing elementary
functions only, whereas corresponding Feynman—Kac formulas are actually limits of finite
dimensional integrals, containing some transitional probabilities which often can not be expressed
by elementary functions. Just this situation takes place in case of boundary value problems.

In the present work we obtain a Feynman formula for a diffusion of particles with variable
mass in a bounded domain, applying a method developed in works [3] — [5] for investigation
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of diffusion and quantum evolution of particles with constant mass on Riemannian manifolds.
This method is based on Chernoff theorem (see [9], [7]) and allows to investigate a wide class
of initial and boundary value problems for evolutionary equations with linear and non-linear
configuration space (see [2] — [8]).

2. Preliminaries
Let f(-,-) : [0,00) x R — C. In papers [1], [10] the evolution of particles with position dependent
mass is described by the Hamiltonian H, such that

Hf(z) = Hof(x) + V(z)f(x)

where 1 9 9 ) )
Ho = —(m® (@) —m® (2) —m () + () oo () 5—m(2)
and a + 0+ v = —1. We assume that function V : R — C is continuous and function

m(-) : R — (0,00) is twice continuously differentiable on R. If m(z) = const then operator
‘Hp coincides Wlth a standart quantum mechanics Hamiltonian of a one-dimensional free particle
Ho = 21)1 a +—. Under assumptions above operator Hy is symmetric and there exist continuous

functions A(+), B(-),C(-) : R — R such that A(z) > 0 for any z € R and

2
08332 +BOZ 1 o).

1

Let m € N and A a continuous mapping from R™ into the space L(R™) of linear operators
on R™ such that for any x € R™ the operator A(z) is symmetric and positive. Let A4(x)
be the differential operator acting on ¢ being twice differentiable in z € R™ as follows:
(Agp)(x) = tr(A(z) ¢®(z)), where p?)(z) := (Hessy)(z) is the Hessian matrix of ¢ in
x € R™. Let B be a continuous vector valued function on R™ and C' be a continuous scalar
function on R™. In the sequel we consider the Hamiltonian H defined for ¢ being twice
differentiable in x € R™ in the following way:

1
He(z) = 5(Bap)(2) + (B(z), Vio(z)) + Cla)p(z),
where (-,-) denotes the euclidean scalar product in R™.

3. Cauchy—Dirichlet problem for a diffusion of particles with a variable mass in a
bounded domain

Let G C R™ be a bounded domain. Its closure and boundary we denote by G and 9G,
respectively. For f : [0,00) x G — R such that f(¢,-) is twice differentiable on G for all ¢ > 0
and f(-,x) is differentiable on (0,00) for all z € G we consider the following Cauchy-Dirichlet
problem:

a(t,x):Hf(t,a:), t>0,LEEG,
f(0,z) = fol), ye (3.1)
f(t,z) =0, t>0, 2 € dG.

Here we assume that f(t,-) € Co(G) for any t > 0, where Co(G) is Banach space of

continuous functions on G vanishing on the boundary. The norm in Cy(G) is defined by
1fllco@ = supzeq Lf(@)].
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We assume that the domain G and the coefficients A, B and C satisfy sufficient conditions for

the existence of a strongly continuous semigroup (73)¢>0 on Cy(G) providing a solution to (3.1).
Then we construct a family (F(t)):>0 of integral operators, such that (by Chernoff theorem)

T(t) = lim (F(t/n))", (3.2)

where the limit is in the strong operator topology in the space L(Co(G)) of all continuous linear

operators in Cy(G). Hence, a right hand side of (3.2) gives us a Feynman formula for the solution
of the considered Cauchy—Dirichlet problem (3.1).

4. A construction of the family (F(t)):>0

Let X be a Banach space, L(X) be the space of all continuous linear operators in X with strong
operator topology, || - || denotes the operator norm on L(X) and Id the identity operator in X.
If D(T) C X is a linear subspace and T : D(T) — X is linear (operator), then D(7T') denotes
the domain of 7.

Definition 4.1 The derivative at the origin of a function F : [0,e) — L(X), € > 0, is a linear
mapping F'(0) : D(F'(0)) — X such that

F'(0)g := lim ™ (F(t)g — F(0)g),

where D(F'(0)) is the vector space of all elements g € X for which the above limit exists.

Theorem 4.2 (Chernoff theorem, see [7], [9]) Let X be a Banach space, F : [0,00) —
L(X) be a (strongly) continuous mapping such that F(0) = Id and |[F(t)|]] < e¥ for some
a € [0,00) and all t > 0. Let D be a linear subspace of D(F'(0)) such that the restriction
of the operator F'(0) to this subspace is closable. Let (L,D(L)) be this closure. If (L, D(L))
is the generator of a strongly continuous semigroup (13):>0, then for any to > 0 the sequence
(E'(t/n))")nen converges to (Ti)e>0 as n — oo in the strong operator topology, uniformly with
respect to t € [0,tg], i.e., Ty = lim, oo (F(t/n))" locally uniformly in L(X).

A family of operators (F'(t))i>o is called Chernoff equivalent to the semigroup (T})¢>¢ if this
family satisfies the assertions of the Chernoff theorem with respect to this semigroup.

Our aim is to construct a family of integral operators (F'(t))s>0, which is Chernoff equivalent
to the semigroup T'(t), resolving the Cauchy—Dirichlet problem (3.1).

Let fix some ¢ > 0. Any function ¢ € Cp(G) can be extended to a continuous in
R™ function @ with compact support in G¢, where G¢ is e-neighborhood of G in R™, and
le@)lcy@) = 51ﬂ1§p |@(x)|. For each ¢ a function ¢ can be chosen in such way that for any

zeR™

a,b € Rif ¢ = ap1 + by then ¢ = ap1 + byps. Such function ¢ with ¢ = @[z in sequel
we call related to ¢. Let’s consider a set D := {go € Co(G) | ¢ can be extended to some @ €

C3(G?) with sup,epm |p(z)] < lellcy @) and He € Co(é)}, here C§(G?) denotes the space
of four times continuously differentiable functions with compact support in G°. A set of all
¢ € C3(G*), such that ¢|z = ¢ € D, we denote as D. Hence, D C Cy(G), D C C§(G®) C
C(R™). We denote the generator of (73):>¢ by (H, D(H)) and assume that the set D is a core
of (H,D(H)).

Let a(z) := detA(x). We introduce a family of operators (Fi(t)):>0 in C(R™) such that
F1(0) = Id and for t > 0 the operator Fi(t) is given by the formula:

@D ysna, @)

R0RE) = s [ om0
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If A is a constant matrix this family coincides with the semigroup (e%AA)tZO. If A is not
constant it is not so anymore. Nevertheless, the following holds:

Lemma 4.3 For § € D the derivative of Fy (t)p(x) at zero coincides with %AA@(:L') uniformly
in x € G¢, i.e., for any @ € D the following is valid uniformly with respect to x € G€ as t \, 0:

Fi(0)3(x) = 3(x) + 5 Aa3() + olt).

Proof: Let c(t,z) := (a(z)(2rt)™)" Y2, t > 0, z € G¢. Then

AW - B = Y
1 r)\xr — xr — 1 )z T
/exp{_<A ()( - y), y>}5(y)dy_/exp{_<z4 (2)( = D =)z
! )
c(t, x LW —v). z —
= A8 [ e DDy — ey

Since ¢ € C§(G¥) C C*(R™) a Taylor expansion at the point z yields

Bly) — 5(x) = V(@) — ) + 55O @)(y o)

1. 1.
+ §¢(3) (z)(y — z)® + @90(4) 0z + (1 = 0)y)(y — 2)*,

where 3¥)(z) is understood as a k-linear functional on (R™)* and a symbol ¥ (x)(y—z)¥ stands
for the result of application of ¥)(z) to the vector (y—z) € R™ taken k times, 6 € [0,1]. Hence,

HF0F - P)(a)
= Lot ) / U GO )y — )+ 4 SO+ (1— Oy — ) )dy =
Lotta) [ s

= petn) [ e T EZD T 50, gy

2t 2t
. —1 M — €T —
tgpelto) [ ep(ZEEZIEZING0 60 1 (1 - o)y - 'y

Since @* is bounded, the last term converges to zero as ¢ \, 0 uniformly in z € G¢. As in
the case of a constant A (now with a parameter), the remaining term converges to 3A43(z) as
t \, 0 uniformly in z € G¢. |

Let us now define a family of operators (F»(¢)):>0 in C'(R™) such that F5(0) = Id and for
t > 0 the operator Fy(t) is given by the formula:

B(t)p(x) =
AN (@) (= —

_ 1 / {_<
" e Jam P 5

where A=1B(z) := A~ 1(2)B(x).

YT =Y (A1 B(x), 2 — 1)} (y)dy,
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Lemma 4.4 For any ¢ € D ast \\ 0 we have uniformly with respect to x € G¢:
~ ~ t, - - t, . _ ~
Fa(t)3(x) = Bx) + 5 Aa3(x) + H{B(x), VE(@)) + 5 (A7 B(x), B)3(x) + oft).

Proof: Let us notice that if ¢ € D, then also exp{—(A~'B(z),z —)}% € D for all z € G and

Fa(t)¢(z) = Fi(t)(exp{— (A7 B(z),z — )}@)().

By Lemma 4.3 we get

Fy(t)g(x) =
= (exp{—(A7'B(x),z — )}@)(x) + %AA(GXP{—M_IB(»”C), z—)}9)(x) + olt) =
= o) + %tr (A((ﬁ@) +247'BoVe+(A'B® A*lB)@)) (z) +o(t) =
= o(z) + %AM(J«") +1(B(z), Vo(z)) + g(A_lB(fE), B(z))@(x) + o(?).

|
Let s : (0,00) — (0,00) be a smooth function which monotonically decreases to 0 as ¢t \, 0
such that s(t) = o(t). For example, s = carctg for some 0 < ¢ < Zdiam(G). Let Gy C G be
defined as G,y = {r € G|dist(z,0G) > s(t)}. Let ¢y : R™ — [0,1], > 0 be a family of
smooth functions such that 1) (z) = 1 for x € Gy, Yy () = 0 for x € R™ \ G. Hence the
family 1,(;) approximates the indicator function of the domain G pointwisely as ¢ ™\ 0.
Next let us introduce a family of operators (F3(t))¢~o acting on ¢ € C(R™) as follows:

F3(6)3(x) = by (2)e!” (),

where V(z) = C(z) — £(A7'B(z), B(z)), « € R™. Finally, we define the family of operators
(F(t))i>0 on Co(G) in the following way: F(0) = Id and, for t > 0 and for any ¢ € Cy(G),
F(t)p = F3(t)F2(t)p, where ¢ is related to ¢ as above.

Lemma 4.5 For any ¢ € D ast \, 0 we have uniformly with respect to x € G
t
F(t)p(z) = p(z) + 5Aap(x) + 1{B(z), Ve(z)) +1C(x)p(z) + of?).

Proof: Since V' is a continuous function, by a Taylor expansion we get V(@) =14tV (2) +o(t)
as t \, 0 uniformly in « € G. Thus, by Lemma 4.4 we get

F(t)p(x) =ty (x) (1 + 1V (2) + o))

 (P) + 5Anpa) + B,V @) + (A B.B)3(a) + o(0))

N |

20 <5+ %AA@JF tH(B,Vp) + tC(ﬁ) (7) +o(t) = Yoy (p +tHQ) () + o(t)

for any ¢ € l~?, uniformly in z € GE.

Let us show that F(t)p(x) = ¢(x) + tHe(x) + o(t) as t N\, 0, uniformly with respect
to x € G, for all ¢ € D. Let firstly x € Gswy- Then gy (z) = 1 and F(t)p(r) =
@(x) + tHp(x) + o(t) as t \, 0, uniformly with respect to z € Gyy4). If 2 € OG, then
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Ysy(r) = 0 and F(t)p(r) = 0 = ¢(r) + tHp(z). Finally let 2 € G\ Gyy). Then
F(H)p(x) — plx) — tHp()| = (1 (@) (o) + tHp(x)) + o(b)] < lp(x) + tHip(x)| + oft)
as t \, 0. For any z € G\ Gy there ex1st at least one xp,q € OG such that dist(z, xpq) =
dist(z,0G) < s(t) = o(t) as t \, 0. Since ¢ € D, we have ¢(z) = p(2pq) + 21 (ce)(z — Tpa),
where ¢; = 0z + (1 — 0)xpq for some 6 € [0,1] and ¢ is related to ¢ as above. Therefore
[p(w)] < s(t) supyepm 12 ()| = o(t) as t \, 0, uniformly with respect to z € G\ G- Since
Hy € Co(G), also Hp(x) — 0 uniformly with respect to x € G\ Gy for ¢\, 0. Thus
tHyp = o(t). Therefore |F(t)p(x) — p(z) —tHe(x)| < o(t) as t N\, 0, uniformly with respect
to x € G\ Gy). Summarizing, we get for any ¢ € D and uniformly with respect to = € G:
Ft)p(z) = p(z) +tHe(x) +o(t) as t \, 0. [ |

Theorem 4.6 Let (T});>0 be the strongly continuous semigroup on Co(G) providing a solution
to the Cauchy-Dirichlet problem (3.1). Then the family of operators (F(t))t>o is Chernoff
equivalent to this semigroup and therefore

T = lim [F(t/n))"

in L(Co(Q)), locally uniformly with respect to t > 0.

Proof: We have to prove that (F'(t))¢>0 is Chernoff equivalent to (7});>0. Since by Lemma 4.5
the derivative of F(t) on Co(G) at zero coincides with the generator of the semigroup (73):>0
on its core D, we only need to estimate the norm of the operators F(t) and to show strong
continuity of the family (F(¢));>0. The norm is estimated as follows (here X = Cp(G) and ¢ is
related to ¢ as above) [|F(t)]| =

_ Yo @)tV L(@)(a—y).c—y) -1 5 ’ _

= su su exp{— (A7 B(x),x — dy| =
S xeg‘ W)(m J ex 50 }exp{—(A™'B(x), 2 — y)}&(y)dy

_ Yo (@)etV ) (z— y+tB(w))fr y+tB(z)) -1 ~ ’

= sup sup exp exp B, B)(x)}p(y)dy| <
o p ‘MR [ (= exp{4(A~ B, B)(2)}3(y)

< etSUPgzec |C ()] sup | ——— ex (@)= y+tB(x)) vy +tB(@ dy —tB(x =

< up |t [ (= Lyd(y — t5(@))

= elsWseq [C(2)],

Next let us show strong continuity of the family (F(t));>o. For this it is sufficient to show
that limy ¢, || F'(t)e — F(to)ellc,@) = 0 for all ¢ € D and any o > 0. For #o > 0 this is true,
because all functions in the formula of F'(¢) are continuous with respect to ¢t € (0,4+00), @ is
continuous with compact support, and exp{_<A71(x)§f_y)’x_y>} is a continuous function of the
three arguments (t,z,y) € [t1,t2] x GE x G¢, where tg € (t1,t2), [t1,t2] C (0, 00).

If p € D, then

—(A @) (@ —y),z—y), - _
iy e [, o " 1 w)d(y) = o(),
uniformly in = € G, since for any fixed € G
T _ 1 *<A_1($)(£C*y),$*y> m
fily) = NOICOR exp{ o7 b, yeR™,

tends to the Dirac function 4, as ¢t ™\, 0 and ¢ is bounded and uniformly continuous. Hence,
limy\ o F(t)p = ¢ in Cy(G) for all ¢ € D. Thus, by Chernoft’s theorem the statement follows.
[ |
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5. Feynman and Feynman—-Kac formulae

By theorem (4.6) the solution f(¢,x) of Cauchy—Dirichlet problem ( 3.1) with initial condition

f(0,z) = fo(z) can be obtained by the formula f(t,z) = lim [F(t/n)]" fo(x), where for any
n—oo

p e C()(a) o
x)etV(z W (z—vy).x— ~
Flt)o(e) = A2 [ exp{—AEE0 ) oxp(— (A7 B(x). 2 — )} Ely)dy
Rm™
Thus,

ft.o) = lim [ [ TLosom(@) | el > Via-)
j=1 Jj=1

Rm Rm
N t t ~
-exp{Z(A B(zj-1),zj — xj—1)}pa(— a:o,:cl)...pA(ﬁ,xn_l,a;n)fo(mn)dxl...dwn, (5.1)
j=1

x)(x y)z= y>}, zo = x and fo is related to fj.

where pA(t & y) \/w p{

Let a symbol 75 denote the indicator of the set G, i.e. yg(zr) =1if 2 € G and yg(z) =0
if z ¢ G. Neither the speed of convergence of s(t) — 0 (if it is o(t)), nor the choice of a family
{5t} approximating v when ¢t — 0 can change the limit in the formula (5.1). Since 1) is a
smooth function with a compact support in G and fg is a continuous function with a compact

support in G®, we actually integrate a continuous function over a compact G" " x GF in the
formula (5.1) and, hence, as 1,4 — 7 when t — 0 we can choose s(t/n) such that

/ / exp{— ZV (xj-1) }exp{z AT B(zj1), 2 — xj_1)}pa(t/n, xo, x1) - .

pA(t/n, @01, 20) fo(zn) <H(ws<t/n>(azk_1> = 7G<mk_1>>> dzy...dz, | < %

k=1

Then the limit in the formula (5.1) coincides with the following limit:

—,}LH;O/ / exp{ vava 1}exp{Z AT B(wj), w5 — ay-) )

pa(t/n,xo,x1)...pa(t/n, xpn_1, xn)fo(:):n)dxl...dxn. (5.2)

Let F2(an) = [ exp{t 3 Viaj1)}exp{ 3> (A Blaj1),; — aj-1)}palt/m, 0,21
énfl ]:1 jil
pa(t/n, 1, 2n)dx1...dxn_1. Then f(t,z) = lim [ fo(y)F¥(y)dy. Since for any € > 0 the
nﬂooﬁ
function f(¢,z) does not depend on an extension fp of the initial condition fy onto G* \ G,
we get f(t,z) = lin% lim [ fo(y)EZ(y)dy and by Lebesgue dominated convergence theorem
e—UnN—oo—
Ge

f(t,0) = lim [ fo(y) lim Fi(y)dy = [ foly) lim Fi(y)dy = lim [ fo(y)Fy(y)dy. Hence, the
Ge G G

following theorem is proved:



V International Symposium on Quantum Theory and Symmetries IOP Publishing
Journal of Physics: Conference Series 128 (2008) 012050 doi:10.1088/1742-6596/128/1/012050

Theorem 5.1 Let f(t,z) be a solution of Cauchy—Dirichlet problem ( 3.1). Then the following
Feynman formula is true:

£t _nlgrolo/ /exp{ va] 1}exp{ZA Blay_1),2; — ;1))

pA(t/n,xo,ajl)...pA(t/n,:rn_l,xn)fo(a:n)dxl...da:n. (5.3)
Remark 5.2. One can show in a similar way that the solution of Cauchy Problem

of
8t( ):Hf(t,l'),

f(07x) = fO(IE)

in the whole space R™ can be represented by the same Feynman formula (5.3) where integrals
over GG are substituted by integrals over R™.
Remark 5.3. Let now

t

B(6) = exp{— [ (A7 B(e(r). BT dr)

0

t
oxpf [ (47 BlE). dtr }exp{/ C(E(m)dr}fo(E(1)).
0

Using a fact that the equation %{ (t,x) = 1A Af(t, :L') is a Kolmogorov equation for the Ito

stochastic differential equation d§(t) = \/A(£(t))dw(t) (where y/ A(z) means the positive square
root), one can show that finite dimensional mtegrals at rlght hand side of the Feynman formula
( 5.3) are finite dimensional approximations of an integral of the function ® over a measure pu,
generated by a diffusion process, in the domain G with absorption on the boundary, governed
by this stochastic differential equation. This means that the following Feynman—Kac formula is
true:

f(t,2) = / B(E)u(dt).
C([0,],G)

It is worth noticing, that just the Feynman formula, containing elementary functions only, gives
an effective method to calculate the integral in the Feynman—Kac formula.
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