Journal of Physics: Conference
Series

PAPER « OPEN ACCESS You may also like

Study of control problems for the

Control problems for the stationary MHD equations  satlonan WD equaions
. agn rizitskii
under mixed boundary conditions

- Learning optimal spatially-dependent
reqularization parameters in total variation

T e image denoising

To cite this article: Gennady Alekseev and Roman Brizitskii 2019 J. Phys.: Conf. Ser. 1268 012005 Cao Van Chung, J C De los Reyes and C

B Schonlieb

- Quasi-best approximation in optimization
with PDE constraints
Fernando Gaspoz, Christian Kreuzer,

View the article online for updates and enhancements. Andreas Veeser et al.

@ = DISCOVER

how sustainability

The : ' : intersects with
Electrochemical ¢ ]
Society

Advancing solid state &
electrochemical science & technology

This content was downloaded from IP address 3.142.173.166 on 15/05/2024 at 21:17


https://doi.org/10.1088/1742-6596/1268/1/012005
https://iopscience.iop.org/article/10.1088/1742-6596/894/1/012015
https://iopscience.iop.org/article/10.1088/1742-6596/894/1/012015
https://iopscience.iop.org/article/10.1088/1361-6420/33/7/074005
https://iopscience.iop.org/article/10.1088/1361-6420/33/7/074005
https://iopscience.iop.org/article/10.1088/1361-6420/33/7/074005
https://iopscience.iop.org/article/10.1088/1361-6420/ab47f3
https://iopscience.iop.org/article/10.1088/1361-6420/ab47f3
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjsty6if401_w6SJK_TyY3R5oqGF6jzoO6Ed0t9IbZYiIA1WCHJT3e2JXX8GxTLEJCKTKYHAR9wSQAgY10tNNrmFnC059A2lq_t_7GXHLio4_9naJTH6y8IXmGuhKntJFAlzkXz6UpS6JzbxMvZKNYraWkdfk2HQN09wwHd3-8Fy-VmKxr66OoHDd75tSXk_Zfxo30bERXkFJGjTrEkq3zfOQcKGv4KJ0B8XG8W4--GoQWUm5YTELLWyPiKknO7T2qwg_DdUzo_eKfzA0Mu3Kz37Mn0zeZeLA-3W4hFIT0p01rXK0eiONTY8p7qjk92mqzatAo_u_3n5-PGPIs3a3SCnrHWgxBgBN&sig=Cg0ArKJSzOKXsHm0pKMU&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://iopscience.iop.org/partner/ecs%3Futm_source%3DIOP%26utm_medium%3Ddigital%26utm_campaign%3DIOP_tia%26utm_id%3DIOP%2BTIA

MPCM2019 IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1268 (2019) 012005  doi:10.1088/1742-6596/1268/1/012005

Control problems for the stationary MHD equations
under mixed boundary conditions

Gennady Alekseev!? and Roman Brizitskiil»?
"nstitute of Applied Mathematics FEB RAS, 7, Radio St., Vladivostok, Russia
2Far Eastern Federal University, 8, Sukhanova St., Vladivostok, Russia

E-mail: alekseev@iam.dvo.ru, mlnwizard@mail.ru

Abstract. The optimal control problems for the stationary magnetohydrodynamic equations
under inhomogeneous mixed boundary conditions for a magnetic field are considered. The role
of control in control problems under study is played by normal component of the magnetic field
on the part of the boundary. The existence of optimal solution is proved and optimality system
for considered extremum problem is obtained.

1. Introduction. Statement of the boundary value problem
Control problems for models of magnetic hydrodynamics of viscous electric conducting fluids play
an important role in a number of applications [1, 2]. In this paper we study control problems for
the stationary model of magnetic hydrodynamics, considered under mixed boundary conditions
for the electromagnetic field.

Let © be a bounded domain of the space R? with boundary ¥ = 9§ consisting of two parts
>, and .. We will consider following system of the stationary magnetohydrodynamic equations
of viscous incompressible fluid

—vAu+ (u-Vju+Vp—aecurlHxH=f, divu=0, (1)

UlcurlH—palE—i—aequ:l/lj, divH =0, curlE =0, (2)

together with the following inhomogeneous boundary conditions:
uly =0, H-n|ly, =¢, Hxn|y, =0, Exn|y, =k (3)

Here u is the velocity vector, H and E are magnetic and electric fields, respectively, p = P/py,
where P is the pressure, py = const is a fluid density, & = u/pg, v1 = 1/poo = vy, v and v,
are constant kinematic and magnetic viscousity coefficients, o is a constant conductivity, p is a
constant magnetic permeability, n is the outer normal to ¥, j is the current density. Below we
will refer to problem (1)—(3) for given functions f,j, k and ¢ as Problem 1. We note that all the
quantities in (1)—(3) are dimensional and their physical dimensions are defined in terms of SI
units. Physically the boundary conditions for the electromagnetic field in (3) correspond to the
situation when the part ¥, of the boundary X is a perfect insulator.

In the particular case when ¥, = ) the boundary conditions (3) for the magnetic field
take the form H-n|y = q, E x n|y = k. The corresponding boundary value and extremum
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problems for model (1), (2) were studied by a number of authors (see, for example [3-13].
Beginning from 2014, the authors published papers [14-16] devoted to the analysis of the
solvability of boundary value problems for model (1), (2) considered under mixed (homogeneous
or inhomogeneous) boundary conditions for the electromagnetic field. Further, authors’ papers
[17, 18] were published, in which the study of control problems for model (1), (2) in some
particular cases was started. Continuing the studies begun in [17, 18], we formulate below the
control problem for model (1), (2) in which the boundary function ¢ € H*(3;) where s € [0,1/2]
plays the role of control. We study the solvability of the optimal control problem and derive an
optimality system describing the necessary conditions of extremum.

2. Function spaces. The preliminary results

As in [15, 16, 17, 18] we begin with describing the main functional spaces. Below we will use
the Sobolev spaces H*(D), s € R, H°(D) = L?(D), where D denotes domain (2, its boundary
>} or open nonempty subset g C . Corresponding spaces of vector—functions are denoted
by H*(D)? and L?(D)?. The inner products and norms in the spaces H*(D) and H*(D)? are
denoted by (+,)s.p and || -||s,p. The inner products and norms in L?*(Q) and L?(2)3 are denoted
by (-,-) and || - ||q. By H*(X) or H*(Xp) at s > 0 we denote the usual trace spaces of the
space H5t1/2(Q) over ¥ or over proper (non empty) open subset ¥y of ¥. By H*(X) and
H~*(%p) we denote the dual spaces of H*(X) and H*®(X), respectively, in the case when X is
a surface without boundary. By (-,)sx, (-,)s,5, we denote the duality pairing between H~*(X)
and H*(X), H %(Xy) and H%(X¢) respectively.

As in [20, 21] we assume that the following conditions to € are satisfied:

(i) © is a bounded domain in R? and the boundary 952 is the union of a finite number of
disjoint closed C? surfaces, each surface having finite surface area;

(ii) ¥, is nonempty open subset of 90 with M + 1 disjoint nonempty open components
{00,01,...,00} and there is a positive dy such that dist d(o;,0;) > dy > 0 when ¢ # j and
M > 1. The boundary of each o; is either empty or O curve. We set ¥, = 9Q \ %,.

Let D(£2) be the space of infinitely differentiable compactly supported functions in Q, Hg ()
be the closure of D(Q) in HY(Q), V = {v € H}Q)? : divv = 0}, H1(Q)3 = ( ()3,
L3(9) = {p € L3(Q) : (p,1) = 0}, HN®,%,) = {p € H(Q) : gls. = 0}, Cs0(@) = {v €
C%Q)?:v-n|s, =0, v x n|g, = 0}. In addition to the spaces introduced above we will use the
spaces H(div,Q) = {v € L?(Q)? : divv € L}(Q)}, H(curl, Q) = {v € L3(Q)3 : curl v € L?(2)3},
HOcurl, Q) = {v € H(curl,Q) : curlv = 0} and the space Hpc () = H(div,Q) N H(curl, ),
equipped with the Hilbert norm |[ul|% := |[ul|3 + [|divul|3, + [[curlul3,.

Let Hpcys. (Q) be the closure of Cx_o(Q)2NH(Q)? with respect to the norm || - ||pc. Let
Hs, () = {h € L*(Q)3 : divh = 0, crlh = 0in Q, h-n|y. = 0, hxn|y, = 0},
Hs, () = {h € L*(Q)3 : divh = 0, crlh = 0in Q, h-n|y, = 0, hxn|s. = 0},
Vs, (Q) = {v € Hpex,.(Q) : divv =0 in Q} NHyx, (Q)+, Hy = HF(Q)? x Vi (Q).

A number of properties of the function spaces introduced above has been proved in [20, 21].
We formulate these properties as the following theorem.

Theorem 2.1. We assume that conditions (i), (ii) hold. Then:

1) the spaces Hyx, () and Hs, (Q) are finite dimensional;

2) Hpes, () € HY(Q)3 and the norm || - | pc is equivalent to the norm || - ||1.0;

3) for allh € Vs_(Q) the coercitivity inequality ||curl h||? > 51||h||%79 holds where constant &
depends on Q and X;;

4) the orthogonal decomposition L?*(Q)3 = VH'(Q, %) @ curl Hpes. (Q) @ Hs, (Q) holds and
curl Hpey () = curl Vy_(92).

Along with spaces Hpc () and HO(curl, Q) we will use their subspaces

H2(9Q) = {h € B*PY/2(Q) : curlh € L2(Q)?, divh = 0} N Hy, (),
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H2(9) == (h e H52(9) :h x ng, = 0},
HY (curl, Q) := {e € H(cwrl, Q) : e x n|s, € L7(Z,)}

equipped with natural norms

llyysi12 gy = IBlls1/2.0 + llewrlhllo, flelluy (eu,a) = llelle + lle x nlls..

The spaces ”Hj;;l/ 2(9, ¥,) and HY, (curl, ) will be used below for describing properties of the
magnetic and electric fields, respectively.

The following technical lemma holds (see for details [6, 20, 21]).

Lemma 2.1. Under condition (i) there exist constants §; = 6;(2) > 0 and v; = () > 0,
1=0,1, 8> 0, depending on 2 such that

(Vv,Vv) > 6o|[v]iq Vv € Hy(Q)%, (curl &, curl ) > 6| ¥} o V¥ € Vi (),

|((u- V)v, w)[ < 7llu

vl

vaellvllLaelwlie,

Lo Vu,w e HY(Q)3, v e HF/2(Q)3,

|(curlu x v, w)| <miflulliolvisz0lw

sup  —(divv,p)/[[vlne = Blplle Vp € L§(). (4)
veHL(2)3,v#£0

Furthermore, the following identities hold true:
(u-V)v,w) = —((u-V)w,v)Vuc H(Q)? : divu =0, (v,w) € H}(Q)? x H'(Q)3,

(rot ¥ x H,u) = (H x u,rot ¥) = —(rot ¥ x u, H) V¥, u € H' ()% H e H*T/2(Q)3.

Let the following conditions hold in addition to (i), (ii):

(i) f € HH(Q)?, j € L*(Q)%, k € (v,|z, ) HY_(curl, Q).

In what follows we will deal with a weak form of Problem 1. To this end we multiply the first
equation in (1) by v € H}(Q)?, the first equation in (2) by curl ¥ where ¥ € V5_(Q), integrate
over 2, apply Green’s formulas, add the obtained results and make use of the identity [14]

(E, curl @) — / (B x nls,) - Ordo = (k, ¥r)s, = (Eo,cwrl ©) Y8 € Vs, ). (5)

.

As a result we arrive at the weak form of Problem 1:
v(Vu,Vv) + v (curlH, curl®) + ((u- V)u, v) + &[(curl¥ x H,u) — (curlH x H, v)|—

—(divv,p) = (£,v) + (11§, carl ©) + py ' (k, ®)s, V(v, ¥) € H,, (6)
divu=0inQ, H-n=qgon X,. (7)

We will refer below to any triple (u, H,p) € H{(Q)3 x HZKI/Q(Q, 3,) x L3(9) satisfying (6), (7)
as a weak solution to Problem 1.

The identity (6) does not contain electric field E € HY, (curl,Q) which was eliminated with
the help of (5). However, using a condition on a boundary vector k in (iii) vector E can be
reconstructed uniquely from triple (u, H, p) satisfying (6) so that the first equation in (2) holds
a.e. in () (see details in [15]).

Let in addition to (i)—(iii) the following condition holds:

(iv) 5, NE, =0.

The following theorem from [15] provides the existence of a weak solution to Problem 1:
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Theorem 2.2. Under assumptions (i)-(iv) for any q € H*(X;), s € [0,1/2], there exists a
weak solution (u, H,p) to Problem 1 and the following estimates hold:

lallue < Mu, [[Hl,s112 ) < M, [Iplle < My, (8)

()

wheree My, My, M, are continuous nondecreasing functions of ||£||-1.a, |lilla, [|kls,, l¢lss, -
If, besides, functions £,j,k,q are small (or “viscosities” v, vy, are large) in the sense

YoMy + 11 (Vee/2)Mu < dov, yi My + 1 (Vee/2)Mu < §1vpm, 9)

where constants dg, 01,70, 71 are introduced in Lemma 2.1, then the weak solution is unique.
The proof of Problem 1’ solvability essentially uses the following Lemma [22]:
Lemma 2.2. Let under assumptions (i), (ii) and (iv) ¢ € H*(3;) at s € [0,1/2]. Then
there exists a unique function Hy € HZ;I/Q(Q,EV) such that curlHy = 0, divHg = 0 in €,
Ho-n =q on %7, and [[Hol|s11/2,0<Csl|qlls ., where constant Cs. does not depend on q.

3. Boundary control problem
Let us formulate control problem for Problem 1. For this purpose we divide the set of all data
of Problem 1 into two groups: the first contains the functions f,j and k while the second one
contains the function ¢. We assume that ¢ can be changed in some subset K, where

(j) Ks € H¥(X;), 0 < s <1/2, is nonempty convex closed set.

Setting X5 = H}(Q)3 xHjI,l/Q(Q, Y)x L3(Q) and Yy = H1(Q)3x Vs (Q)* x L3(Q) x H*(Z,),
x = (u,H, p) € X, we introduce an operator F' = (Fy, F», F3) : X; x Ks — Ys by

(F1(x), (v,¥)) =v(Vu,Vv) 4+ v (curlH, curl®) + ((u - V)u,v) — (divv, p)+

tee[(curl® x H,u) — (curlH x H,v)] — (f,v) — (1], curl @) — pgt (k, ¥p)s. V(v, ¥) € H,,
(Fy(x,7)) = —(diva,r) Vr € L3(Q), F3(x,q) =H-n—qc H%,)

and rewrite the weak form (6), (7) of Problem 1 in the form of the operator equation
F(x,q) = F(u,H,p,q) =0. (10)

Let I : X; — R be a weakly lower semicontinuous cost functional. Consider the following
optimal control problem:

J(x,q) = (o/2)I(%) + (11/2)|lqll7 5. — inf, F(x,q) =0, (x,q) € X, x K. (11)

Here pg > 0 and p; > 0 are nonnegative parameters.
As the cost functional we choose one of the following:

L(v) = v —valg, L(H) = [[H —Hy|3), I3(p) = |p — pallg- (12)

Here the function v4 € L?(Q)3 denotes some desired velocity field given in a subdomain Q C €.
Functions Hy € L?(Q)3 and py € L?*(Q) have similar sense for the magnetic field or pressure.
The set of possible pairs for problem (11) is denoted by Z,q = {(x,q) € Xs x K : F(x,q) =
0,J(x,q) < co}.

Let in addition to (i) the following conditions hold:

(3j) o > 0, p1 > 0 and K is bounded set, or pug > 0, u1 > 0 and I is bounded below.

By analogy with [18], the following theorem concerning with solvability of (11) is proved.

Theorem 3.1. Let under assumptions (i)—-(iv) and (j), (3j), I : Xs — R be a weakly lower
semicontinuous functional, where s > 0, and set Z,q be nonempty. Then problem (11) has at
least one solution (x,q) € Xs x K.
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4. Derivation of the optimality system
The following stage of study of problem (11) is a derivation of an optimality system describing
necessary conditions of extremum.

Let X} = H‘l(Q)?’xHj;;l/z(Q, ) x L3() and Y = HYH(Q)3x Vs, (Q) x L3(Q) x H*(X,)* be
the duals of spaces X and Y where s > 0. It is easy to show that the Fréchet partial derivative
with respect to x from operator F' : X; — Y, at any point (X,§) = (ﬁ,I:I,ﬁ, q) € Xs x K
is a linear continuous operator Fy(%,q§) : Xy — Y, that maps each element (w,h,r) € X;
to an element F.L(X,q)(w,h,r) = (J1,72,93) € Ys where the elements §; € H}, §o € L3(9),
g3 € H*(X;) are defined by triples (i1, H, p) and (w, h,r) from relations

(U1, (v, ¥)) = v(Vw,VVv) + v1(curl h, curl®) + (- V)w,v) + ((w - V)i, v) — (divv,r)+

+ee[(curl® x h, 1) + (curl® x H,w) — (curlh x H,v) — (curl H x h,v)] V(v, ¥) € H,,
(f2,r) = —(divw,r) Vr € L§(Q), s =h-n|s, . (13)

By F/(%x,4)* : Y= X} we denote operator adjoint to Fj (X%, §). Following to the general theory
of smooth-convex extremum problems [23] we introduce an element y* = ((£,7),0,() € Y to
which we will refer as adjoint state and define the Lagrangian L : X; x Ks x R x Y, — R by
formula L(x,q, Ao, y*) = MoJ(X,q) + (y*, F(%,q))vsxv, = MoJ(X,q) + (F1(x,q), (&, n)) H:xH, +
(FQ(X, Q), U) + <C7 F3(X7 q)>5727"

The following theorem holds.

Theorem 4.1.  Let under assumptions (i)—(iv) and (j), (jj) at s € [0,1/2], the element
(x,4) = (ﬁ,ﬂ,ﬁ, G) € Xs x K be a local minimizer in problem (11) and let the cost functional
I be continuously Fréchet differentiable with respect to state x in point X. Then there exists a
nonzero Lagrange multiplier (Ao, y*) = (Mo,&,m,0,() € RT X Y* such that the Euler—Lagrange

equation takes place Fi(X,q)*y* = —XoJu(X,q) in X}, which is equivalent to relations

v(Vw, V&) + v (curlh, curly) + (- V)w, &) + (w- V)@, &) — (divw, o)+

+ae[(curly x H,w) + (curly x h, )] — a[(curlH x h, &) + (curlh x H,£)] + (¢,h-n), 5, =
= —Mo(n0/2)((TL(R), W) + (I (%), b)) ¥(w, h) € Hi () x MG (@, 5,),  (14)
(dive,r) = Xo(po/2)(I,(%),7) Vr € L§(%), (15)
and minimum principle L(X, ¢, Ao, ¥*) < L(X,q, N, ¥*) Vq € Ky holds, which is equivalent to

)\Oﬂl (ij q— (j)s,ET - <<7 q— (j>s,27— > 0 V(] € Ks' (16)

If, besides, (9) holds for all q € K, then any nontrivial Lagrange multiplier (Mo, y™), satisfying
(14)-(16) is regular, i.e. it has the form (1,y*) and is determined uniquely for given pair (X, ).

Proof. According to [23, p. 79], to prove Theorem 4.1, it suffices to show that F.(X%,q) :
Xs — Y; is a Fredholm operator. By virtue of (13), the operator F/(%,q) : Xs — Y, can be
presented as F. = ® + & = (&1, By, ®3) 4 (¥1,0,0) where $y(x) = divw, ®3(x) = h-n|y, and
operators ®1,®1 : X, — H* := H1(Q)3 x Vx_(Q)* act by formulae

(®1(w,h,7), (v, ¥))=v(Vw, VVv) + v (curlh, curl®) + ((a- V)w, v)+

+e[(curl® x H,w) — (curlh x H, v)],
(@1(w,h,r), (v, ®)) = (w-V)it,v) + a[(curl & x h, @) — (curl H x h, v)].
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Let us show that the operator ® : X, — Y; is an isomorphism. For this purpose it is enough
to show that for any triple (F,0,q) € H x xL3(Q2) x H*(X,;) there exists a unique solution
(w,h,p) € X, of problem

v(Vw,Vv) + v (curl h, curl®) + ((a- V)w,v) — (divv, p)+

+ee[(curl® x H,w) — (curlh x H,v)] = (F, (v, ®)) VY(v,¥) € H,, (17)
divw=0inQ, h-n=qon X,. (18)

that continuously depends on (F,q,0). The existence of the solution of (17), (18) and it’s
continuous dependence on (F,q,6) is proved using the scheme proposed in [6]. In order to
prove the uniqueness let us assume that there exists two solutions (w;, h;, p;) € X, i = 1,2, of
problem (17), (18). Then the difference w = w1 — wg, h = h; — hy and p = p; — p2 belongs to
V x Vs, () x LE(Q) and satisfies

v(Vw,Vv) + vy (curlh, curl®) + ((0- V)w, v)+

+ee[(curl® x H,w) — (curlh x H,v)] — (divv,p) =0 ¥(v,¥) € H,, (19)
divw=0inQ, h-n=0o0n X,. (20)

Setting v =w, ¥ = h in (19), we arrive at the relation v(Vw, Vw) + v;(curlh, curlh) = 0. By
virtue of Lemma 2.1 it implies that w =0 and h =0 or w; = wg and h; = hy in 2. Then,
from (19), taking into account (4), we derive that p; = ps in Q. Thus, we proved that the
operator ® : Xy — Y; is surjective and invertible. Then, by Banach theorem, operator ® is
an isomorphizm. Finally, from compactness of embeddings ’H(lﬁ/VQJrS(Q) C L3(2)? at s > 0, and
HY(Q)3 ¢ L*(Q)? and estimates of Lemma 2.1 follows the continuity and compactness of the
operator P.

Let us prove the regularity of the multiplier (A, y*), i.e. that A9 # 0. To this end we denote
by y* = (§,m,0,() an arbitrary solution of system (14)—(16) at A\g = 0. Setting w =&, h =17
and r = ¢ in this system we come to relation

v(VE, VE) + vi(curly, curln) + (€ - V)&, &) + @[(curly x n,a) — (curl H x n,£)] = 0. (21)

Arguing as in [7] one can easily prove using (21) that £ = 0 and 7 = 0 in © under condition (9).
In this case, from (14), (15) follows that

—(divw,0) + (C,h-n)sx, =0 Vw e HY(Q)?, he 12 @5, (22)

Choosing as h an arbitrary function from Vs _(Q) C ’Hé{f“(ﬁ, ¥,) we derive from (22) that
(divw,o) = 0 for all w € H}(Q)3. By (4) this identity means that o = 0 a.e. in Q. Then (22)
transforms to ((,h-n)sx, =0 for all h € Hclﬁ/ers(Q, ¥.,). This means that ¢ = 0 in H*(X,)*
and therefore y* = 0. Uniqueness of the regular Lagrange multiplier (1,y*) under conditions
(9) follows from Fredholm property of the operator Fi(x,qG). ®

Relations (6), (7) for the main state (u,H,p) together with identities (14), (15) for the
adjoint state (£, 7, 0,() and variational inequality (16) for control ¢ form an optimality system
for problem (11). We emphasize that the optimality system plays an important role in the study
of the optimal solutions’ properties. In particular, based on the analysis of the optimality system
one can derive stability estimates of the optimal solutions (see, e.g., [8]) The authors propose to
do this in future paper for all three cost functionals defined in (12).
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