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Abstract. This paper considers magneto-hydrodynamics (MHD) fluid flow with the effect
of mixed convection passing on a magnetic sphere in nano fluid. Titanium dioxide (T iO2) is
chosen as solid particle in nano fluid. The dimensional governing equations are developed from
continuity equation, momentum equation, and energy equation. Furthermore, the dimensional
governing equations are transformed into the non-dimensional governing equation by using
non-dimensional parameters and variables. Then, the non-dimensional governing equations
are transformed into similarity equations using stream function and then solved numerically
using implicit finite difference method. The results of numerical solution are obtained using
variation of non-dimensional parameters which consist of magnetic parameter, mixed convective
parameter, and volume fraction. The numerical results show that the velocity and temperature
decrease when magnetic parameter increases. The velocity and temperature increase when
mixed convective parameter also increases. Finally, the velocity decreases and temperature
increases when volume fraction parameters increase.

1. Introduction
Nano fluid is a mixed fluid consists of solid particle and fluid base with nano particles solid
scale 1 to 100 nanometers (nm) [1]. These types of fluids are used in industrial area that needs
to control heat flow. In this paper, titanium dioxide (TiO2) is chosen as solid particle and
water is chosen as the base fluid. Nano particle TiO2 has high thermal conductivities and can
increase heat transfer coefficient [2]. TiO2 with water can conduct an electric current. Therefore,
TiO2-water has MHD characteristics fluid.

The study of MHD nano fluid flows have attracted many researchers. Akbar et al [3] have
investigated unsteady MHD nanofluid flow through a channel with moving porous walls and
medium. Mahat et al [4] also have observed mixed convection boundary layer flow past a
horizontal circular cylinder in visco-elastic nano fluid with constant wall temperature and solved
numerically by using the Keller-Box method. Juliyanto [5] also has solved numerically of the
problem of the effect of heat generation on mixed convection in nano fluids over a horizontal
circular cylinder. In all the previous researches, MHD TiO2-water nano fluid flow passing on
a magnetic sphere have not been investigated. Therefore, we are interested to develop the
problem of the MHD TiO2-water nano fluid on boundary layer that flow passing on a magnetic
sphere effected by mixed convection on unsteady and incompressible condition. For solving
this problem, we develop a mathematical model that is constructed from continuity equation,
momentum equation, and energy equation. The influence of magnetic parameter (M), mixed
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convective parameter (λ), and volume fraction (χ) on the velocity profiles and the temperature
profiles are investigated and analyzed.

2. Mathematical Formulation
The unsteady MHD fluid flow with the effect of mixed convection passing on a magnetic sphere
in nano fluid is considered. Figure 1 illustrates the physical model of the problem and the
coordinate system used to develop the mathematical model. The flow of nano fluid is assumed
to be incompressible. Therefore the magnetic Reynolds number is assumed to be very small.

Figure 1. Physical model and
coordinate system.

Based on the physical model and coordinate system, the MHD fluid flow with the effect of
mixed convection passing on a magnetic sphere in nano fluid is illustrated in Figure 1. The 2D
dimensional governing equations are developed from continuity equation, momentum equation,
and energy equation, which can be written as follows:

Continuity Equation:

∂(r̄ū)

∂x̄
+
∂(r̄v̄)

∂ȳ
= 0 (1)

Momentum Equation:
in x axis

ρfn

(
∂ū

∂t̄
+ ū

∂ū

∂x̄
+ v̄

∂ū

∂ȳ

)
= −∇p+ µfn∇2V + σ(B0)2ū− ρfnβ

(T̄ − T∞)gx̄

in y axis

ρfn

(
∂v̄

∂t̄
+ ū

∂v̄

∂x̄
+ v̄

∂v̄

∂ȳ

)
= −∇p+ µfn∇2V + σ(B0)2v̄ − ρfnβ

(T̄ − T∞)gȳ (2)

Energy Equation: (
∂T̄

∂t̄
+ ū

∂T̄

∂x̄
+ v̄

∂T̄

∂ȳ

)
= αfn

(
∂2T̄

∂x̄2
+
∂2T̄

∂ȳ2

)
(3)
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With the initial and boundary conditions are follows

t̄ = 0 : ū = v̄ = 0, T̄ = T∞ for every x̄, ȳ

t̄ > 0 : ū = v̄ = 0, T̄ = Tw for ȳ = 0

ū = ūe(x̄), ū = v̄, T̄ = T∞ as ȳ →∞

where ρfn is density of nano fluid, µfn is dynamic viscosity of nano fluid, g is the gravitational
acceleration, and αfn is thermal diffusivity of nano fluid.

Further, the dimensional governing equations (1-3) are changed into non-dimensional
equations by using both non-dimensional parameters and variables. We propose the following
non-dimensional variables, as in [6]:

x =
x̄

a
; y = Re

1
2
ȳ

a
; t =

U∞t̄

a
; u =

ū

U∞

v = Re
1
2
v̄

U∞
; r(x) =

r̄(x̄)

a

for gx̄, and gȳ are defined as in [7]

gx̄ = −g sin(
x̄

a
)

gȳ = g cos(
x̄

a
)

and with the value of r is defined as

r̄(x̄) = a sin(
x̄

a
)

Substituting these non-dimensional variables into (1-3) leads to the following non-dimensional
equations

Continuity Equation

∂(ru)

∂x
+
∂(rv)

∂y
= 0 (4)

Momentum Equation
in x axis

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+

vfn
Revf

∂2u

∂x2
+
vfn
vf

∂2u

∂y2
+Mu

+ λTsinx

in y axis

1

Re

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
= −∂p

∂y
+
vfn
vf

1

Re2

∂2v

∂x2
+
vfn
vf

1

Re

∂2v

∂y2
+
M

Re
v

− λ

Re1/2
Tcosx (5)
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Energy Equation

∂T

∂t
+ u

(
∂T

∂x

)
+ v

(
∂T

∂y

)
=

1

Re

1

Pr

αfn
αf

∂2T

∂x2
+

1

Pr

αfn
αf

∂2T

∂y2
(6)

Boundary layer theory is further [8] applied to non-dimensional equations, we obtain the
following results

Continuity Equation

∂(ru)

∂x
+
∂(rv)

∂y
= 0 (7)

Momentum Equation
in x axis

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+
vfn
vf

∂2u

∂y2
+Mu+ λT sinx

in y axis

−∂p
∂y

= 0 (8)

Energy Equation

∂T

∂t
+ u

(
∂T

∂x

)
+ v

(
∂T

∂y

)
=

1

Pr

αfn
αf

∂2T

∂y2
(9)

where these nano fluid constants are defined by [9],
Density of nano fluid

ρfn = (1− χ)ρf + χρs

Dynamic viscosity

µfn =
µf

(1− χ)2.5

Heat Specific

(ρCp)fn = (1− χ)(ρCp)f + χ(ρCp)s

Heat conductivity

kfn
kf

=
(ks + 2kf )− 2χ(kf − ks)
(ks + 2kf ) + χ(kf − ks)

The thermo-physical properties of nano particles TiO2 and base fluid water is given in Table
1 [10].
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Table 1. Thermo-physical properties

Properties Water TiO2

density 997.1 4250
specific heat of constant pressure 4179 686.2

thermal conductivity 0.613 8.9538

We substitute those the nano fluid constant into (7) and (8), we further obtain
Momentum Equation

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂p

∂x
+

1

(1− χ)2.5
(
(1− χ) + χ

(
ρs
ρf

)) ∂2u

∂y2

+ Mu+ λTsinx (10)

Energy Equation

∂T

∂t
+ u

(
∂T

∂x

)
+ v

(
∂T

∂y

)

=
1

Pr

 (ks + 2kf )− 2χ(kf − ks)
((ks + 2kf ) + χ(kf − ks))

(
(1− χ) +

(
χ(ρCp)s
(ρcp)f

))
 ∂2T

∂y2
(11)

by converting (10) and (11) into similarity equations using stream function, which is given
as follows [11]

u =
1

r

∂ψ

∂y

v = −1

r

∂ψ

∂x

With
Ψ = t1/2ue(x)r(x)f(x, η, t)

η =
y

t1/2

T = s(x, η, t)

The equation (10) and (11) can be written respectively as follows:
Momentum Equation 1

(1− χ)2.5
(
(1− χ) + χ

(
ρs
ρf

))
 ∂3f

∂η3
+
η

2

∂2f

∂η2
+ t

∂ue
∂x

(
1−

(
∂f

∂η

)2

+ f
∂2f

∂η2

)

= t
∂2f

∂t∂η
+ tue

(
∂f

∂η

∂2f

∂x∂η
− ∂f

∂x

∂2f

∂η2
− 1

r

∂r

∂x
f
∂2f

∂η2

)
+Mt

(
1− ∂f

∂η

)
− λst

ue
sinx (12)
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Energy Equation (ks + 2kf )− 2χ(kf − ks)
((ks + 2kf ) + χ(kf − ks))

(
(1− χ) +

(
χ(ρCp)s
(ρcp)f

))
 ∂2s

∂η2
+ Pr

η

2

∂s

∂η

+ Prt
∂ue
∂x

f
∂s

∂η
= Prt

[
∂s

∂t
+ ue

(
∂f

∂η

∂s

∂x
− ∂f

∂x

∂s

∂η
− 1

r

∂r

∂x
f
∂s

∂η

)]
(13)

With the initial and boundary condition are as follows :

t = 0 : f = ∂f
∂η = s = 0 for every x, η

t > 0 : f = ∂f
∂η = 0, s = 1 for η = 0

∂f
∂η = 1, s = 0 as η →∞

By substituting local free stream for sphere case [12], ue = 3
2sin x into (12) and (13)

respectively, further we obtain

Momentum Equation 1

(1− χ)2.5
(
(1− χ) + χ

(
ρs
ρf

))
 ∂3f

∂η3
+
η

2

∂2f

∂η2
+

3

2
tcos x

(
1−

(
∂f

∂η

)2

+ 2f
∂2f

∂η2

)
= t

∂2f

∂t∂η
+

3

2
tsin x

(
∂f

∂η

∂2f

∂x∂η
− ∂f

∂x

∂2f

∂η2

)

+ Mt

(
1− ∂f

∂η

)
− 2

3
λst (14)

Energy Equation  (ks + 2kf )− 2χ(kf − ks)
((ks + 2kf ) + χ(kf − ks))

(
(1− χ) +

(
χ(ρCp)s
(ρcp)f

))
 ∂2s

∂η2

+ Pr
η

2

∂s

∂η
+ 3 cos xPrtf

∂s

∂η
= Prt

∂s

∂t
+ Prt

3

2
sin x(

∂f

∂η

∂s

∂x
− ∂f

∂s

∂s

∂η

)
(15)

3. Results and Discussions
We further investigated the influence of various parameters such as magnetic parameter (M) ,
mixed convective parameter (λ), and volume fraction (χ) towards velocity and temperature in
front of the lower stagnation point of the sphere. We consider the value of the Prandtl number
for water (Pr) of 6.2 [13]. TiO2-water is chosen as Newtonian nano fluid. The value of volume
fraction for Newtonian Fluid varies from 0 to 0.2.

The numerical results of the velocity and temperature with respect to the position in front of
the lower stagnation at the point x = 0◦ with various value of magnetic parameters M = 0, 2, 4,
and 8 are illustrated in Figure 2 and Figure 3 respectively. Figure 2 shows the velocity
profiles of the MHD mixed convection TiO2-water nano fluid passing on a magnetic sphere at
various M when mixed convective parameter λ = 1 and volume fraction χ = 0.1. The results
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Figure 2. Velocity profile for various M
Figure 3. Temperature profile for various

M

show that velocity profiles in Figure 2 decrease when magnetic parameter increases. Figure 3
shows temperature profile decreases when magnetic parameter increases. This is caused by the
presence of Lorentz force from magnetic sphere.

Figure 4 and Figure 5 illustrate the velocity profiles and temperature profiles of the MHD
fluid flow with the effect of mixed convection TiO2-water nano fluid passing on a magnetic sphere
at various mixed convective λ. These numerical results are obtained at fixed values of M = 1,
Pr = 6.2, and χ = 0.1. The velocity profiles in Figure 4 increase when mixed convective
parameter increases. Also, in Figure 5 when mixed convective parameter increases then the
temperature profiles increase.

Figure 4. Velocity profile for various λ
Figure 5. Temperature profile for various

λ

The velocity profiles and temperature profiles of the MHD fluid flow with the effect of mixed
convection TiO2-water nano fluid passing on a magnetic sphere with various volume fraction of
Newtonian nano fluid χ = 0.1, 0.125, 0.15, and 0.175 are illustrated in Figure 6 and Figure
7 respectively. These numerical results are obtained at fixed values of M = 1, λ = 1, and
Pr = 6.2. The results show that the velocity profiles in Figure 6 decrease when volume
fraction nano fluid increases. The effect of the increase of volume fraction is the increase of
friction between particles. If the friction between particles is higher, then velocity profiles are
lower. Also, in Figure 7 when volume fraction nano fluid increases then the temperature profile
increases. This is caused by nano particle TiO2 that has high conductivity.
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Figure 6. Temperature profile for various

χ

Figure 7. Temperature profile for various

χ

4. Conclusions
MHD fluid flow with the effect of mixed convection passing on a magnetic sphere in Newtonian
nano fluid is investigated numerically by using implicit finite difference method. We have
considered TiO2 as solid particle and water as base fluid. We further obtain numerical results
that when effects of magnetic parameter, mixed convective parameter, and volume fraction are
included, the velocity and temperature profiles change. It is concluded that the velocity and
the temperature profiles decrease when the magnetic parameter increases. Also, the velocity
and the temperature profiles increase as a consequence of the increasing of mixed convective
parameter. However, the velocity profiles decrease and the temperature profiles increase when
the volume fraction parameter increases.
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