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Optimal Formation Control for Quadrotors with Collision
Avoidance Based on Dynamic Constraints

P FJint, JQ Yu!, Z Y Jia' and D Yang*

'School of Aerospace Engineering, Beijing Institute of Technology, Beijing 100081,
China

Abstract. This paper studied the optimal formation control of quadrotor UAV based on the
dynamic model, and the collision avoidance between quadrotors is considered. By constructing
the problem into a standard convex quadratic programming problem, we hope to improve the
solving efficiency of the formation control problem. Firstly, the nonlinear dynamic model of
quadrotor is linearized and the prediction model is established. Then, the safety zone
constraints are transformed from a circular zone to a half-plane zone, making the optimization
problem be a standard convex quadratic programming problem. Finally, the quadratic
programming problem is solved using distributed receding horizon optimization. Numerical
simulations in three-dimensional space show that this method can obtain the optimal formation
trajectory with collision avoidance, and can improve the solving efficiency.

1 Introduction

In the field of optimal formation control for multiple unmanned aerial vehicles (UAVS), model
predictive control (MPC) is often used to solve optimization problems, usually based on kinematic
models. Researchers studied the formation trajectory optimization of multiple UAVs based on the
particle kinematics model [[1]]. The dynamic characteristic of quadrotor UAV is quite different from
fixed-wing aircraft. It is necessary to study the formation control of quadrotors according to its 6-DOF
dynamic model. Quadrotor’s dynamics has strong nonlinearity, so the direct applying of nonlinear
dynamic model will increase the difficulty of solving optimization. Linearizing the dynamic model can
help the optimization problem be solved quickly under the linear MPC framework.

Collision avoidance should be considered during formation control. Researchers adopt some intelligent
optimization algorithms, such as A* algorithm[[2]], Ant Colony Algorithm (ACA) [[3]], Particle
Swarm Optimization (PSO) [[4]], the Artificial Potential Field (APF) [[5]], searching for cooperative
formation control of multiple UAVS. However, the trajectories solved by these intelligent optimization
algorithms are generally not optimal, and they usually consume large computing resources. Another
feasible solution for the formation control problem is the Mixed Integer Programming (MILP) [[6]],
which transforms the problem into a mixed integer linear programming model by introducing auxiliary
decision variables, and then uses CPLEX, a relatively mature optimization tool, to solve the problem
centrally. In [[7]], the collision avoidance constraints are linearized into the range of abscissa and
ordinate coordinates, and the receding horizon control is used to reduce the calculation time, which
makes the real-time trajectory planning with collision avoidance be realized.

When the performance index function is a quadratic function with linear constraints, the quadratic
programming algorithm can be used to solve the optimization, which is more efficient than intelligent
algorithm. However, the circular safety zone constraints of quadrotors are nonlinear constraints and
cannot be accepted by quadratic programming algorithm. In this paper, the safety zone constraints are
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transformed from a circular zone into a half-plane zone, which can be expressed by a linear inequality,
and the optimal variables belong to a nonempty closed convex set. Then the optimal problem is
transformed into a standard convex quadratic programming problem, which can be solved by mature
quadratic programming algorithms.

2 Modelling

2.1 Linear dynamic model of a quadrotor UAV
For a single quadrotor UAV, the following continuous time particle kinematics model is used to
describe it [[8]]:

X = (singsiny +cosgsingcosy)u,
§/ = (cosgsin@siny —singcosy)u,
E =(cosgcosd)u, — g

b=y,

6=u,

1)

l//:ul//

Based on the following operations: 1) small angle assumption; 2) omitting high-order minor terms; 3)
applying u, = g to horizontal motion, we can obtain

si = As, +Bu, +C )
In the formula (2),
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s, is the state vector of the quadrotor i, and's; =[X;;V,; ¥i:Vyi: 23 V,: 85 05 6,505 w5 1], including the
current position, speed, attitude angle and angular velocity of the quadrotor. u, is the control input, and
u; =[u,;u,;u,;u,,]. Discretize (2) and the following discrete model is obtained:

s, (k+1) = As, (k) + Bu, (k) +C (4)
In (4), there is
A=1+AAt, B=BAt, C=CAt (5)
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2.2 Prediction model and performance index function

The core idea of MPC is to use a known model, the current state of the system and future control
sequence to predict the future output of the system. The output length is an integral multiple of the
control period [[9]]. Since the future control is unknown, it is necessary to optimize the problem
according to certain optimization conditions to obtain the future control sequence.

In the prediction time domain, at timek , the state sequence and control sequence of the quadrotor i
domain are defined as

5, (k) =[5, (k + 1] K);s, (K + 2| K);---;8, (K + N [ K)] ©
0, (K) = [u, (K | K); U, (K +2] K);---3u, (K + N —1] k)] @)
N is the prediction time domain length. The prediction model during flight can be expressed as
5, (k) = Es; (k) + FU, (k) + G (8)
In (8), there is
A B 0 0 [
E- A:2 F = AEB ? g,e= Aj' C 9
A" A"'B AY?B B AV AN 4]

The control objective of the problem is to minimize the control energy under various constraints, so in
the prediction time domain, the performance index function of the quadrotors system with the control
G, (k) can be

2(0,00) = 26 (0Q () )

In (10), Q=1,®Q,Q = (diag(1,0,0,0)) . N, is the number of quadrotors. Equation (10) is a standard

guadratic function, and constructing the standard quadratic programming problem will facilitate the
quick solving of the optimization.

2.3 Constraints

There are many constraints that must be satisfied in the formation configuration of quadrotors. This
paper takes three types of constraints into consideration, including terminal state constraints, platform
performance constraints, and inter-aircraft collision avoidance constraints.

(1) Terminal state constraints require that each quadrotor must reach the reference target point at the
terminal time to form and maintain a specific formation, which is expressed as

s;s(k+N|k)=60+A06 (11)

In (11), 6 is reference state vector for quadrotors formation in target point, and A6, represents the

formation structure, including the relative position and velocity vector.

(2) The platform performance constraints require that the values of velocity, attitude angle and control
input during flight do not exceed their limits. In order to simplify the processing, only the components
in the horizontal are considered. The velocity vector is projected to different directions to
obtainvmel[l,---,M], Vie[l---,N,]

Vv cos(zm—”)+v sin(zm—”)<v 12
Xi M yi M — max ( )

M is a positive integer. As for the attitude angle limits and control input limits, there are
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~ Pmax < ¢| < ¢max’_0max < el < gmax’_l//max < 4 < W max (13)

_u¢max < uq)i su Ug max < Uy =u uy/max < l"Iu//i < uy/melx’_uzmax < u, < U, max (14)

pmax? Omax?

(3) Collision avoidance constraints: In the 2D case, define pos, (k) and pos; (k) as the position vector of
the quadrotor i and quadrotor j at timek, and pos, (k) =[x (k); y;(k)]. pos, (k+1) represents the position
vector of the quadrotor i at the next time. The safety zone is generally a circle whose center is on the
quadrotor, with a safety distance R . The constraint of a circle is a quadratic inequality, and the quadratic
programming problem with quadratic inequality constraints and non-convex optimization variables is

not easy to find the optimal solution. Consider changing the safety zone from a circle constraint to a
half-plane constraint, as shown in figure 1.

unsafe area safe area

pos; (k +1)

pos; (k)

pos, (k +1)
unsafe area /
safe area
pos; (k)
R\
/ pos; (k)

Figure 1. The collision avoidance constraints in 2D case
For the half-plane constraints in figure 1, the position of the quadrotor must satisfy
(pos (k+1) - pos;' (k))(pos, (k) — pos; (k)) ]| pos; (k) - pos; (k) [l, R, i,j=1--N,, j#i  (15)

Based on the above analysis, the performance index function of trajectory optimization for the
quadrotors formation with collision avoidance is expressed as

3@ () = _NZVNz_lui%k +n[K)Qu, (k+nk) (16)
Therefore, the optimization model is
, min (g, (k)
s.t. (17)
h(s, (k),d; (k)) =0, Vi=1,2,--,N,
(5, (k),a;(k)) <0, vi=12,---,N,

f (5 k), §;(k), 0 (k)) <0,Vi, j=12,---,N,,i # ]

In (17), h(5 (k),0;(k)) is the terminal state constraints, g(§(k),d;(k)) is the platform performance
constraints, and f (5 (k),$;(k),0;(k)) is the collision avoidance constraints between quadrotors. The
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above performance index function is a quadratic function, constrained by some linear equalities and
linear inequalities, and can be optimized by mature quadratic programming algorithm to obtain the
optimal solution.

3 Optimal formation control algorithm

The optimization model (17) is a centralized model. As the number of quadrotors increases, the number
of optimization decision variables and constraints increases, resulting in a sharp increase in
computational complexity and unsatisfactory on-line computational efficiency. Moreover, for
quadrotors system, there is no centralized optimization node in many cases. In order to avoid the system
failure caused by centralized node’s problem and reduce the scale of the optimization problem, a
distributed algorithm is proposed for quadrotors.

Due to the possible model mismatch and disturbance, the actual state of the quadrotor in flight will
deviate from the predicted state. In order to further improve the computational efficiency, the
distributed trajectory optimization and receding horizon control are combined to carry out distributed
receding horizon optimization, that is: at any time, based on the current state, plan the future trajectory
over a period of time, solve the optimal control sequence. Only the first item of the control sequence is
applied to the platform, and this solution process will be repeated the next time.

3.1 Model of the distributed receding horizon optimization

A communication-based distributed receding horizon optimization model is used to decompose the
centralized optimization problem into a local trajectory optimization problem for each quadrotor.
Specifically, for the quadrotor i, the performance index function of local optimization is

3, K) = S v (k+n K)Qu, (k +n | K) 18)

The distributed optimization model is
min J, (@, (k)

s.t. (19)
h(§ (k),0; (k)) =0
9(5 (k). G (k)) <0
f(5(k),$;(k), G, (k) <0,VjeN,

In (19), N, is a set of the quadrotor nodes within the communication distance of the quadrotor i . From
the above model, it can be seen that the optimization problem of the quadrotor i is only related to the
local decision variable; (k) , which means the scale of the optimization problem is greatly reduced. In
the process of the distributed solution, each quadrotor need to communicate with other quadrotors and

exchange their solution information. The information transmitted by each quadrotor includes the state
sequence and control sequence in prediction time domain.

3.2 Optimal formation control based on MPC

The cooperative collision avoidance of a quadrotors system is essentially a cooperative game problem
of multi-objective and multi-player [[10]]. The Nash optimal trajectories for a quadrotors system with
collision avoidance is defined as: for an arbitrary quadrotor i in the system, there is a control
sequence i =[u; (k| k);---;u’ (k+N -1 k)], can satisfy the following inequality for any control sequence

J; (07, 07,) < 3,(G;,07,,) (20)

Then G is the Nash optimal control sequence of quadrotor i for the quadrotors system.
The Nash optimal control sequence can be obtained by the following iterative process: First, at timek ,

each quadrotor estimates the initial control sequence and state sequence and sends them to other



2018 The 9th Asia Conference on Mechanical and Aerospace Engineering IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1215(2019) 012018  doi:10.1088/1742-6596/1215/1/012018

quadrotors through communication network. On the basis of obtaining the control sequence and state
sequence of other quadrotors, each quadrotor can obtain the needed control sequence at present iteration
by solving the standard quadratic programming problem. If the control sequence does not satisfy (20), it
indicates that the whole system does not reach Nash equilibrium. Further iteration can make the local
and global performance better until the system reaches Nash equilibrium. After that, the control
sequence of each quadrotor is the Nash optimal control sequence.

4 Simulations

In order to verify the rationality of this algorithm, three unmanned aerial vehicles are taken as an
example to conduct in-plane formation simulation experiments. Solve the optimal trajectories in the
process of formation configuration without/with collision avoidance respectively. The simulation
hardware performance is: Intel Core i5-2400 CPU, 3.10GHz, 4GB RAM. The simulation software
environment is MATLAB.

The initial state vectors of three UAVSs are

s, (0) =[50m, 20m/s, 50m, 0m/s,0m,0m/s,Orad,Orad/s,0Orad,Orad/s,0rad,Orad/s]"
s, (0) = [450m, —20m/s, 450m, 0m/s,0m,0m/s,0rad,Orad/s,Orad,Orad/s,0rad,Orad/s]"
s,(0) =[50m, 0m/s, 450m, —20m/s,0m,0m/s,Orad,Orad/s,Orad,Orad/s,0rad,Orad/s]"

The formation reference target point is (322 m, 250 m, 50 m), and the positions of three quadrotors
relative to the reference point are (-20 m, 20 m, 0 m), (-20 m, -20 m, 0 m), (0 m, 0 m, 0 m) limited by
the formation. All three quadrotors are required to have terminal speed vector (20 m/s,0 m/s, 0 m/s),
with maximum speed not exceeding 25 m/s and maximum accelerations not exceeding 3.5 m/(s®) in
flight. The safe distance between aircraft to avoid collision is set to 25 m. Sampling interval is 0.5 sec.
The decision-making interval for trajectory optimization is 1 sec. The prediction time domain length is
20 sec, that is, every predictive trajectory consist of 40 sampling points. Figure 2 show the optimal
formation trajectories with considering collision avoidance.

z(m)

Figure 2.  The optimal formation trajectories with considering collision avoidance

It can be seen that the optimal formation control can be obtained by solving the quadratic programming
problem after changing the safety zone from a circle to a half-plane. Three quadrotors reach the
reference target point at the designated time and constitute the required formation successfully.

Figure 3 and figure 4 show the distance between each two quadrotors in the two simulation cases. The
minimum distances in flight are 11.57 m, 15.53 m and 17.05 m without considering collision avoidance.
After adding the half-plane collision avoidance constraint, the distance between any two quadrotors is
not less than 25 m, which means the collision avoidance is realized successfully.
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Figure 3. The distances between the quadrotors during flight without collision avoidance

120

100 |-

distance(m)
(2] ©
3 8

N
=)

20

Figure 4. The distances between the quadrotors during flight with collision avoidance

In the iteration process, the performance index function value using distributed algorithm changes as
shown in figure 5. The Nash optimal state is soon reached, with the performance index value being
11773.5. The first performance index value is lower because the iteration process takes the optimal
control sequence of not considering collision avoidance constraints as the initial control sequence,
which saves control energy needed for collision avoidance.

x10%
.

11774

14772

1177 ¢

1.1768

performance index

1.1766

L L I I L L L I
1 2 3 4 5 6 7 8 9 10
k

Figure 5. The performance index function value using distributed algorithm
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Table 1 is the running time of centralized and distributed algorithm for three quadrotors, and table 2 is
the running time of convex quadratic programming and Nonlinear programming respectively used in
the centralized algorithm.

Table 1. Running time comparison

Solving Algorithm Running Time (sec)
Centralized 6.532
UAV1 2.676
Distributed UAV2 2.357
UAV3 2.793

Table 2. Running time comparison

Distributed Algorithm Average Running Time (sec)
Convex quadratic programming 2.608
Nonlinear programming 4.174

It’s obvious that when the formation scale is three, the distributed solution time is less than half of the
centralized solution time. As the formation scale increases with the number of quadrotors, it is
foreseeable that the computational burden of distributed algorithm will be greatly reduced compared
with centralized algorithm. And from table 2, if the circular safety zone is adopted, the average solving
time of nonlinear programming is 4.174s, which is much longer than that of convex quadratic
programming. It shows us that using the half-plane safety zone to solve the collision avoidance is more
efficient

5 Conclusions

This paper studied the optimal formation control with collision avoidance between quadrotors. Firstly,
the nonlinear dynamic model of quadrotor is linearized. MPC is used to establish the prediction model
of the optimization problem based on the linear dynamic model. Then, three kinds of constraints are
analyzed, and among them, the safety zone constraints are transformed from the quadratic inequality of
the circular zone into the linear inequality of the half-plane zone. A distributed optimization model of
quadrotors formation control is presented. The model is decomposed into several local optimization
models of single quadrotor, and we use the distributed receding horizon optimization to solve them.
Finally, a formation configuration flight is simulated to validate that the algorithm can obtain Nash
optimal formation trajectories under the condition of cooperative collision avoidance.
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