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Abstract. This paper applies anisotropic Drucker yield function [14] (Lou and Yoon, 2018, Int. 
J. Plasticity 101, 125-55) to predict earing profile after cup deep drawing of AA 2008-T4. The 
new yield function is implemented into ABAQUS/Explicit using semi-implicit integration 
algorithm to calculate the increment of plastic strain. Both associated and non-associated flow 
rules are incorporated in this study. The predicted anisotropy and cup height profile are compared 
with the experimental results and those predicted from the Hill48, Yld91 and Yld2004-18p yield 
functions. It is observed that the earing profile predicted from the new yield function shows high 
accuracy. The computation time is also compared to investigate the computation cost of different 
yield functions. The comparison reveals that it takes the shortest time for the Hill48 function, the 
anisotropic Drucker yield function reduces 30%～40% of computation cost compared with the 
Yld91 and Yld2004-18p functions. It is concluded from the simulation of cup deep drawing that 
the new yield function can provide high accurate numerical analysis of plastic deformation for 
anisotropic metals with competitive computation cost. 

1.  Introduction 
Extensive research has proven that the accuracy and efficiency of the numerical prediction results are 
closely related to the constitutive models. Various anisotropic yield functions have been developed to 
describe the anisotropic behavior of sheet metals under associate flow rule (AFR) [1-8]. The directional 
r-values and yield stresses can also be described accurately under non-AFR [9,10]. Some of these 
anisotropic models have been implemented into the finite element codes and used for the earing 
prediction [11-13].  

Recently, Lou and Yoon [14] proposed the anisotropic Drucker yield function based on the second 
and third stress invariants and reported that 60% reduction of computation cost can be achieved 
compared with the Yld2004-18p function. In this paper, the anisotropic Drucker yield function is applied 
to describe the anisotropic plastic behavior of AA 2008-T4. The earing profile is also predicted by the 
anisotropic Drucker yield function as well as the Hill48, Yld91 and Yld2004-18p functions and 
compared with experimental measurement for the evaluation of their accuracy. The computation time is 
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also compared to assess the computing efficiency of these yield functions in numerical simulation of 
metal forming. 

2.  The anisotropic Drucker yield function 
The anisotropic Drucker yield function was developed by Lou and Yoon [14] to describe the anisotropic 
behavior of metals under spatial loading, which is in a form of 

𝑓𝑓�𝜎𝜎𝑖𝑖𝑖𝑖� = 𝜎𝜎� = 1
𝑛𝑛
∑ ���𝐽𝐽2

′(𝑚𝑚)�
3
− 𝑐𝑐�𝐽𝐽3

′(𝑚𝑚)�
2
�
1 6⁄
�𝑛𝑛

𝑚𝑚=1                                    (1) 

In equation (1), 𝐽𝐽2
′(𝑚𝑚) and  𝐽𝐽3

′(𝑚𝑚) are functions of the linear transformed stress tensor 𝐬𝐬′(𝑚𝑚) given by 

𝐽𝐽2
′(𝑚𝑚)  = −𝑠𝑠11

′(𝑚𝑚)𝑠𝑠22
′(𝑚𝑚) − 𝑠𝑠22

′(𝑚𝑚)𝑠𝑠33
′(𝑚𝑚) − 𝑠𝑠11

′(𝑚𝑚)𝑠𝑠33
′(𝑚𝑚) + �𝑠𝑠12

′(𝑚𝑚)�
2

+ �𝑠𝑠23
′(𝑚𝑚)�

2
+ �𝑠𝑠13

′(𝑚𝑚)�
2
                                              (2) 

𝐽𝐽3
′(𝑚𝑚)  = 𝑠𝑠11

′(𝑚𝑚)𝑠𝑠22
′(𝑚𝑚)𝑠𝑠33

′(𝑚𝑚) + 2𝑠𝑠12
′(𝑚𝑚)𝑠𝑠23

′(𝑚𝑚)𝑠𝑠13
′(𝑚𝑚) − 𝑠𝑠11

′(𝑚𝑚)�𝑠𝑠23
′(𝑚𝑚)�

2
− 𝑠𝑠22

′(𝑚𝑚)�𝑠𝑠13
′(𝑚𝑚)�

2
− 𝑠𝑠33

′(𝑚𝑚)�𝑠𝑠12
′(𝑚𝑚)�

2
                           (3) 

where 𝐬𝐬′(𝑚𝑚) is defined as 

𝐬𝐬′(𝑚𝑚) = 𝐋𝐋′(𝑚𝑚)𝝈𝝈                                (4) 

with the fourth order linear transformation tensor 𝐋𝐋′(𝑚𝑚) in a form of 
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In equation (1), the coefficient 𝑐𝑐 is suggested to be 1.226 for BCC and 2 for FCC metals. Obviously, 
the anisotropic Drucker yield function reduces to the Hill48 yield function when 𝑛𝑛 = 1 and 𝑐𝑐 = 0.  

3.  Calibration of the anisotropic Drucker function 
There are six anisotropic parameters for each component in the anisotropic Drucker yield function.  
Since the out-of-plane parameters, 𝑐𝑐4

′(𝑚𝑚)and 𝑐𝑐5
′(𝑚𝑚), are suggested to be identical with 𝑐𝑐6

′(𝑚𝑚), there are 
only four in-plane anisotropic parameters to be calibrated for each component. The anisotropic Drucker 
yield function is applied to describe the anisotropic behavior of AA 2008-T4 with experimental 
normalized yield stresses and r-values in Table 1.  Considering that 𝑐𝑐 is a constant, there are four 
parameters for 𝑛𝑛 = 1 and eight parameters for 𝑛𝑛 = 2 to be calibrated by the experimental data. For 𝑛𝑛 =
1, the four anisotropic parameters are calibrated by 𝑟𝑟0, 𝑟𝑟45, 𝑟𝑟90 and 𝜎𝜎0, or, 𝜎𝜎0, 𝜎𝜎45, 𝜎𝜎90 and 𝜎𝜎𝑏𝑏. For  𝑛𝑛 =
2, the eight anisotropic parameters are calibrated by 𝑟𝑟0, 𝑟𝑟15, 𝑟𝑟30, 𝑟𝑟45, 𝑟𝑟60, 𝑟𝑟75, 𝑟𝑟90 and  𝜎𝜎0 or 𝜎𝜎0, 𝜎𝜎15, 𝜎𝜎30, 
𝜎𝜎45, 𝜎𝜎60, 𝜎𝜎75, 𝜎𝜎90 and 𝜎𝜎𝑏𝑏. The optimized anisotropic coefficients are tabulated in Table 2.  

The directional yield stresses and r-values predicted by the anisotropic Drucker yield function are 
shown in Figures 1 and 2 for 𝑛𝑛 = 1 and in Figure 3 for 𝑛𝑛 = 2. The predicted results by popular yield 
functions, such as Hill48, Yld91 and Yld2004-18p which are calibrated with the same experimental data 
are also included in the figures for the comparison purpose. The theoretical directional yield stresses and 
r-values predicted from the anisotropic Drucker yield function are identical to that of Hill48 for 𝑐𝑐 = 0 
and are of negligible difference compared with that of Yld91 when 𝑐𝑐 = 2 and 𝑛𝑛 = 1. The anisotropic 
Drucker yield function for 𝑐𝑐 = 2 and 𝑛𝑛 = 2 calibrated from the directional r-values or yield stresses 
provides the same order of accuracy as obtained by the Yld2004-18p function, as shown in Figure 3. 
The yield locus of the anisotropic Drucker yield function for 𝑛𝑛 = 1 and 𝑛𝑛 = 2 is compared in Figure 4 
and Figure 5, respectively. The comparison with experimental results shows that the anisotropic Drucker 
function can capture both directional yield stresses and r-values of AA 2008-T4 with high accuracy.   
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Table 1. Normalized yield stresses and r-values of AA 2008-T4 

yield stress 𝜎𝜎0/𝜎𝜎0 𝜎𝜎15/𝜎𝜎0 𝜎𝜎30/𝜎𝜎0 𝜎𝜎45/𝜎𝜎0 𝜎𝜎60/𝜎𝜎0 𝜎𝜎75/𝜎𝜎0 𝜎𝜎90/𝜎𝜎0 𝜎𝜎𝑏𝑏/𝜎𝜎0 

1.000 0.9963 0.9835 0.9459 0.9303 0.9171 0.9044 0.9010 

r-values 𝑟𝑟0 𝑟𝑟15 𝑟𝑟30 𝑟𝑟45 𝑟𝑟60 𝑟𝑟75 𝑟𝑟90 𝑟𝑟𝑏𝑏 
0.8674 0.8077 0.6188 0.4915 0.4955 0.5114 0.5313 – 

 
Table 2. Calibrated parameters of anisotropic Drucker functions for AA 2008-T4 

 𝑐𝑐1
′(1)

 𝑐𝑐2
′(1)

 𝑐𝑐3
′(1)

 𝑐𝑐6
′(1)

 𝑐𝑐1
′(2)

 𝑐𝑐2
′(2)

 𝑐𝑐3
′(2)

 𝑐𝑐6
′(2)

 c n 

Drucker1n-r 2.3147 1.7871 1.6765 1.6720     0 1 
Drucker1n-σ 2.0996 1.7395 1.7246 1.7997     0 1 
Drucker1n-r 2.1913 1.8729 1.7995 1.7829     2 1 
Drucker1n-σ 2.2190 1.8448 1.8282 1.9083     2 1 
Drucker2n-r 3.4948 2.8308 3.5130 3.3386 1.5433 0.7778 0.0367 -0.1034 2 2 
Drucker2n-σ 2.3007 2.5455 -3.7739 1.8589 2.0831 1.1176 2.1676 -1.8779 2 2 

           

 

 

 
Figure 1. Comparison of AA 2008-T4 predicted by the anisotropic Drucker yield function (𝑛𝑛 = 1) 
calibrated by 𝑟𝑟0, 𝑟𝑟45, 𝑟𝑟90 and 𝜎𝜎0: (a) uniaxial tensile yield stress; (b) r-values. 

 

 

 

 

Figure 2. Comparison of AA 2008-T4 predicted by the anisotropic Drucker yield function (𝑛𝑛 = 1) 
calibrated by 𝜎𝜎0, 𝜎𝜎45, 𝜎𝜎90 and 𝜎𝜎𝑏𝑏: (a) uniaxial tensile yield stress; (b) r-values. 
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4.  Earing prediction of AA 2008-T4 
The numerical simulation of the cup drawing test of AA 2008-T4 is carried out to evaluate the 
performance of the anisotropic Drucker function. The dimensions of the tools and the process variables 
used in the simulations are given in [11]. Taking the advantage of axis symmetry of the model, only a 
quarter section of the cup is analyzed with enforced symmetric boundary conditions. 3D solid elements 
are employed in finite element modeling of cup deep drawing. Semi-implicit integration algorithm is 
used to calculate the increment of plastic strain. 

 

 
Figure 3. Comparison of AA 2008-T4 predicted by the anisotropic 
Drucker yield function (𝑛𝑛 = 2) calibrated by directional r-values and 
yield stresses. 

  

 

 

 
Figure 4. Comparison of yield locus of the 
anisotropic Drucker yield function (𝑛𝑛 = 1). 

 Figure 5. Comparison of yield locus of the 
anisotropic Drucker yield function (𝑛𝑛 = 2). 
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The earing profiles predicted from the anisotropic Drucker yield function for 𝑛𝑛 = 1 are compared 
with the measured ear profiles, as shown in Figure 6. The results using the Hill48 and Yld91 yield 
functions are also included in Figure 6 for the comparison purpose. It is observed that the earing profile 
predicted from the anisotropic Drucker yield function is identical as that of Hill48 for 𝑐𝑐 = 0 and is 
identical to that of Yld91 when 𝑐𝑐 = 2 and 𝑛𝑛 = 1. Although the earing trend is well predicted by all the 
models, the difference in cup height predicted by the anisotropic Drucker yield function for  𝑐𝑐 = 2 is 
lower than that for 𝑐𝑐 = 0. It may be because the anisotropy of the directional yield stress in Figure 1(a) 
is overestimated for 𝑐𝑐 = 0.  

The ear profiles predicted from the anisotropic Drucker yield function under non-associated flow 
rule (non-AFR) are also evaluated, as shown in Figure 7. The results using the Hill48 and Yld91 
functions under non-AFR and using Yld2004-18p under AFR are also included in Figure 7 for the 
comparison purpose. The comparison shows that the anisotropic Drucker function under non-AFR with 
𝑛𝑛 = 1 and 𝑐𝑐 = 2 predicts the same ear profile as that predicted by Yld91 under non-AFR, and both 
models underestimate the cup height difference compared with that predicted by Yld2004-18p under 
AFR. Although both models predict more reasonable ear profile, the cup height difference predicted 
from the anisotropic Drucker function with 𝑛𝑛 = 2  and 𝑐𝑐 = 2  under non-AFR is higher than that 
predicted from the Hill48 function under non-AFR.  

The computation time of the numerical simulations for these models is compared in Table 3. It is 
obvious that it takes the shortest time for the Hill48 function. Although the anisotropic Drucker function 
when 𝑛𝑛 = 1 and 𝑐𝑐 = 2 predicts the same results with the Yld91 function, the former improves the 
computation efficiency of about 30%～40%. The anisotropic Drucker function with 𝑛𝑛 = 2 and 𝑐𝑐 = 2 
under non-AFR reduce the computation time of about 40% compared with the Yld2004-18p function. 
Lou and Yoon [14] reported that the anisotropic Drucker yield function reduces 60% of computation 
cost compared with the Yld2004-18p function. This is because the example shown in Lou and Yoon [14] 
is a nonlinear problem without involving any contact. The comparison shows that the anisotropic 
Drucker function provides high accuracy in numerical analysis with competitive computation cost. 

5.  Conclusions 
The newly proposed anisotropic Drucker function is implemented into ABAQUS/Explicit using semi-
implicit integration algorithm to predict earing profile of cup deep drawing of AA 2008-T4. It is 
observed that the earing trend is well predicted from the anisotropic Drucker yield function. The ear 
profile predicted by the anisotropic Drucker yield function is the same as that of Hill48 in case of 𝑐𝑐 = 0 
and is identical to that of Yld91 when 𝑐𝑐 = 2 and 𝑛𝑛 = 1. The comparison of computation time reveals 
that it takes the shortest time for the Hill48 function, and that the anisotropic Drucker yield function 
improves the computational efficiency of 30%～40% compared with the Yld91 and Yld2004-18p 
functions. The comparison shows that the anisotropic Drucker function provides high accuracy in 
numerical analysis with competitive computation cost. 
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Figure 6. Earing profile predicted from the 
anisotropic Drucker function under AFR (𝑛𝑛 =
1). 

 Figure 7. Earing profile predicted from the 
anisotropic Drucker function under non-AFR. 

 
Table 3. Comparison of computational cost for different anisotropic functions 

Software Abaqus 6.14-4 Explicit/Double Precision/2 Cpus 
System 64-bit operating system 
Processor Intel(R) Core(TM) i5-2430M CPU@2.40GHz 
Algorithm Semi-implicit stress integration 
Computation time Hill48-r 01:05:05 1.00 
 Hill48-(non-AFR) 01:07:20 1.03 
 Yld91-r 01:51:05 1.71 
 Yld91-(non-AFR) 02:42:35 2.50 
 Drucker1n-r (c=2) 01:22:19 1.26 
 Drucker1n-(non-AFR, c=2) 01:55:26 1.77 
 Drucker2n-r (c=2) 01:41:25 1.56 
 Drucker2n-(non-AFR, c=2) 02:15:34 2.08 
 Yld2004-18p 03:38:37 3.36 
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